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Preface 


Among  others  knowledge  can  be  well  described  and  expressed  in  an  abstract 
way  and  can  be  computed  using  computational  mathematical  methods,  then 
lead  to  real  world  conclusions.  The  strongly  related  to  that  Computational 
Analysis  is  a  very  large  area  which  contains  many  different  subareas  and 
topics  with  results  that  are  computational,  constructive,  and  concrete  with 
specific  applications.  Many  of  the  exposed  results  here  are  quantitative,  with 
precise  rates  of  convergence  given  by  optimal  or  nearly  optimal  inequalities. 
This  monograph  includes  a  great  variety  of  topics  of  Computational  Analy- 
sis deriving  from  author's  research  of  the  last  25  years.  The  chapters  are  a 
natural  outgrowth  of  author's  publications  [8]  and  [ll]-[92].  More  precisely 
we  present: 

In  Chapters  2-5  we  present  probabilistic  wavelet  like  approximations. 

In  Chapter  6  we  discuss  constrained  abstract  approximation  theory. 

In  Chapter  7  we  talk  about  shape  preserving  weighted  approximation. 

Chapter  8  deals  with  non  positive  approximations  to  definite  integrals. 

Chapter  9  describes  discrete  best  approximation  in  gauges  sense. 

Chapters  10-13  deal  with  the  approximation  theory  of  general  Picard  singu- 
lar operators,  including  their  global  preservation  property,  as  well  us  treating 
the  corresponding  fractional  singular  operators.  In  Chapter  14  we  deal  with 
the  non-isotropic  general  Picard  singular  multivariate  operators.  In  Chapter 
15  we  discuss  the  q- Gauss- Weierstrass  singular  q-integral  operators. 

Chapters  16-17  talk  about  quantitative  approximations  by  shift-invariant 
univariate  and  multivariate  integral  operators.  Chapter  18  gives  nonlinear 
neural  networks  approximation. 

Chapter  19  presents  convergence  with  rates  of  positive  linear  operators. 

Chapter  20  describes  quantitative  approximation  by  bounded  linear 
operators. 

Chapters  21-22  talk  about  univariate  and  multivariate  quantitative  ap- 
proximation by  stochastic  positive  linear  operators  acting  on  univariate  and 
multivariate  stochastic  processes,  respectively. 
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Chapter  23  deals  with  the  right  fractional  calculus.  In  Chapters  24,  25  we 
give  the  quantitative  fractional  Korovkin  theory  of  positive  linear  operators 
and  its  trigonometric  aspect. 

In  Chapter  26  we  give  analytical  inequalities.  In  Chapter  27  we  give  frac- 
tional Opial  inequalities. 

Chapter  28  presents  fractional  identities  and  inequalities  regarding  frac- 
tional integrals. 

Chapter  29  deals  with  semigroup  operator  approximation,  while  Chapter 

30  talks  about  simultaneous  Feller  probabilistic  approximation.  In  Chapter 

31  we  deal  with  Fuzzy  singular  operator  approximations. 

In  Chapter  32  we  give  transfers  from  real  to  fuzzy  approximation.  Chap- 
ter 33  talks  about  fuzzy  wavelet  and  fuzzy  neural  networks  approximations. 
Chapter  34  deals  with  fuzzy  fractional  calculus  and  fuzzy  Ostrowski  inequal- 
ity. In  Chapter  35  we  talk  about  discrete  fractional  calculus  and  related  in- 
equalities. 

In  Chapter  36  we  give  the  nabla  discrete  fractional  calculus  and  related 
inequalities. 

In  Chapter  37  we  study  the  q-inequalities,  and  in  Chapter  38  we  study 
q-fractional  inequalities. 

Chapters  39-41  deal  with  time  scales:  the  delta  approach,  the  nabla  ap- 
proach, their  duality  principle  and  related  inequalities,  respectively. 

Chapters  42,  43  talk  about  the  delta  and  nabla  time  scales  fractional  cal- 
culus and  related  inequalities,  respectively.  In  Chapters  44,  45  we  study  the 
convergence  with  rates  of  approximate  solutions  to  exact  solution  of  multi- 
variate Dirichlet  problem  and  multivariate  heat  equation,  respectively. 

Finally  Chapter  46  deals  with  uniqueness  of  solution  of  general  evolution 
partial  differential  equation   in  multivariate  time. 

The  chapters  are  self-contained  and  can  be  read  independently  one  from 
the  other  and  all  necessary  background  is  provided.  An  extensive  list  of  ref- 
erences is  given  at  the  end.  Several  advanced  graduate  courses  and  seminars 
can  be  taught  out  of  this  book.  The  presented  results  are  expected  to  find 
potential  applications  to  fields  like:  applied  and  computational  mathematics, 
stochastics,  engineering,  artificial  intelligence,  vision,  complexity  and  machine 
learning.  This  monograph  is  the  first  written  in  mathematical  computational 
analysis  and  is  suitable  for  graduate  students,  researchers  of  the  above  men- 
tioned disciplines,  and  for  all  science  and  engineering  libraries. 

The  final  preparation  of  this  book  took  place  during  2009-2010  in  Memphis, 
Tennessee,  USA. 

I  would  like  to  thank  my  family  for  their  dedication  and  love  to  me,  which 
was  the  strongest  support  during  the  writing  of  this  monograph.  Also  many 
thanks  go  to  my  typist  and  student  Razvan  Mezei  for  an  excellent  and  on 
time  technical  job. 

August  15,  2010  George  A.  Anastassiou 

Memphis,  TN,  USA 
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1 

Introduction 


Mathematics  provides  a  complete  language  for  describing  systems  and 
methods  with  rigor.  So  we  are  able  to  represent  and  manipulate  knowledge 
in  an  abstract  way  and  make  computations  that  lead  to  useful  conclusions 
for  the  real  world. 

Computational  Analysis  is  a  very  large  area-roof  under  which  are  housed 
many  different  subareas  and  topics  of  mathematical  analysis  and  applica- 
tions, as  long  as  the  results  are  computational,  constructive,  and  concrete 
with  specific  and  precise  examples  and  applications.  Many  of  our  results 
are  quantitative,  with  precise  rates  of  convergence  given  via  usually  sharp 
and  attained  inequalities,  in  general  via  tight  inequalities.  This  monograph 
includes  very  diverse  topics  of  Computational  Analysis  emanating  out  of 
author's  research  of  the  last  25  years.  So  it  is  a  natural  outgrowth  of  au- 
thor's publications  [8]  and  [11]- [92]. 

The  list  of  discussed  topics  includes: 

Probabilistic  wavelet  Approximation  and  shape  preservation,  Neural  net- 
works Approximation,  Classical  Polynomial  and  Operator  Constrained  Ap- 
proximation theory,  Discrete  Best  Approximation,  Approximation  by  singu- 
lar integrals,  Fractional  Calculus,  Approximation  by  fractional  singular  in- 
tegrals, Convergence  with  rates  of  bounded  and/  or  positive  linear  opera- 
tors, Quantitative  Stochastic  Operator  Approximation,  Quantitative  Frac- 
tional approximation  by  positive  linear  operators  including  the  trigonometric 
aspect,  Quantitative  Approximation  by  Convolution  operators,  Analytical 
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Inequalities  and  Fractional  inequalities,  Approximation  by  Semigroups  of 
operators, 

Fuzzy  mathematics  and  Fuzzy  fractional  calculus, 

Fuzzy  wavelets  and  Fuzzy  neural  networks,  Fuzzy  Approximation,  Fuzzy 
inequalities, 

Discrete  fractional  calculus,  q-calculus,  q-fractional  calculus,  Time  scales 
and  inequalities, 

Fractional  time  scales  and  related  Inequalities,  Approximation  and 
uniqueness  of  solutions  of  well  known  partial  differential  equations. 

This  book  presents  multi-face  mathematics  research  under  one  spirit: 
the  computational  and  constructive. 

A  detailed  description  of  the  monograph  follows. 

In  Chapter  2: 

Continuous  functions  are  approximated  by  wavelet  like  operators.  These 
preserve  convexity  and  r-convexity  and  transform  continuous  probability 
distribution  functions  into  probability  distribution  functions  at  the  same 
time  preserving  certain  convexity  conditions.  The  degree  of  this  approxi- 
mation is  estimated  by  establishing  some  Jackson  type  inequalities. 

In  Chapter  3: 

Shape-preserving  properties  of  some  naturally  arising  bivariate  wavelet 
type  operators  are  studied.  Also  the  pointwise  convergence  of  these  opera- 
tors with  rates  to  the  unit  operator  is  examined,  given  via  a  Jackson  type 
inequality.  The  simultaneous  shape  preservation  of  special  wavelet  type 
operators  is  discussed. 

In  Chapter  4: 

Multivariate  probabilistic  distribution  functions  are  approximated  by 
some  naturally  arising  wavelet  type  operators  involving  a  scale  function 
of  compact  support.  These  transform  multivariate  distribution  functions 
to  multivariate  distribution  functions.  The  degree  of  this  approximation  is 
given  by  establishing  some  sharp  Jackson  type  inequalities. 

In  Chapter  5: 

Naturally  arising  multivariate  wavelet  type  operators,  map  continuous 
multivariate  probabilistic  distribution  functions  to  multivariate  probabilis- 
tic distribution  functions  and  approximate  them  quantitatively  with  rates 
via  Jackson  type  inequalities.  The  engaged  scale  functions  here  are  not 
necessarily  of  compact  support. 

In  Chapter  6: 

Here  we  discuss  the  L-positive  approximation.  Namely  we  study  the 
best  approximation  in  an  abstract  constrained  sense.  When  the  involved 
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bounded  linear  operator  is  a  differential  operator  acting  on  a  Sobolev  space 
of  functions  we  obtain  Jackson  type  inequalities  for  simultaneous  approxi- 
mation with  rates  by  multivariate  polynomials  and  entire  functions  of  ex- 
ponential type. 

In  Chapter  7: 

Results  concerning  shape  preserving  weighted  uniform  approximation  on 
the  real  line  are  presented. 

In  Chapter  8: 

The  integral  of  a  function  over  a  finite  interval,  is  approximated  by 
Jackson-type  approximators  that  are  non-positive  linear  functionals.  Sev- 
eral important  cases  are  considered,  in  which  approximations  are  given 
with  rates  by  using  higher  order  moduli  of  smoothness.  Real  applications 
of  these  results  might  be,  e.g.,  in  Communications  and  Medical  Imaging. 

In  Chapter  9: 

A  discrete  version  is  developed  of  the  theory  of  best  approximation  in 
the  "gauges"  sense. 

In  Chapter  10: 

Here  we  introduce  and  study  the  smooth  Picard  singular  integral  oper- 
ators on  the  line  of  very  general  kind.  We  establish  their  convergence  to 
the  unit  operator  with  rates.  The  estimates  are  mostly  sharp  and  they  are 
pointwise  or  uniform.  The  established  inequalities  involve  the  higher  order 
modulus  of  smoothness.  To  prove  optimality  we  use  mainly  the  geometric 
moment  theory  method. 

In  Chapter  11: 

We  continue  with  the  study  of  smooth  Picard  singular  integral  operators 
over  the  real  line  regarding  their  simultaneous  global  smoothness  preserva- 
tion property  with  respect  to  the  Lp  norm,  1  <  p  <  oo,  by  involving  higher 
order  moduli  of  smoothness.  Also  we  study  their  simultaneous  approxima- 
tion to  the  unit  operator  with  rates  involving  the  modulus  of  continuity 
with  respect  to  the  uniform  norm.  The  produced  Jackson  type  inequalities 
are  almost  sharp  containing  elegant  constants,  and  they  reflect  the  high 
order  of  differentiability  of  the  engaged  function. 

In  Chapter  12: 

We  continue  further  with  the  study  of  smooth  Picard  singular  integral 
operators  on  the  line  regarding  their  convergence  to  the  unit  operator  with 
rates  in  the  Lp  norm,  p  >  1.  The  related  established  inequalities  involve 
the  higher  order  Lp  modulus  of  smoothness  of  the  engaged  function  or  its 
higher  order  derivative. 


4  1.    Introduction 

In  Chapter  13: 

Moreover  we  study  the  very  general  fractional  smooth  Picard  singular 
integral  operators  on  the  real  line,  regarding  their  convergence  to  the  unit 
operator  with  fractional  rates  in  the  uniform  norm.  The  related  established 
inequalities  involve  the  higher  order  moduli  of  smoothness  of  the  associated 
right  and  left  Caputo  fractional  derivatives  of  the  engaged  function.  Fur- 
thermore we  produce  a  fractional  Voronovskaya  type  of  result  giving  the 
fractional  asymptotic  expansion  of  the  basic  error  of  our  approximation. 
We  finish  with  applications.  Our  operators  are  not  in  general  positive. 

In  Chapter  14: 

Here  we  study  another  type  of  Picard  singular  integral  operators  on  R™ 
constructed  by  means  of  the  concept  of  the  nonisotropic  /3-distance  and  the 
q-cxponential  functions.  The  central  role  here  is  played  by  the  concept  of 
nonisotropic  /3-distance,  which  allows  to  improve  and  generalize  the  results 
given  for  classical  Picard  and  g-Picard  singular  integral  operators.  In  order 
to  obtain  the  rate  of  convergence  we  introduce  another  type  of  modulus 
of  continuity  depending  on  the  nonisotropic  /3-distance  with  respect  to  the 
uniform  norm.  Then  we  give  the  definition  of  /3-Lcbesgue  points  depending 
on  nonisotropic  /3-distance  and  a  pointwise  approximation  result  shown  at 
these  points.  Furthermore,  we  study  the  global  smoothness  preservation 
property  of  these  Picard  singular  integral  operators  and  prove  a  sharp  in- 
equality. 

In  Chapter  15: 

We  further  introduce  a  generalization  of  Gauss-  Weierstrass  singular 
integral  operators  based  on  q-integers  using  the  g-integral  and  we  call  them 
q-Gauss-  Weierstrass  integral  operators.  For  these  operators,  we  obtain  a 
convergence  property  in  a  weighted  function  space  using  Korovkin  theory. 
Then  we  estimate  the  rate  of  convergence  of  these  operators  in  terms  of  a 
weighted  modulus  of  continuity.  We  also  prove  optimal  global  smoothness 
preservation  property  of  these  operators. 

In  Chapter  16: 

High  order  differcntiable  functions  of  one  real  variable  are  approximated 
by  univariate  shift-invariant  integral  operators  wavelet-like,  and  their  gen- 
eralizations. The  high  order  of  this  approximation  is  estimated  by  estab- 
lishing some  Jackson  type  inequalities,  involving  the  modulus  of  continuity 
of  the  iVth  order  derivative  of  the  function  under  approximation.  At  the 
end  applications  to  Probability  are  given. 

In  Chapter  17: 

High  order  differential  functions  of  several  variables  are  approximated 
by  multivariate  shift-invariant  convolution  type  operators  and  their  gener- 
alizations. The  high  order  of  this  approximation  is  determined  by  giving 
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some  multivariate  Jackson-type  inequalities,  engaging  the  first  multivari- 
ate usual  modulus  of  continuity  of  the  TVth  order  partial  derivatives  of  the 
multivariate  function  under  approximation. 

In  Chapter  18: 

Here  by  using  the  so-called  max-product  method,  to  associate  to  the 
Cardaliaguct-Euvrard  linear  operator  a  nonlinear  neural  network  operator 
for  which  a  Jackson-type  approximation  order  is  obtained.  In  some  classes 
of  functions,  the  order  of  approximation  is  essentially  better  than  the  order 
of  approximation  by  the  linear  operator. 

In  Chapter  19: 

We  present  here  a  generalized  Shisha-Mond  type  inequality  which  implies 
a  generalized  Korovkin  theorem.  These  are  regarding  the  convergence  with 
rates  of  a  sequence  of  positive  linear  operators  to  the  unit. 

In  Chapter  20: 

This  is  a  quantitative  study  for  the  rate  of  pointwise  convergence  of  a 
sequence  of  bounded  linear  operators  to  an  arbitrary  operator  in  a  very  gen- 
eral setting  involving  the  modulus  of  continuity.  This  is  achieved  through 
the  Riesz  representation  theorem  and  the  weak  convergence  of  the  corre- 
sponding signed  measures  to  zero,  studied  quantitatively  in  various  impor- 
tant cases. 

In  Chapter  21: 

We  introduce  and  study  very  general  stochastic  positive  linear  operators 
induced  by  general  positive  linear  operators  that  are  acting  on  continuous 
functions.  These  are  acting  on  the  space  of  real  diffcrentiable  stochastic 
processes.  Under  some  very  mild,  general  and  natural  assumptions  on  the 
stochastic  processes  we  produce  related  stochastic  Shisha-Mond  type  in- 
equalities of  L9-typc  1  <  q  <  oo  and  corresponding  stochastic  Korovkin 
type  theorems.  These  are  regarding  the  stochastic  g-mean  convergence  of 
a  sequence  of  stochastic  positive  linear  operators  to  the  stochastic  unit  op- 
erator for  various  cases.  All  convergences  are  produced  with  rates  and  are 
given  via  the  stochastic  inequalities  involving  the  stochastic  modulus  of 
continuity  of  the  n  —  th  derivative  of  the  engaged  stochastic  process,  n  >  0. 
The  impressive  fact  is  that  the  basic  real  Korovkin  test  functions  assump- 
tions are  enough  for  the  conclusions  of  our  stochastic  Korovkin  theory.  We 
give  an  application. 

In  Chapter  22: 

We  further  introduce  and  study  very  general  multivariate  stochastic  pos- 
itive linear  operators  induced  by  general  multivariate  positive  linear  opera- 
tors that  are  acting  on  multivariate  continuous  functions.  These  are  acting 
on  the  space  of  real  diffcrentiable  multivariate  time  stochastic  processes. 
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Under  some  very  mild,  general  and  natural  assumptions  on  the  stochas- 
tic processes  we  produce  related  multidimensional  stochastic  Shisha-Mond 
type  inequalities  of  L9-type  1  <  q  <  oo  and  corresponding  multidimen- 
sional stochastic  Korovkin  type  theorems.  These  are  regarding  the  stochas- 
tic q-mcan  convergence  of  a  sequence  of  multivariate  stochastic  positive 
linear  operators  to  the  stochastic  unit  operator  for  various  cases.  All  conver- 
gences are  produced  with  rates  and  are  given  via  the  stochastic  inequalities 
involving  the  maximum  of  the  multivariate  stochastic  moduli  of  continu- 
ity of  the  nth  order  partial  derivatives  of  the  engaged  stochastic  process, 
n  >  0.  The  astonishing  fact  here  is  that  basic  real  Korovkin  test  func- 
tions assumptions  are  enough  for  the  conclusions  of  our  multidimensional 
stochastic  Korovkin  theory.  We  give  an  application. 

In  Chapter  23: 

Here  are  presented  fractional  Taylor  type  formulae  with  fractional  in- 
tegral remainder  and  fractional  differential  formulae,  regarding  the  right 
Caputo  fractional  derivative,  the  right  generalized  fractional  derivative  of 
Canavati  type  and  their  corresponding  right  fractional  integrals.  Then  are 
given  representation  formulae  of  functions  as  fractional  integrals  of  their 
above  fractional  derivatives,  as  well  as  of  their  right  and  left  Weyl  fractional 
derivatives.  At  the  end,  we  mention  some  far  reaching  implications  of  our 
theory  to  mathematical  analysis  computational  methods.  Also  we  compare 
the  right  Caputo  fractional  derivative  to  the  right  Ricmann-Liouville  frac- 
tional derivative. 

In  Chapter  24: 

We  study  quantitatively  with  rates  the  weak  convergence  of  a  sequence  of 
finite  positive  measures  to  the  unit  measure.  Equivalcntly  we  study  quanti- 
tatively the  pointwise  convergence  of  sequence  of  positive  linear  operators 
to  the  unit  operator,  all  acting  on  continuous  functions.  From  there  we 
derive  with  rates  the  corresponding  uniform  convergence  of  the  last.  Our 
inequalities  for  all  of  the  above  in  their  right  hand  sides  contain  the  moduli 
of  continuity  of  the  right  and  left  Caputo  fractional  derivatives  of  the  in- 
volved function.  From  our  uniform  Shisha-Mond  type  inequality  we  derive 
the  fractional  Korovkin  type  theorem  regarding  the  uniform  convergence 
of  positive  linear  operators  to  the  unit.  We  give  applications,  especially  to 
Bernstein  polynomials  for  which  we  establish  fractional  quantitative  results. 

In  the  background  we  establish  several  fractional  calculus  results  useful 
to  approximation  theory  and  not  only. 

In  Chapter  25: 

We  study  further  quantitatively  with  rates  the  trigonometric  weak  con- 
vergence of  a  sequence  of  finite  positive  measures  to  the  unit  measure. 
Equivalently  we  study  quantitatively  the  trigonometric  pointwise  conver- 
gence of  sequence  of  positive  linear  operators  to  the  unit  operator,  all  acting 
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on  continuous  functions  on  [— n,  tt].  From  there  we  derive  with  rates  the  cor- 
responding trigonometric  uniform  convergence  of  the  last.  Our  inequalities 
for  all  of  the  above  in  their  right  hand  sides  contain  the  moduli  of  con- 
tinuity of  the  right  and  left  Caputo  fractional  derivatives  of  the  involved 
function.  From  our  uniform  trigonometric  Shisha-Mond  type  inequality  we 
derive  the  trigonometric  fractional  Korovkin  type  theorem  regarding  the 
trigonometric  uniform  convergence  of  positive  linear  operators  to  the  unit. 
We  give  applications,  especially  to  Bernstein  polynomials  over  [— 7r,  tt]  for 
which  we  establish  fractional  trigonometric  quantitative  results. 

In  Chapter  26: 

Here  are  presented  very  general  Taylor  formulae,  and  then  a  representa- 
tion formula.  Based  on  the  last  we  give  new  general  inequalities  of  Opial 
type,  Ostrowski  type,  Comparison  of  integral  means,  Information  Theory 
Csiszar  /-  divergence  type,  and  Griiss  type. 

In  Chapter  27: 

Here  we  present  Lp,  p  >  1,  fractional  Opial  type  inequalities  subject  to 
high  order  boundary  conditions.  They  involve  the  right  and  left  Caputo, 
Riemann-Liouville  fractional  derivatives.  These  derivatives  are  blended  to- 
gether into  the  balanced  Caputo,  Riemann-Liouville,  respectively,  frac- 
tional derivatives.  We  give  applications  to  a  special  case. 

In  Chapter  28: 

We  develop  some  integral  identities  and  inequalities  for  the  fractional 
integral.  In  particular  we  obtain  Montgomery  type  identities  for  fractional 
integrals  and  a  generalization  to  double  fractional  integrals.  We  further 
produce  Ostrowski  and  Griiss  type  inequalities  for  fractional  integrals. 

In  Chapter  29: 

Some  general  representation  formulae  for  (Co)  m-parameter  operator 
semigroups  with  rates  of  convergence  are  obtained  by  the  probabilistic  ap- 
proach and  multiplier  enlargement  method.  These  cover  all  known  repre- 
sentation formulae  for  (Co)  one-and  m-parameter  operator  semigroups  as 
special  cases.  When  we  consider  special  semigroups  well-known  convergence 
theorems  for  multivariate  approximation  operators  are  reobtaincd. 

In  Chapter  30: 

A  quantitative  estimate  for  the  simultaneous  approximation  of  a  function 
and  its  derivatives  by  the  general  Feller  operator  is  established  via  the  prob- 
abilistic approach.  This  covers  the  cases  of  some  classical  approximation  op- 
erators such  as  the  Bernstein,  Szasz,  Baskakov  and  Gamma  operator. 

In  Chapter  31: 

We  study  the  fuzzy  global  smoothness  and  fuzzy  uniform  convergence  of 
fuzzy  Picard,  Gauss- Weierstrass  and  Poisson-Cauchy  singular  fuzzy  integral 
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operators  to  the  fuzzy  unit  operator.  These  are  given  with  rates  involving 
the  fuzzy  modulus  of  continuity  of  a  fuzzy  derivative  of  the  involved  func- 
tion. The  produced  fuzzy  Jackson  type  inequalities  are  tight,  containing 
elegant  constants,  and  they  reflect  the  order  of  the  fuzzy  differentiability 
of  the  engaged  fuzzy  function. 

In  Chapter  32: 

Here  we  transfer  basic  real  approximations  to  corresponding  vectorial 
and  fuzzy  setting  of:  Bernstein  polynomials,  Bcrnstcin-Durrmeyer  opera- 
tors, genuine  Bernstein-Durrmeyer  operators,  Stancu  type  operators  and 
special  Stancu  operators.  These  are  convergences  to  the  unit  operator  with 
rates.  We  also  present  the  convergence  with  rates  to  zero  of  the  difference 
of  genuine  Bcrnstcin-Durrmeyer  and  special  Stancu  operators.  All  approx- 
imations involve  Jackson  type  inequalities  and  moduli  of  smoothness  of 
various  orders.  In  order  to  transfer  we  develop  basic  and  important  general 
results  at  the  vectorial  and  fuzzy  level.  Our  technique  goes  from  real  to 
vectorial  and  then  to  fuzzy  setting. 

In  Chapter  33: 

Here  are  studied  in  terms  of  multivariate  fuzzy  high  approximation  to  the 
multivariate  unit  several  basic  sequences  of  multivariate  fuzzy  wavelet  type 
operators  and  multivariate  fuzzy  neural  network  operators.  These  operators 
are  multivariate  fuzzy  analogs  of  earlier  studied  multivariate  real  ones.  The 
produced  results  generalize  earlier  real  ones  into  the  fuzzy  setting.  Here 
the  high  order  multivariate  fuzzy  pointwise  convergence  with  rates  to  the 
multivariate  fuzzy  unit  operator  is  established  through  multivariate  fuzzy 
inequalities  involving  the  multivariate  fuzzy  moduli  of  continuity  of  the 
iVth  order  (JV  >  1)  H-fuzzy  partial  derivatives,  of  the  engaged  multivariate 
fuzzy  number  valued  function.  The  purpose  of  embedding  fuzziness  into 
multivariate  classical  analysis  is  to  better  understand,  explain  and  describe 
the  imprecise,  uncertain  and  chaotic  phenomena  of  the  real  world  and  then 
derive  useful  conclusions. 

In  Chapter  34: 

Here  we  study  the  right  and  left  fuzzy  fractional  Riemann-Liouville  in- 
tegrals and  the  right  and  left  fuzzy  fractional  Caputo  derivatives.  Then 
we  present  the  right  and  left  fuzzy  fractional  Taylor  formulae.  Based  on 
these  we  establish  a  fuzzy  fractional  Ostrowski  type  inequality  with  appli- 
cations. The  last  inequality  provides  an  estimate  for  the  deviation  of  a  fuzzy 
real  number  valued  function  from  its  fuzzy  average,  and  the  related  upper 
bounds  are  given  in  terms  of  the  right  and  left  fuzzy  fractional  derivatives  of 
the  involved  function.  The  purpose  of  embedding  fuzziness  into  fractional 
calculus  and  have  them  act  together,  is  to  better  understand,  explain  and 
describe  the  imprecise,  uncertain  and  chaotic  phenomena  of  the  real  world 
and  then  derive  important  conclusions. 
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In  Chapter  35: 

Here  we  define  a  Caputo  like  discrete  fractional  difference  and  we  com- 
pare it  to  the  earlier  defined  Riemann-Liouville  fractional  discrete  ana- 
log. Then  we  produce  discrete  fractional  Taylor  formulae  and  we  estimate 
their  remainders.  Finally,  we  derive  related  discrete  fractional  Ostrowski, 
Poincare  and  Sobolev  type  inequalities. 

In  Chapter  36: 

Here  we  define  a  Caputo  like  discrete  nabla  fractional  difference  and 
we  produce  discrete  nabla  fractional  Taylor  formulae.  We  estimate  their 
remainders.  Then  we  derive  related  discrete  nabla  fractional  Opial,  Os- 
trowski, Poincare  and  Sobolev  type  inequalities. 

In  Chapter  37: 

We  give  forward  and  reverse  q— Holder  inequalities,  q— Poincare  inequal- 
ity, q— Sobolev  inequality,  q— reverse  Poincare  inequality,  q— reverse  Sobolev 
inequality,  q— Ostrowski  inequality,  g— Opial  inequality  and  q~ Hilbert- 
Pachpatte  inequality.  Some  interesting  background  is  mentioned  and  built 
at  the  beginning. 

In  Chapter  38: 

Here  we  give  q-fractional  Poincare'  type,  Sobolev  type  and  Hilbert- 
Pachpatte  type  integral  inequalities,  involving  q-fractional  derivatives  of 
functions.  We  give  also  their  q-gencralizcd  versions. 

In  Chapter  39: 

Here  we  collect  and  develop  necessary  background  on  time  scales  that 
is  required.  Then  we  present  time  scales  integral  inequalities  of  types: 
Poincare,  Sobolev,  Opial,  Ostrowski  and  Hilbert-Pachpatte.  We  give  also 
the  generalized  analogs  of  all  these  inequalities  involving  high  order  delta 
derivatives  of  functions  on  time  scales.  We  finish  with  lots  of  applications: 
all  these  inequalities  on  the  specific  time  scales  R,  Z  and  qz,  q  >  1. 

In  Chapter  40: 

Here  we  collect  and  develop  necessary  background  on  nabla  time  scales 
that  is  required.  Then  we  present  nabla  time  scales  integral  inequalities  of 
types:  Poincare,  Sobolev,  Opial,  Ostrowski  and  Hilbert-Pachpatte.  We  give 
also  the  generalized  analogs  of  all  these  nabla  inequalities  involving  high 
order  nabla  derivatives  of  functions  on  time  scales.  We  finish  with  lots  of 
applications:  all  these  nabla  inequalities  on  the  specific  time  scales  R,  Z 
and  qz,  q  >  1.  In  most  of  these  nabla  inequalities  the  nabla  differentiability 
order  is  any  n  £  N,  as  opposed  to  delta  time  scales  approach  where  n  is 
always  odd. 


10  1.    Introduction 

In  Chapter  41: 

Here  we  adopt([127]),  develop  further  and  use  the  principle  of  duality 
in  time  scales.  Using  this  principle  and  based  on  a  variety  of  important 
delta  inequalities  we  produce  the  corresponding  nabla  ones.  We  give  several 
applications. 

In  Chapter  42: 

Here  we  develop  the  Delta  Fractional  Calculus  on  Time  Scales.  Then 
we  produce  related  integral  inequalities  of  types:  Poincare,  Sobolev,  Opial, 
Ostrowski  and  Hilbert-Pachpatte.  Finally  we  give  inequalities  applications 
on  the  time  scale  R. 

In  Chapter  43: 

We  also  develop  the  Nabla  Fractional  Calculus  on  Time  Scales.  Then  we 
produce  related  integral  inequalities  of  types:  Poincare,  Sobolev,  Opial,  Os- 
trowski and  Hilbert-Pachpatte.  Finally  we  give  nabla  fractional  inequalities 
applications  on  the  time  scales  K,  Z. 

In  Chapter  44: 

For  the  multidimensional  Dirichlet  problem  of  the  Poisson  equation  on 
an  arbitrary  compact  domain,  this  chapter  examines  convergence  proper- 
ties with  rates  of  approximate  solutions,  obtained  by  a  standard  difference 
scheme  over  inscribed  uniform  grids.  Sharp  quantitative  estimates  are  given 
by  the  use  of  second  moduli  of  continuity  of  the  second  single  partial  deriva- 
tives of  the  exact  solution.  This  is  achieved  by  employing  the  probabilistic 
method  of  simple  random  walk. 


In  Chapter  45: 

For  the  multidimensional  Dirichlet  problem  of  the  heat  equation  on  a 
cylinder,  this  chapter  examines  convergence  properties  with  rates  of  ap- 
proximate solutions,  obtained  by  a  naturally  arising  difference  scheme  over 
inscribed  uniform  grids.  Sharp  quantitative  estimates  are  given  by  the  use 
of  first  and  second  moduli  of  continuity  of  some  first  and  second  order 
partial  derivatives  of  the  exact  solution.  This  is  accomplished  by  using  the 
probabilistic  method  of  an  appropriate  random  walk. 

In  Chapter  46: 

The  classical  time  dependent  partial  differential  equations  of  mathemati- 
cal physics  involve  evolution  in  one  dimensional  time.  Space  can  be  multidi- 
mensional, but  time  stays  one  dimensional.  There  are  various  mathematical 
cases  (such  as  multiparameter  Brownian  motion)  which  suggest  that  there 
should  be  a  mathematical  theory  of  evolution  in  multidimensional  time. 
We  formulate  a  rather  general  class  of  equations  that  involve  two  "time  di- 
mensions" and  we  prove  a  uniqueness  theorem  in  this  context.  We  connect 
the  latter  to  Opial  type  inequalities. 
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Chapters  2-5  rely  on  [85],  [89],  [90]  and  [87],  respectively,  which  are  joint 
works  of  author  with  X.M.  Yu. 

Chapter  6  relies  on  [75],  which  is  joint  work  of  the  author  with  M. 
Ganzburg. 

Chapter  7  relies  on  [74],  which  is  joint  work  of  the  author  with  S.  Gal 
and  M.  Ganzburg. 

Chapter  8  relies  on  [70],  which  is  joint  work  of  the  author  with  S.  Gal. 

Chapter  9  relies  on  [8],  which  is  joint  work  of  the  author  with  S.  Ali  and 
O.  Shisha. 

Chapter  14  relies  on  [61],  which  is  joint  work  of  the  author  with  A.  Aral. 

Chapter  15  relies  on  [62],  which  is  joint  work  of  the  author  with  A.  Aral. 

Chapter  18  relies  on  [65],  which  is  joint  work  of  the  author  with 
L.Coroianu  and  S.  Gal. 

Chapter  28  relies  on  author's  joint  work  [80],  several  coauthors. 

Chapters  29,  30,  rely  on  [92],  [91],  respectively,  which  are  joint  works  of 
the  author  with  Mi  Zhou. 

Chapters  44,  45,  rely  on  [63],  [64],  respectively,  which  are  joint  works  of 
the  author  with  A.Bcndikov. 

And  Chapter  46  relies  on  [76],  which  is  joint  work  of  the  author  with  G. 
Ruiz  Goldstein  and  J.  Goldstein. 

The  rest  of  the  chapters  are  based  on  individual  works  of  the  author. 

The  writing  of  this  monograph  was  made  to  help  the  reader  the  most. 
The  chapters  are  self-contained  so  that  anyone  of  these  can  be  read  with- 
out using  others  and  several  graduate  courses  and  seminars  can  be  taught 
out  of  this  book.  All  background  needed  to  understand  each  chapter  is 
usually  found  there.  Also  are  given,  per  chapter,  strong  motivations  and 
inspirations  to  write  it. 

We  finish  with  a  rich  list  of  288  related  references.  The  exposed  re- 
sults are  expected  to  find  applications  in  most  of  the  applied  fields  such 
as:  applied  and  computational  mathematics,  stochastics,  engineering,  in- 
formatics, and  especially  in  theoretical  computer  science  such  as  artificial 
intelligence,  vision,  complexity  and  machine  learning. 

To  the  best  of  our  knowledge  this  monograph  is  the  first  of  the  kind 
within  computational  analysis  from  the  mathematical  point  of  view  and 
we  hope  is  well  received. 


Convex  Probabilistic  Wavelet  Like 
Approximation 


Continuous  functions  are  approximated  by  wavelet  like  operators.  These 
preserve  convexity  and  r-convexity  and  transform  continuous  probability 
distribution  functions  into  probability  distribution  functions  at  the  same 
time  preserving  certain  convexity  conditions.  The  degree  of  this  approxi- 
mation is  estimated  by  presented  Jackson  type  inequalities. 
This  chapter  relies  on  [85]. 


2.1     Introduction 

Let  ip  (x)  be  a  bounded  continuous  function  on  R  with  suppy?  (x)  C  [—a,  a], 
0  <  a  <  +oo.  Write 

<pkj(x):=2%(p(2kx-j),     fc,jeZ. 

For  /  G  C  (R),  wc  define  the  wavelet  type  operators 

oo 

Ak(f)(x):=    Y,    (f^kj)'Pkj(x),     fceZ,  (2.1) 

j=—co 

where 

/•oo 

(f,Vkj)  '•=  /      f{t)fkj  {t)dt, 
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and 


oo 


\^     o-  ^  r  I  n  -  /■ 


Bk(f)(x):=    V    2-^.f(2-fej)^(x),      fceZ.  (2.2) 


In  [86],  was  proved  that  if  /  is  non-decreasing  on  R,  then,  under  cer- 
tain conditions  on  ip,  the  linear  operator  functions  Ak  (/)  and  B^  (/)  are 
non-decreasing  and  such  that  \f  (x)  —  Ak  (/)|  and  |/  (x)  —  B^  (/)|  can  be 
estimated  by  Wi(/,  2~fc+1a)  or  a>2  (/,  2~fe+1a),  where  tor  (f,t) ,  r  =  1,2,  is 
the  r-th  modulus  of  smoothness  of  /  on  R.  Here 

ui(f,h):=     sup     |/(x)-/(y)|, 

z.yGR 
|x-j/|</i 

and 

w2(/,/i):=     sup     |/(a0-2/(a  +  t)  +  /(a  +  2t)|. 

x,t:|t|<h 

In  this  chapter,  we  are  going  to  discuss  the  convex  wavelet  like  approxi- 
mation. We  show  that  if  /  is  convex  on  R,  then,  under  certain  conditions 
on  tp,  the  functions  Ak  (/)  and  Bf,  (/)  are  convex  on  R  and  also  have  the 
desired  estimates  for  the  degree  of  approximation.  Moreover  we  consider 
the  r-th  convexity  which  is  preserved  by  Ak  and  Bk  for  any  positive  inte- 
ger r  and  we  present  similar  results.  We  also  discuss  the  case  of  coconvex 
probabilistic  wavelet  like  approximation. 


2.2     Convex  Wavelet  Like  Approximation 

Let 

OO 

A(x):=    ]T   Cj<p{x-j),  (2.3) 

j=-oo 

where  {Cj}  is  a  sequence  of  real  numbers.  We  first  study  the  convexity  of 
A(x). 

Lemma  2.1.  Suppose  that  tp(x)  is  a  bounded  continuous  function  on 
R,  suppi^  (x)  C  [—a,  a],  0  <  a  <  +oo,  and  satisfies 

(i)  5Z_-__00  <p  (x  —  j)  and  X^fc-oo  JV  (x  —  J)  are  linear  functions  on  R. 

(ii)  there  exist  real  numbers  b\  and  62,  61  <  62  such  that  93  (x)  is  convex 
on  (—00,61]  and  [62, +00)  respectively,  and  ip(x)  is  concave  on  [61,62]- 

Then,  if  {Cj}  is  a  convex  sequence,  i.e.,  {Cj  —  Cj-i}  is  non-decreasing, 
the  function  A  (x)  defined  by  (2.3)  is  convex  on  R. 

Remark  2.2.  We  have  some  examples  of  ip  (x)  which  satisfy  all  the 
conditions  of  Lemma  2.1: 

1  +  x,    -  1  <  x  <0, 
(pi  (x)  =  ^    1  —  x,    0  <  x  <  1, 

0       otherwise; 
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and 


'    0,        x  < 


(p2  (x)  =  < 


2   \2     '    Xl      '  2    "^  X  —        2  > 

1  +  x-  (x  +  \)    ,      -  \  <  X  <  §, 

\2   _  "^J      '  2    —  X  —    2' 


2   V2 


[   0,       x> 


Indeed,  the  functions  ipi  (x)  and  932  (x)  satisfy 
■13- 


(i)'  E^L-00  V  (»  -  i)  =  1,  on  R  and 


Y^   if  {x  -  3)  =  x, 


on 


We  can  also  choose  b\  =  —  ^  and  62  =  5  to  have  <£>i  (x)  and  1^2  (x)  satisfying 

(ii)- 

Proof.  For  any  fixed  x  and  0  <  Ax  <  |,  let  ji  be  the  integer  such  that 

x—ji  <  bi  <  x—ji+l  and  ji  be  the  integer  such  that  x—ji  <  62  <  x—fa+l. 

Because  b±  <  b2,  we  have  j'2  <  j\.  Since  0  <  Ax  <  \  and  <p  (x)  satisfies 

(ii),  we  see  that 

93  (x  +  2Ax  -  j)  -  2y>  (x  +  Ax  -  j)  +  y>  (x  -  j)  >  0,  (2.4) 

if  -00  <  j  <  j2  -  1; 

93  (x  +  2Ax  -  j)  -  2y>  (x  +  Ax  -  j)  +<p(x-j)  <  0,  (2.5) 

if  h  +  1  <  ji  -  1  and  J2  +  !<.?<  ji  -  1; 

93  (x  +  2Ax  -  j)  -  2(p  (x  +  Ax  -  j)  +ip{x-  j)  >  0,  (2.6) 

if  ji  +  1  <  j  <  +00. 

Suppose  that  ji  +  1  <  ji  —  1.  From  the  property  (i)  of  p>  we  have 

00 
Y    [<f(x  +  2Ax  -  j)  -  2p  (x  +  Ax  -  j)  +(p(x-  j)}  =  0,  (2.7) 


and 


y^   j  [<p  (x  +  2Ax  -  j)  -2tp(x  +  Ax  -  j)  +  cp  (x  -  j)]  =  0.  (2. 


On  the  other  hand,  since  {Cj}  is  a  convex  sequence,  {Cj  —  Cj-\}  is  a 
non-decreasing  sequence  and  then  for  j  >  ji  +  1  we  derive 

j  -  J2 
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(Cj  -  Cj-i)  +  (Cj-i  -  Cj-2)  +  ■  ■■  +  (Cjl  -  Cjj-i)  +  ■■■  +  (Cj2  +  i  -  Cj2) 

3  -  h 
(Cn  —  C^-i)  +  ...  4-  (Cj2+i  ~~  C,-2)  _  Qi  ~~  Cj2 


.71  -  .72 


.71  -  .72 


That  is 


.71  -  .72 


Similarly  we  get 


and 


O  7  O  7 


.7  -  .72 


J      J2    h-hK31      J 


> 


Cj-Ch-^^-(Cjl-Ch)>0,    ii  +  l<j<+oo.  (2.9) 


Q  -  Cia  -  4—^-  (Cj,  -  Cj2)  >  0,      -  oo  <  j  <  j2  -  1;  (2.10) 

Ji  -  .72 


-{Cn-C32)<0,    J2  +  l<j<ji-l.  (2.11) 


Obviously  we  see  that 

Cj  -  Cj2  -  r p-  {Cn  -  Cj2 )  =  0,     j  =  j2  or  j  =  jx . 

Ji  _  .72 

It  follows  from  (2.7)  and  (2.8)  that 

A  (x  +  2Ax)  -  2,4  (x  +  Ax)  +  A  (x)  = 

DC 

y^    Cj  [if  (x  +  2Aa;  -  j)  -  2<p  (x  +  Ax  -  j)  +<p(x-  j)}  = 


(2.12) 


E 


^j      Cj2      -        j-  (Cn      Cj2 ) 
Ji  -  .72 


[<p  (x  +  2Ax  -  j)  -  2f  (x  +  Ax  -  j)  +  ip(x-  j)}  = 

32  —  1  jl-1  oo 

E+E+E+E+E  :=/i+/2+/3+/4+/6. 

j=-00  j=j2  j=J2+l  j=jl  j=jl  +  l 

From  (2.4)-(2.6)  and  (2.9)-(2.12)  we  have 

h  >  0,    J2  =  0,    J3  >  0,    J4  =  0    and  I5  >  0 

which  imply 

A  (x  +  2Ax)  -  2A  (x  +  Ax)  +  A  (x)  >  0.  (2.13) 

If  ]2  =  ,7i  —  1,  we  have 
A(x  +  2Ax)-2A(x  +  Ax)+A(x)  =  h+h+h  +  h  =  h+h  >  0.  (2.14) 
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If  72  =  ji,  by  (2.7)  and  (2.8),  we  observe  that 

A  (x  +  2Ax)  -  2 A  (x  +  Ax)  +A(x)  = 

OO 

E    \C]-C32-{j-32){C32+l-Cn)]- 

j=-oo 

[<p  (x  +  2Ax  —  j)  —  2<p  (a;  +  Ax  —  j)  +  ip  (x  —  j)]  = 

E+E  +  E  ==4 +4 +4 

j  =  -00  j=J2  J=J2  +  1 

Using  a  similar  argument  as  before,  we  have 

I[  >  0,     i"2  =  °     and    73  >  ° 

which  gives  (2.13)  again.  Thus  A  (x)  is  a  convex  function  on  R.  ■ 

Theorem  2.3.  Suppose  that  ip  (x)  is  a  bounded  continuous  function  on 
R,  supp  (/?  (x)  C  [—a,  a],  0  <  a  <  +oo  and  satisfies 

(ii)  X)i=-oo  JV  (x  —  i)  is  a  linear  function  on  R; 

(hi)  there  exist  real  numbers  b\  and  &2,  6i  <  &2  such  that  </?  (x)  is  convex 
on  (— cxd,^]  and  [fo2,+oo)  respectively,  and  <p>  (x)  is  concave  on  [61,62]  • 

Then,  for  /  s  C  (R) ,  if  /  is  a  convex  function  on  R,  the  linear  wavelet 
operator  function  Ak  (/)  defined  by  (2.1)  are  also  convex  on  R  and  satisfy 

\Ak(f)(x)-f(x)\<u1(f,2-k+1a),       xeR,    fceZ,  (2.15) 

where  u>\  (/,  h)  is  the  first  modulus  of  continuity  of  /. 

Remark  2.4.  (1)  Because  p  (x)  =  0  for  x  G  (—00, —a)  U  (a, +00),  if 
93  (x)  has  property  (in),  then 

(p(x)>0,      xeR.  (2.16) 

Hence  the  linear  wavelet  operators  Ak  are  positive. 
(2)  The  condition  (i)  of  Theorem  2.3  implies  that  [86] 

ip  (x)  dx  =  1. 

Proof.  First  let  us  consider  the  convexity  of  Ak  (f)  (x)  on  R. 
It  follows  from  (2.16)  that 

/•OO  />00 

{f,<Poj)=  f  (t)  <P  (t  -  j)  dt  =  f  (u  +  j)  (p  (u)  du 
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is  a  convex  sequence  if  /  is  convex  on  R.  Then,  by  Lemma  2.1,  Ao  (/)  (a;) 
is  a  convex  function  on  R.  Since  for  any  fc  e  Z  we  have 

Ak(f)(x)  =  AQ(f(2-k))(2kx), 

hence  Aj~  (/)  (x)  are  convex  functions  on  R  as  well. 

From  [86] ,  we  know  that  if  ip  (x)  is  bounded  and  continuous  with  suppt/?  (x) 
C  [—a,  a]  and  satisfies  (i),  then  hold  the  estimates  (2.15).  ■ 

Theorem  2.5.  Suppose  that  <p  (x)  satisfies  all  the  conditions  of  Theorem 
2.3.  Then,  for  /  G  C  (R),  if  /  is  a  convex  function  on  R,  the  linear  wavelet 
operator  functions  Bk  (/)  defined  by  (2.2)  are  also  convex  on  M  and  satisfy 


\Bk  (/)  (x)  -  /  (x)  |  <  Wl  (/,  2-fca)  ,      x  g  R,    fc  g  Z. 


(2.17) 


Moreover,  the  inequalities  (2.17)  are  sharp. 

Proof.  Since  {/  (j)}  is  a  convex  sequence,  from  Lemma  2.1,  we  know  that 

Bo  (/)  (x)  is  a  convex  function  on  M.  Then,  by 

Bfe(/)(x)  =  i?0(./-(2-fc))(2fcx), 

it  follows  that  Bj~  (/)  (x)  are  convex  functions  on  R  as  well. 

From  [86]  we  know  that  inequalities  (2.17)  are  valid.  Now  we  prove  the 
sharpness  of  (2.17). 

Assume  that  there  is  a  positive  number  C  <  1  such  that  for  any  convex 
/  g  C  (R)  hold 


\Bk  (/)  (x)  -  /  (x)  |  <  Clo  (/,  2-fea)  ,     x  g  R,    k  g  Z 


(2.18) 


Define 


¥>3(x) 


—  x,      — 


1-c 

0       otherwise, 


-2  <  x  < 
-  1  <  x  <  - 


where  [•]  is  the  integral  part  of  the  number.  We  have 

1 


(p3  (x)  =  (fl     x  + 


1-c 


1 


where  ipi  (x)  is  given  in  the  remark  of  Theorem  2.3.  Hence,  from  (ii)'  we 
get  that 


X!    ^3  (x  -  j)  =    Y^    Vi  (  x  + 


j=-oo 


j=-oo 


1 

1-C 


+  1  "  j 


1     on 
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and 

oo  oo 

Y  w*  fa  -  j)  =  Y  ■^ 1  •'■ + 

j  =  —  OO  J  =  —  oo 


1-c 


1  -  j      =  X- 


1-c 


+  1     on  : 


i.e.  (fi3  (x)  satisfies  the  conditions  (i)  and  (ii)  of  Theorem  2.3.  Obviously, 
if3  (x)  satisfies  the  condition  (iii)  of  Theorem  2.3  and  is  a  bounded  con- 

We 


- 

1 

1-c 

-2, 

l 

1-c 

+  2 

tinuous  function  on  M  with  supp^3  (x)   C 

consider  Bk  (/)  for  such  a  (p$. 
Let 

g(x)  =  (x-l)+      onR. 

Then  g  (x)  E  C  (K)  is  a  convex  function,  and 

oo  oo 

Bo  (g)  {x)=    Y^   9  (•?')  ^3  {x  -  j)  =  ^2  9  U)  <P3  {x  -  j)  ■ 

j=-oo  j=2 

From  the  definitions  of  g  and  <f3 ,  we  have 


B0(g)(l)  =  Y29(J)W(1-J)  =  9 

i=2 


( 

1 

+2)= 

1 

V 

[l  -c 

/ 

|_1  -  c\ 

and  then 

B0  (g)(1)  -5(1) 

On  the  other  hand,  we  have 


1-c 


(2.19) 


uj(g,h)  =  h 


and  then  from  (2.18)  we  obtain 

\BQ(g)(x)-g(x)\<C- 


1-c 


X  € 


(2.20) 


because  of  a  = 
a  —  1  >  Ca,  i.e. 


1 

1-c 

+  2  f< 

1 

1-c 

2  for  ifi3.  For  0  <  C  <  1  it  is  easy  to  verify  that 


1>C 


1-c 


Hence  the  equation  (2.19)  contradicts  inequality  (2.20).  Thus  inequality 
(2.17)  is  sharp  for  k  =  0.  For  any  other  k  E  Z  wc  can  prove  the  sharpness 
of  (2.17)  by  using  a  similar  argument.  ■ 

Theorem  2.6.  Suppose  that  ip  (x)  is  a  bounded  continuous  function  on 
R,  suppy  (x)  C  [—a,  a],  0  <  a  <  +oo  and  satisfies 
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(i)  E^Loo  v  (x  -  3)  =  l  on 


(ii)  Ej=-oo  3<P  (x  ~j)=x  on  R; 

(iii)  there  exist  real  numbers  b\  and  62,  b\  <  62  such  that  ip  (x)  is  convex 
on  (—00,61]  and  [62,  +00)  respectively,  and  ip(x)  is  concave  on  [61,62] . 

Then,  for  /  e  C  (R) ,  if  /  is  a  convex  function  on  R,  the  linear  wavelet 
operator  functions  A^  (/)  defined  by  (2.1)  are  also  convex  on  R  and  satisfy 

\Ak  if)  (x)  -f(x)\<  C002  (/,  2-k+la)  ,      x  e  R,  fc  e  Z, 

where  W2  (/,  /i)  is  the  second  modulus  of  smoothness  of  /  and  C  is  an 
absolute  constant. 

Theorem  2.7.  Suppose  that  ip  (x)  satisfies  all  the  conditions  of  Theorem 
2.6.  Then,  for  /  G  C  (R),  if  /  is  a  convex  function  on  R,  the  linear  wavelet 
operator  functions  Bk  (/)  defined  by  (2.2)  are  also  convex  on  R  and  satisfy 

\Bk  (/)  (x)  -  f  (x)\  <  Clu2  (/,  2-fe+1a)  ,      x  g  R,  fc  e  Z, 

where  0^2  (/,  /i)  is  the  second  modulus  of  smoothness  of  /  and  C  is  an 
absolute  constant. 

Theorem  2.6  and  Theorem  2.7  come  from  Theorem  2.3,  Theorem  2.5 
and  the  results  in  [861. 


2.3     r-th  Convex  Wavelet  Approximation 

Let  /  g  C  (R).  If  for  any  x  g  R  and  ft,  >  0  hold 

Ai/w:=E(-ir(i)/^+*)^0' 

j=o  ^       ' 

we  say  that  /  (x)  is  r-th  convex  on  R.  If  for  any  x  G  R  and  h  >  0,  A^/  (x)  < 
0,  then  /  (x)  is  r-th  concave  on  R. 

For  a  real  number  sequence  {Cj},  if  for  any  j  g  Z  holds 

then  we  say  that  {C^}  is  an  r-th  convex  sequence. 

We  shall  discuss  the  r-th  convex  wavelet  approximation.  Here  we  only 
discuss  the  case  of  r  =  3.  For  r  >  3,  we  can  use  a  similar  method  to  deal 
with. 

We  need  the  following  lemmas. 
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Lemma  2.8.  Suppose  that  {Cj}  is  a  3-th  convex  sequence  of  real  num- 
bers. Then  for  any  fixed  ji,J2,J3  €E  Z  with  js  <  ji  <  ji  we  have 

3  -  .73  32  -  .73     / 

Ch~Cj3-Ch~Cj3)/(h-h),     3>h  (2-21) 

31-33  32  -  .73    / 

and 

CLzCi,_Cj;t-Cja\ 

3  -  33  .72  -  .73    / 

Cj}~Cja       C*-CA  J  (il  -  ,2) ,     ,•  <  ju  j  ?  j3  and  j  *  n.   (2.22) 
.71  -  33  .72  -  .73    / 

Proof.  We  first  establish  that 


Cj      Szg       Cj-i  ~  Qa 


is  non-decreasing  for  j  >  j'2  +  1.        (2.23) 


.7  -  J3  .7  -  J3  -  1 

Claim  (2.23)  is  equivalent  to  that 

f1       f*1  f1  r*         r*  s~i 

I:=      '       C^_2^3-i      CJ3+CJ_2      Cja^Q     forj>J2  +  2     (224) 

.7  -  J3  j  -  .73  -  1  3  ~  .73  +  2 

Because 
j  _  (i  -  h  -  1)  (i  -  J3  -  2)  (Cj  -  Cj3)  -  2  (j  -  j3)  (j  -  J3  -  2)  (C,--i  -  Cj3)  | 

0'  -  J3)  (j  -  J3  -  1)  (j  -  J3  -  2) 

{3-33){3-33-l){C0-2-C33) 


(i 

-  3a)  (.7  - 

is  - 1)  (j  - 

-33- 

2) 

(.7- 

-  .73  - 

l)(.7-.73 

-  2)  (Cj  - 

2Cj. 

1+Q-2) 

(3 

-  .7s)  (.7  - 

.73  -  1)  (3 

-  .73  - 

-2) 

2(.7- 

-  .73  - 

-  2)  (C,-_i 

-Cj_2)  +  2(Cj. 

-2  -  Cj3) 

(.7 -.73)  (.7 -.73 -!)(.? -.73 -2) 
f°r  i  >  .72  +  2  the  claim  (2.24)  is  equivalent  to 

J  ■=  (.7  -  .73  -  1)  (.7  -  .73  -  2)  {Cj  -  2Q_i  +  Q_2)  - 

2  (.7  -  .73  -  2)  (Cj.!  -  Cj_2)  +  2  (C,_2  -  Cjs )  >  0.  (2.25) 

Since  {Cj}  is  a  3-th  convex  sequence,  the  sequence  {Cj  —  2Cj_i  +Cj_2} 
is  non-decreasing,  and  then  we  obtain 

(3  -  .73  -  2)  (Cj.!  -  Cj_2)  -  (C,-_2  -  C,3)  = 
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(Cj-i  -  Cj-2)  +  •••  +  (Cj-i  -  Cj-2)  -  (Cj-2  -  Cj-3)  - 

(Cj_3  -  Cj_4)  -  ...  -  (CJ3+i  -  CJ3)  = 
[(Q-i  "  Q- 2)  -  (Cj-2  -  Cj-3)]  +  [(Cj-i  -  Crj_2)  -  (Cj-3  -  Cj-i)]  +  ...+ 

[(Q-i  -  Q-2)  -  (Cj3+i  -  Cj3)]  = 

[Cj-i  -  2Cj-2  +  Cj-3]  +  [(Cj-i  -  2Cj_2  +  Cj-3)  +  (Cj-2  -  2Cj-3  +  Cj-4)]  +  ••• 

+  \{Cj-i  -  2(7j_2  +  Cj_3)  +  ...  +  (Cj3+2  -  2Cj3+i  +  (7,3 )]  < 

(Cj  -  2Cj_i  +  Cj-i)  (1  +  2  +  ...  +  (j  -  j3  -  2))  = 

(i- is -i)0' -is -2) 


(Cj  -  2Cj_i  +Cj_2) , 


which  gives  (2.25).  Hence  we  have  (2.23). 
From  (2.23),  it  follows  that 


(i-j2)_1( 


Cj  Cj3 


U  -  nY 


3-  TA 


J  -  .73 

Cj-i  —  Cj3 

i  -  33  - 1 


+ 


Cji  ~  Cj3 

Ji  -  h 


c 


31-1 


c 


J-.i 


h  -  h  -  1 


Cj2    —   0,3 

.72  -  h 

Cj-i  —  Cj3 

j  -  jz  -  1 

Q2+1  ~  Cj3 

h  -  h  +  1 


Cj-2         Cj3 

J-Jz-2 

_    Q2    -   Cj3 

J2  -  J3 


+  . 


> 


0'i  -is)- 


Cji      Cj3       Cji-i      Cj. 


ji  -  J3       ji  -  jz  -  1 

(il-i2)-1^Ql_Cj3 


+  ...+ 


c 


J2  +  1 


-C,: 


Q2    _   Cj3 


Jl  -  .73  J2  -  33 

Thus  (2.21)  are  valid.  Similarly  we  can  prove  (2.22). 


Cj2  Cj3 

jl  -  3Z  +  1  J2  -  JZ 

3  >  Ji- 


Lemma  2.9.  Suppose  that  {Cj}  is  a  3-th  convex  sequence  of  real  num- 
bers. Then  for  any  fixed  ji,  j'2,  J3  S  Z  with  j'3  <  j'2  <  j\  we  have 


Qj  :—  Cj 
(j-  J3)  (j-  J2) 


Q3  +  (J-J3)%        ^ 


Cji       Cj3        Cj2       Gj3 


Jl  -  J3 


J2  -  J3 


J2  -  J3 

/(ji  -h] 


>  0,  j  >  ji;  =  0,  j  =  ji; 

<  0,  j2  <  j  <  Ji;  =  0,  j  =  j3; 

>  0,  J3  <  J  <  J2;  =  0,  j  =  j3; 

<  0,  J<J3- 


(2.26) 
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Proof.  It  is  easy  to  observe  that 

Qj  =0,  if  j  =ji,  h  or  h; 

and 


Qj  =  U  -h)(.i  -  h) 


Cj      CJ3      Cj2      Cj3 


I  {3 -32) 


Yii       Yh        ^h       Yjs 


3  -  33  32  -  33 

/(ji-h)}       if^.?3orj2.  (2.27) 

3i  -  33  32  -  33 

Then,  if  j  >  j\,  we  have  j  —  js  >  0,  j  —  j2  >  0  and  (2.21),  and  therefore 
from  (2.27)  we  have 

Qj>o,    j>3l. 

If  h  <  3  <  ji,  we  have  j  —  js  >  0,  j—j2  >  0  and  (2.22),  and  then  by  (2.27) 
we  have 

Qj<0,     j2<3<3i- 

If  33  <  3  <  32,  because  j  -  j3  >  0,  j  -  j2  <  0  and  (2.22),  from  (2.27)  we 
have 

Qj>0,     33<3<32- 

If  3  <  33i  because  of  j  —  j'3  <  0,  j  —  j2  <  0  and  (2.22),  from  (2.27)  we  derive 

Qj   <  0,      j<  is- 


Lemma  2.10.  Suppose  that  ip  (x)  is  a  bounded  continuous  function  on 
M.,  supp^  (x)  C  [—a,  a],  0  <  a  <  +00,  and  satisfies 

(i)  J2jL-oo  <P(x-  j),    E^L-00  3V  (x  -  j)    and   E^Loo  fv  (x  ~  3)  are 
quadratic  functions  on  M, 

(ii)  there  exist  real  numbers  61,  b2  and  63,  b\  <  b2  <  63  such  that  ip  (x)  is 
3-th  convex  on  (—00,  61]  and  [62,  63]  respectively,  and  ip  (x)  is  3-th  concave 
on  [61,62]  and  [63,-1-00)  respectively. 

Then,  if  {Cj}  is  a  3-th  convex  sequence,  the  function  A(x)  defined  by 
(2.3)  is  3-th  convex  on  M. 

Remark  2.11.  The  function  ip2  (x)  in  the  remark  of  Lemma  2.1  satisfies 
all  the  conditions  of  Lemma  2.10  with  61  =  — 1,  62  =  0  and  63  =  1. 
Proof.  For  any  fixed  x  and  0  <  Ax  <  i,  let  j\  be  the  integer  such  that 
x—ji  <  61  <  x  —  j\  + 1,  J2  be  the  integer  such  that  x  —  j2  <  62  <  x  —  j2  +  1 
and  js  be  the  integer  such  that  x— J3  <  63  <  X—J3+I.  Because  61  <  62  <  63, 
we  have  j'3  <  j2  <  j\.  Since  0  <  Ax  <  4  and  <p  (x)  satisfies  (ii),  we  obtain 

A3ip  ■-  ip(x  +  3A;r  -  j)  -  3ip  (x  +  2A;r  -  j)  +  3<p  (x  +  Ax  -  j)  -  ip  (x  -  j)  <  0, 

(2.28) 
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if  -00  <  j  <  J3  -  1; 


A3(p  >  0, 


if  J3  +  1  <  h  -  1  and  h  +  1  <  j  <  h  -  1; 

A3 93  <  0, 
if  h  +  1  <  h  -  1  and  j2  +  1  <  j  <  j\  -  1; 

A3 93  >  0, 


(2.29) 
(2.30) 

(2.31) 


if  ji  +  1  <  j  <  +00. 

Assume  that  j'3  +  1  <  j'2  —  1  and  ji  +  1  <  ji  —  1.  From  the  property  (i) 
of  ip  we  have 

00 

^    [ip  (x  +  3Aa:  -  j)  -  3<£  (a;  +  2Ax  -  j)  +  3^  (x  +  Ax  -  j)  -ip(x-  j)]  =  0, 
i=— 00 

(2.32) 

V   j  [<p  (aj  +  3Aa;  -  j)  -3tp{x  +  2Aai  -  j)  +  3^  (x  +  Ax  -  j)  -  ip  (x  -  j)]  =  0, 
i=— 00 

(2.33) 
and 
00 
53   /  [¥>  (x  +  3A;r  -  j)  -3p{x  +  2Ax  -  j)  +  3^  {x  +  Ax  -  j)  -  ip  {x  -  j)]  =  0. 

j  =  — OQ 

(2.34) 
Then  we  obtain 

A  :=  A  (x  +  3Ax)  -3A(x  +  2Ax)  +  3A(x  +  Ax)  -A(x)  = 

C9,,  —  Co 


E 


Cj  -  cj3  -(.?-. h) 


y32  ^33 

J2  -  J3 


(i  -  .73)  (i  -  h)  (Ch       °h        Cn       °A  I  (Jl      32) 
\    3i  -  .73  32  -  33    J 

■  [(p  (x  +  3Ax  —  j)  —  ip  (x  +  2Ax  —  j)  +  3ip  (x  +  Ax  —  j)  —  ip  (x  —  j)]  = 

J3  — 1  J2  — 1  Jl  — 1  00 

E+E  +  E  +  E  +  E  +  E  +  E  = 

i=-oo     i=j3     i=j.3+i     j=J2     i=J2+i     i=ji     j=ii+i 

Ai  +  A2  + A3  + A4  + A5  + A6  + A7.  (2.35) 

From  Lemma  2.9  and  (2.28)-(2.31),  we  have 


A2  =  A4  =  A6  =  0, 
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and 

Ai  >  0,   A3  >  0,   A5  >  0,   A7  >  0 

which  implies 

A (x  +  3Ax)  -  3A (x  +  2Ax)  +  3A(x  +  Ax)  -A(x)>  0.  (2.36) 

If  js  =  ]2  —  1  and  j2  +  1  <  ji  —  1,  we  have 

A  =  Ai  +  A2  +  A4  +  A5  +  A6  +  A7  >  0.  (2.37) 

If  J3  +  1  <  3i  ~  1  and  ji  =  j\  —  1,  we  obtain 

A  =  Ai  +  A2  +  A3  +  A4  +  A6  +  A7  >  0.  (2.38) 

If  j3  =  ]2  —  1  and  j2  =  ji  —  1,  then  we  see  that 

A  =  Ai  +  A2  +  A4  +  A6  +  A7  >0.  (2.39) 

Now  we  consider  the  case  that  73  =  j2.  We  redefine  J3  :=  j2  —  1,  and 
still  have  (2.37)  or  (2.39).  If  j2  =  ji,  we  redefine  j\  :=  j2  +  1  and  still  have 
(2.38)  or  (2.39).  In  summary,  A  (x)  is  a  3-th  convex  function  on  R.  ■ 

Now  we  are  ready  to  establish  the  following  theorems  for  the  3-th  convex 
wavelet  like  approximation. 

Theorem  2.12.  Suppose  that  ip  (x)  is  a  bounded  continuous  function 
on  K,  supp<^3  {x)  C  [—a,  a],  0  <  a  <  +00,  and  satisfies 

(i)  E^L-00  <p(x-  3)  EloiiR;  Y.%-00  j<p  (x  -  J) and  E^L-00  j2(p  (x  -  J) 

are  quadratic  functions  on  R; 

(ii)  there  exist  real  numbers  61,  62  and  63,  61  <  62  <  63  such  that  ip  (x)  is 
3-th  convex  on  (— 00,  b\]  and  [62,  63]  respectively,  and  ip  (x)  is  3-th  concave 
on  [61,  62]  and  [63, +00)  respectively. 

Then,  for  f  £  C  (R) ,  if  /  is  a  3-th  convex  function  on  R,  the  linear 
wavelet  operators  Ak  (/)  defined  by  (2.1)  and  Bk  (/)  defined  by  (2.2)  are 
also  3-th  convex  functions  on  R  and  satisfy 

\Ak  (/)  (x)  -  f  (x)  I  <  Cui  (/,  2-k+1a)  ,  (2.40) 

\Bk  (/)  (x)  -  f  (x)\  <  Cui  (/,  2-fe+1a)  ,      a:  G  R,  k  £  Z,  (2.41) 

where  C  is  a  constant  only  depending  on  ip. 

Proof.  It  is  easy  to  see  that  if  /  is  3-th  convex,  then  {(/,  ipoj)}  and  {/  (j)} 
are  3-th  convex  sequences.  Hence,  by  Lemma  2.10,  Ao  (/)  and  B$  (/)  are 
3-th  convex,  and  so  do  Ak  (/)  and  Bk  (f)  ■ 

For  proving  (2.40)  and  (2.41),  we  notice  that  under  condition  (ii)  the 
function  ip  (x)  may  not  be  always  positive.  But  since  <p  {x)  is  bounded  and 
compactly  supported,  we  can  use  a  similar  method  as  in  [86]  to  obtain 
(2.40)  and  (2.41)  with  the  constant  C  depending  on  ip.  ■ 
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Theorem  2.13.  Suppose  that  ip  (x)  satisfies  all  the  conditions  in  The- 
orem 2.12  except  that  (i)  is  replaced  by 

^2  w  (x  -j)  =  x  on  K' 

and 

oo 

>      j  ip  (x  —  j)      is  a  quadratic  function  on  R. 
i=-oo 

Then,  for  f  E  C  (M),  if  /  is  a  3-th  convex  function  on  R,  the  linear  wavelet 
operators  Ak  (/)  and  _Bfe  (/)  are  also  3-th  convex  functions  on  R  and  satisfy 

\Ak(f)(x)-f(x)\<Ccj2(f72-k+1a), 

\Bk  (/)  (x)  -  f  (x)\  <  Cu2  (/,  2-k+1a)  ,      x  G  R,  fc  £  Z, 
where  C  is  a  constant  only  depending  on  ip. 

2.4     Coconvex  Probabilistic  Wavelet  Like 
Approximation 

In  this  section  we  are  going  to  discuss  the  wavelet  like  approximation  to 
some  kind  of  special  continuous  distribution  functions  which  are  concave 
on  (xo,  +oo) . 

Lemma  2.14.  Suppose  that  ip  (x)  satisfies  all  the  conditions  of  Lemma 
2.1.  Let  /  (x)  G  C  (R)  be  concave  on  (xq,  +oo).  Then  Bq  (/)  (x)  defined  by 
(2.2)  is  concave  on  (xo  +  a,  +oo) . 
Proof.  Since  suppi^  (x)  C  [—a,  a],  for  x  G  (xo  +  a,  +oo)  we  have 

oo 

Bo(f)(x)=    J2  fU)v(x-j)=        E       fU)<P{x-j) 

j  —  —  oo  x—a<j<x-\-a 

=  ^2f(j)<p{x-j).  (2.42) 

^o  <j 

Let  jo  be  the  smallest  integer  such  that  jo  >  Xo,  and 

Cj  ■=  f(j),     3  =  jo,j'o  +  l,-  • 
We  define  Cj  for  j  <  jo  by  the  formula: 

Cj  =  2Cj+i  -  Cj+2,     j  =  jo  -  1,  jo  -  2, ...  . 
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Because  /  (x)  is  concave  on  (x0,  +00),  the  sequence  {Cj}°^_00  is  a  concave 
sequence.  Moreover,  from  suppy  (a;)  C  [—a,  a]  and  (2.42),  we  get  that 

DC 

BQ(f)(x)  =    2J    Cj(p(x  —  j)      for  x  G  (xo  +  a,  +00) . 

But,  by  Lemma  2.1,  the  right-hand  side  of  the  above  formula  is  a  concave 
function  on  R.  Hence  Bq  (/)  (x)  is  concave  on  (xo  +  a,  +00) . 
From 

Bk(f)(x)  =  B0(f(2-k))(2kx), 

it  follows.  ■ 

Lemma  2.15.  Suppose  that  ip  (x)  satisfies  all  the  conditions  of  Lemma 
2.1.  Let  /  (x)  G  C  (K)  be  concave  on  (xo,+oo).  Then,  for  any  k  G  Z, 
-Bfe  (/)  (x)  defined  by  (2.2)  is  concave  on  (xo  +  2~ka,  +00). 

From  Theorem  4  in  [86]  and  Lemma  2.15,  we  obtain 

Theorem  2.16.  Suppose  that  ip  (x)  is  a  bounded  continuous  function 
on  R,  supptp  (x)  C  [—a,  a],  0  <  a  <  +00,  and  satisfies 

(i)  Z)jl-oo  ^  (x  ~  J')  =  1  on  M;  X^jl-00  -W  (x  _  •?)  is  a  nnear  function 
on  R; 

(ii)  there  is  a  number  60  such  that  p  (x)  is  non-decreasing  if  x  <  60  and 
is  non-increasing  if  x  >  &o; 

(iii)  there  are  real  numbers  b\  and  62 ,  61  <  62  such  that  <£>  (x)  is  convex 
on  (—00,61]  and  [62,  +00)  respectively,  and  y  (x)  is  concave  on  [61,62]  • 

Let  F  (x)  be  a  continuous  distribution  function  on  R  that  is  concave 
on  (xo,  +00).  Then  the  linear  wavelet  operator  Bk  (F)  defined  by  (2.2)  are 
distribution  functions  which  are  concave  on  [xq  +  2~fea,  +00)  and  satisfy 

\Bk(F){x)  -F{x)\  <  wi  {F,2-ka)  ,      x  G  R,  fc  G  Z.  (2.43) 

The  examples  ipi  (x)  and  ip?  (x)  showed  in  the  Remark  2.2  of  Lemma  2.1 
satisfy  all  the  conditions  of  Theorem  2.16. 

If  the  condition  (i)  in  Theorem  2.16  is  replaced  by 

(i)'E°l-oo<M*-i)  =  l°n^ 


Y^  jp(x-j) 


x    on  K, 

j=-oo 

then  inequality  (2.43)  can  be  replaced  by 

\Bk  (F)  (x)  -F{x)\<  Cuj2  (F,  2-k+1a)  . 

We  can  also  obtain  similar  results  for  Ak  (F)  (x) . 

Besides,  we  can  use  the  same  methods  to  discuss  the  coconvex  proba- 
bilistic wavelet  like  approximation  to  the  continuous  distribution  functions 
which  have  r-th  derivatives  concave  or  convex  (depending  on  whether  r  is 
even  or  odd)  on  (xq,  +00) . 


Bidimensional  Constrained  Wavelet 
Like  Approximation 


Shape-preserving  properties  of  some  naturally  arising  bivariate  wavelet  op- 
erators Bn  are  presented.  Namely,  let  /  £  Cfc(R2),  k  >  0,  r,  s  >  0  all 
integers  such  that  r  +  s  =  k.  If 

-(*,2/)>0, 


dxrdyr 

then  it  is  established,  under  mild  conditions  on  Bn,  that 

also  pointwise  convergence  of  Bn(f)  to  /  is  given  with  rates  through  a 
Jackson  type  inequality.  Related  simultaneous  shape-preserving  results  are 
also  given  for  special  type  of  wavelet  operators  Bn.  This  chapter  relies  on 


3.1     Introduction 

Let  ip(x,  y)  be  a  bounded  compactly  supported  function  on  R2  with  supp 
<p(x,y)  Q  [—a,  a]  x  {-b,b},  0  <  a,b  <  +oo,  and  f{x,y)  e  C(R2).  For  n  eZ 
we  define 

oo  oo 

Bn(f)(x,y)  =:    J2     E   f(2-ni,2-nJM2nx-i,2ny-j).         (3.1) 

j=—  oo  i— —  oo 
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Since  f(x,  y)  is  compactly  supported,  there  are  only  finite  non-zero  terms 
involved  in  the  summations  of  (3.1).  So  Bn{f){x,  y)  are  well-defined  on  K2. 

We  are  concerned  with  the  problems  of  shape-preserving  approximation 
of  f(x,  y)  by  Bn(f)(x,  y)  on  R2,  and  want  to  know  when  is  valid 


S  :Bn(f)(x,y)  >  0,  */  JLL-f(x,y)  >  0,  (x,y)  e 


oxroyr  axroyT 

We  also  consider  the  simultaneous  shape-preserving  approximation.  That 
is,  for  each  r*  =  0, 1, . . . ,  r,  s*  =  0, 1, . . . ,  s,  if 

Qr*+s* 

£r*  s*  •  t. — r^ — rf(x,y)  >  0, 
'        dxr  dyr  J       y'  ~ 

where  er*iS*  =  ±1,  (x,y)  G  R2,  then  when  hold  for  any  neZ  the  same 
inequalities  for  Bn(f)(x,  y).  Theorem  3.5  and  Theorem  3.6  established  later 
in  this  chapter  can  give  some  answers  to  these  problems. 


3.2     Results 

We  first  prove  some  lemmas. 

Lemma  3.1.  Let  f(x)  G  C(R)  and  k  be  a  positive  integer.  Assume  that 
/(fc)(x)  G  C(R),  f(k)(x)  >  0  for  x  G  M,  and  there  are  -co  =:  x0  <  x\  < 
X2  ■  ■  ■  <  Xk  <  Xk+i  :=  +oo  such  that  f(xi)  =  0  (i  =  1, 2, . . . ,  k).  Then 

(-l)fe+7(x)  >  0,  x%  <  x  <  Xi+i,  i  =  0,1,2,..., k  (3.2) 


Proof.  From  the  assumption,  f(x)  has  at  least  k  zeros.  Hence,  by  Rolle's 
theorem,  f^k~1'(x)  has  at  least  one  zero  x(0). 

Assume  that  f^k~v>{x)  has  only  one  zero  x'0).  Since  f^(x)  >  0,  f^k~x\x) 
is  non-decreasing  and  then  f^k~1\x)  <  0  for  x  <  x^  and  f^k~1\x)  >  0 
for  x  >  x^0' . 

Thus  /(fe~2'(x)  is  strictly  decreasing  if  x  <  x^  and  is  strictly  increasing 
if  x  >  x(°K  From  this  it  follows  that  /(fc~2'(x)  has  at  most  two  zeros.  On 
the  other  hand,  by  the  assumptions  and  Rolle's  theorem,  /(fe~2'(x)  has  at 
least  two  zeros.  Therefore,  f^k~2\x)  has  exactly  two  zeros  and  is  negative 
if  x  is  between  these  two  zeros  and  is  positive  otherwise.  Repeating  this 
argument  for  f(k~3\x), . . .,  and  f(x),  we  know  that  f(x)  has  exactly  k 
zeros  which  are  x\,Xi,...,Xk  and  satisfies  (3.2). 

Now  assume  that  there  is  another  zero  x^  ^=x^  such  that  /(fe_1)(a;W)= 
0.  Because  f^(x)  >0,  /(fe_1)(x)  is  a  non-decreasing  which  implies  /(fe_1) 
(x)=  0  whenever  x  is  between  x*-0'  and  x^1'. 

Therefore  we  will  have  an  interval  [x',x"]  which  contains  x*-0'  and  x^1' 
such  that  f^-^ix)  =  0  if  x  G   [x',x"}  and  j{k-1]{x)  ^  0  if  x  <  x'  or 
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x  >  x".  Since  /^"^(x)  is  non-decreasing,  we  have  f^k~1\x)  <  0  for  x  < 
x'  and  /(fe_1'(x)  >  0  for  x  >  x".  From  this  it  follows  that  /(fc~2)(x)  is 
strictly  decreasing  on  (— oo,x')  and  is  strictly  increasing  on  (x",+oo)  and 
is  constant  on  [x',x"].  Since  f^k~2'(x)  has  at  least  two  zeros,  there  are 
only  two  possibilities:  (i)  f(k~2\x)  =  0,  x  G  [x',x"]  and  f(k~2\x)  >  0  for 
x  ^  [x',x"];  (ii)  f^k~2'(x)  has  exactly  two  zeros:  one  zero  is  on  (— oo,x') 
while  another  one  is  on  (x",  +oo). 

If  (i)  holds,  since  f(k~3\x)  has  as  least  three  zeros  by  the  assump- 
tions and  Rolle's  theorem,  we  will  have  .f(fc~3)(x)  =  0,x  G  [x',x"]  and 
/(fe-3)(x)  <  0  for  x  G  (-co, x')  and  f{k-3)(x)  >  0  for  x  G  (x",+oo).  Re- 
peating these  arguments,  we  obtain  /(x)  =  0,x  G  [x',x"]  and  /(x)  >  0 
for  x  G  (— oo, x')  U  (x",+oo)  if  k  is  even;  and  /(x)  <  0  for  x  G  (— 00, x') 
and  /(x)  >  0  and  x  G  (x",+oo)  if  k  is  odd.  Thus  we  have  Xi,X2,.-.,Xfc  G 
[x',x"]  and  (3.2)  is  satisfied. 

If  (ii)  holds,  then  f^k~2\x)  has  exactly  two  zeros,  and  f^k~2\x)  is  neg- 
ative whenever  x  is  between  these  two  zeros  and  is  positive  otherwise. 
Repeating  the  arguments  we  had  at  the  beginning,  we  get  that  /(x)  has 
exactly  k  zeros  which  are  x\,  X2,  •  •  •  ,Xk  and  satisfies  (3.2).  ■ 

Lemma  3.2.  Suppose  that  (p(x)  is  a  bounded  continuous  function  on 
R  with  supp  ip{x)  C  [—a,  a],  0  <  a  <  +oo.  If  for  some  positive  integer 
k,  ip(  '(x)  G  C(R)  and  there  are  k  real  numbers  —  oo  =:  xo  <  x\  <  x2  < 
. . .  <  Xfe  <  Xk+\  ■=  +oo  such  that  Lp^k>{x)  G  C(xi,Xi+i)  (i  =  1,2, ...  ,k) 
and 

(-l)V(fe)(a;)>0,  xG(x4,x4+1),  i  =  0,1,2, ...  ,k,  (3.3) 

then  for  any  positive  integer  s,  s  <  k,  there  are  s  real  numbers  — oo  =: 
x'0  <  x[  <  x'2  <  . . .  <  x's  <  x's+1  :=  +oo  such  that 

(-1)V(S)M>0,  xG(x^,x't+1),  t  =  0,l,2,...,«.  (3.4) 


Proof.  Notice  that  we  only  need  to  prove  the  conclusion  for  s  =  k  —  1. 

Since  <p(x)  —  0,  x  ^  [—a, a],  we  have  iff*  >(x)  =  0  for  — oo  <  x  <  —a. 
From  the  assumption  that  ip^k\x)  >  0  for  — oo  <  x  <  xi,  it  follows  that 
ip(k~x\x)  is  non-decreasing  on  (— oo,xi).  Hence  i^fe-1'(x)  >  0  for  x  G 
(— oo,xi).  Since  ip(>(x)  <  0  for  x  G  (xi,X2),  <fi^  '(x)  is  non-decreasing 
on  x  G  (xi,X2).  There  are  two  possibilities:  (i)  ip^^1"1  (x2)  <  0  and  (ii) 
(p<-k~1)(x2)  >  0.  In  the  first  case  (i),  since  (y9(fc~1)(xi)  >  0,  (pi-k~1\x2)  <  0 
and  (p(k~x>  is  non-increasing  on  (xi,X2),  there  is  a  £  G  [xi,X2)  such  that 
p(fc-i)(£)  =  0,  ^-^(x)  >  0  if  x  <  £  and  ^-^(x)  <  0  if  £  <  x  < 
X2-  We  take  this  £  as  x\  and  then  work  on  (x2,X3)  to  choose  x'2.  If  (ii) 
holds,  we  choose  x[  =  x'2  =  x2,  and  we  have  ip^k~1'(x)  >  0  for  x  G 
(— oOjXj)  because  ip^-k~1'{x)  is  non-increasing  on  (xi,X2)  and  ^k^1>{x2)  > 
0.  Because  <^fe_1)(x)  is  non-decreasing  on  (x2,x3)  and  ip(k~1\x2)  >  0,  we 
have  <p(       >(x)  >  0  on  (x2,X3).  Then  we  work  on  (x3,X4)  to  choose  x3. 
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Repeating  this  process,  suppose  we  have  chosen  x\  <  x'2  <  ■  •  ■  <  x'k-2  <- 
Xk-i  such  that 

(-l)V(fc_1)  (*)  >  0,  x  e  (a/j,  ^+1),  i  =  0, 1, . . . ,  k  -  3.  (3.5) 

Now  we  are  going  to  choose  x^^  such  that 

(-l)V(fe_1)(a;)>0,  xe(x't,x'l+1),  i  =  k-2,k-l.  (3.6) 

Let  k  be  even.  From  (3.3),  we  have 

ip(k\x)  >  0,    X  G  (xfe_2,Xfe_l), 

VWW  <  0,  x  e  (xfe-i.Xfe) 
and 

^(fc)(x)  >  0,  x  e  (xfe,+oo). 

Therefore  (^  '(x)  is  non-decreasing  on  (xk-2,Xk-i)  and  (x/c,oo),  and 
is  non-increasing  on  (xk-i,Xk)-  From  (3.5),  we  have  ip^k~x'  (x'k_2)  <  0.  If 
(p(k-1)(xk_1)  <  0,  we  may  take  x'k_1  =  x'k_2.  Indeed,  because  Lp(k~x\x)  is 
non-decreasing  on  (xk-2,  Xfc-i),  from  ip(  '  (xk-i)  <0,  we  have  <p(  '(x)  < 
0  on  (x'k _1,Xfe_i).  Because  (/?(fe_1)(x)  is  non-increasing  on  (xfc_i,Xfc),  we 
still  have  <p(fc-1)(a;)  <  0  on  (xk-i,Xk)-  Because  tp^k~1\x)  =0,  x  6  (a,  +oo) 
and  ^j(       ^(a;)  is  non-decreasing  on  (xk,  +°o),  we  obtain 


?(fe_1)(x)  <  0,  x  e  (xfc,  +oo).  (3.7) 


So  it  holds 


^1)(x)<0,  xe(x'fe_1,+oo) 

which  gives  (3.6). 

If  </?(fc-1)(xfc_i)  >0,  noticing  that  (£(fe_1)(x)  is  non-increasing  on  (xfc_i,Xfc) 
and  (3.7),  we  can  find  a£  G  (xk-i,Xk]  such  that  ^"^(O  =0,  y>(fe_1'(x)  > 
0  if  xfc-i  <  x  <  £  and  <p(fc-1)(a;)  <  0  if  £  <  x  <  xfe.  Take  x'fc_1  :=  £.  Then 
we  get 

^(fc-1}(x)>0,  xe(xfc_1,x'fe_1)  (3.8) 

and 

^(fe_1)(x)  <  0,  x  e  (a4_i,+oo).  (3.9) 

by  (3.6).  On  the  other  hand,  if  ip(k~^ '(xk-i)  >  0,  from  the  selection  of 
x'k_2,  we  know  x'k_2  <  Xk-i  and  </o(fe_1'(x'fe_2)  =  0.  Then,  since  ip(k~x\x) 
is  non-decreasing  on  (xk-2,  %k-i),  we  get 
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tp(k-V(x)  >0,  xe  {x'k_2,xk-i). 
From  this  and  (3.8)  we  obtain 

^k-1\x)>0,  xe(4_2,4-i), 

which  with  (3.9)  gives  (3.6). 

We  can  use  a  similar  method  to  choose  x'k_1  if  k  is  odd.  This  completes 
the  proof  of  Lemma  3.2.  ■ 

Lemma  3.3.  Let  r,  s  be  non-negative  integers,  A;  be  a  positive  integer 
and  r  +  s  =  k.  Assume  that  tp(x,y)  is  a  bounded  compactly  supported 
function  on  K2  with  supp  <p(x,  y)  C  [—a,  a]  x  [—b,  b],  0  <  a,  b  <  +oo, 

(>'  '"  ^j)eC(l2) 


dxrdy 
and  satisfies  the  following  conditions: 


(i)  for  any  fixed  j  and  y, 


5Z  pCm'Mz-m 


y-jj 


is  a  polynomial  of  degree  <  r  with  respect  to  x  whenever  p(x,  y)  is  a 
polynomial  of  degree  <  r  with  respect  to  x. 

(ii)  for  any  fixed  i  and  x, 


j=-oo 

is  a  polynomial  of  degree  <  s  with  respect  to  y  whenever  p{x,  y)  is  a 
polynomial  of  degree  <  s  with  respect  to  y. 

(iii)  There  are  k  real  numbers  — oo  =:  xq  <  xi  <  x-i . . .  <  xr  <  xr+\  :=  +oc 
and  — oo  =:  yo  <  J/i  <  J/2  •  •  •  <  J/s  <  y.s+i  '■=  +oo  such  that 


rtt   ^^  ^   ^^  *^ 


m+l) 


«r+s  yi  <y  <  yi+i, 

i-l)m+l^T^{^y)>^    m  =  0,l,...,r  (3.10) 

ax  °y  J  =  0,1,...,*. 
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Then  if  f(x,  y)  E  C(R2), 

"       T  (x,y)eC(R2) 


dxrdy 
and 


1  (x,y)>0,  (x,y)ER\  (3.11) 


dxrdy 
for  the  linear  operators  Bn(f)(x,y)  (defined  by  (3.1))  we  also  have 

Qr+s 


dxrdy 
and 


-£„(/)(x,y)eC(R2) 


°     '  :Bn(f)(x,y)>0,  (x,y)eR2.  (3.12) 


dxrdyr 


Proof.  Since  ip(x,y)  is  compactly  supported,  for  any  fixed  (x,y)  S  R2,  the 
summations  in  (3.1)  only  involve  finite  non-zero  terms.  Therefore,  if 

"'    '    <p(x,y)  £C(12), 


dxrdy 
we  have 


()   "S  :Bn(f)(x,y)€C(R2). 


dxrdyr 

For  simplicity  we  only  prove  (3.12)  for  n  =  0.  For  the  other  cases,  the 
arguments  are  the  same. 

Let  (x,y)  be  a  fixed  point  on  R2,  and  im,ji  (m  =  1,2,  ...,r;  I  = 
1,  2, . . . ,  s)  are  the  integers  such  that 

x  -  im  <  Xr-m+i  <x-  im  +  1,  m  =  1, 2, . . . ,  r  (3.13) 

y  -  31  <  Va-i+i  <y-ji  +  l,  I  =  1,2,..., s.  (3.14) 

Since  xm  <  xm+1  (m  =  1, . . .  ,r  -  1)  and  y(  <  y;+i  (/  =  1, . . . ,  s  -  1), 
we  have  im  <  im+i  (m  =  1, . . . ,  r  -  1)  and  ji  <  jt+1  (I  =  1, . . . ,  s  -  1).  If 
for  some  m  we  have  im  =  im+i,  then  we  redefine  im+i  '•=  im  -\-  !•  Hence 
after  refinement  we  have  im  <  im+i-  (The  refinement  is  going  on  in  the 
order  of  m-  to  be  explained  later  (*).)  Similarly  we  may  redefine  ji  such 
that  ji  <  ji+i- 

For  f(x,y)  and  each  fixed  y,  we  can  construct  a  polynomial  P\{x,y) 
of  degree  r  —  1  with  respect  to  x  such  that  f(im,y)  =  Pi(im,y),  rn  — 
l,...,r.  Then,  for  function  f(x,y)  —  P\(x,y)  and  each  fixed  x,  we  can 
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construct  a  polynomial  P2{x,  y)  of  degree  s  —  1  with  respect  to  y  such  that 
f(x,ji)  -  Pi(x,ji)  =  P2(x,ji),  l  =  l,...,s.  Since  f(im,y)  -  Pi(im,y)  =  0, 
we  have  P2{im,  y)  =  0. 
Hence 


■^(^2/)  :=  /(»)J/)  ~-Pi(a;,y)  -  P2(x,y)  =  0,  if  x  =  im  (m  =  l,...,r) 

ori/  =  i,,  (I  =  1,2,..., a).  (3.15) 


We  also  get 

>  0  on  R2,  (3.16) 


9r+sF         <9r+s/    .    M        ¥..: 


dxrdyr       dxrdy 
and 


(x,  y)  =  0  /or  x  =  im  (m  =  1, . . . ,  r)  (3-17) 


because  of  (3.15) 

'hi 


For  fixed  y,  we  apply  Lemma  3.1  to  4-§-(x,  y).  Because 


<9r    fdsF\  .       .       n 
dx^{w){X>y)-° 
by  (3.16),  and  %£{im,y)  =  0  (m  =  1, . . .  ,r)  by  (3.17),  we  have 


^m   "C  2J  "C  Ztt7,_|_i, 


(_1)r+m^!(       }  >  0      m  =  0,l,...,r.  (3.18) 

dys 

Here  io  :=  — oo  and  «r+i  :=  +oo. 

Now  let  m  be  fixed  and  x  be  fixed  with  im  <  x  <  im+i-  We  apply  Lemma 
3.1  to  F(x,y)  with  respect  to  y.  From  (3.18)  and  (3.15),  and  Lemma  3.1, 
we  have 


(_l)H-«+m+IF(  X  >  0        31<V<31+1,  /g19j 

v      ;  v  'yy  -    '     m  =  0,  l,...,r;  ?  =  0,  l,...,s.  v        7 


Here  jo  :=  — oo  and  j'a+i  :=  +oo. 

For  the  fixed  (x,y),  from  the  conditions  (i)  and  (ii),  we  derive 


oo  oo 


dxrdys  dxrdys 

'        J  —  —  OQ  t  —  —  oo 


a;— a:,  y= y 
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Qr+s         °°  °° 

a  m  -    E     E  F(i,j)<p(x-i,y-j) 

OXrOys     '-^       *— '  J  x=x,  y—y 

j=— oo  i— —  oo 

oo  oo 


>  Qr+Sin 

=  E  E  ^^^^-^-j') 

j  — —  oo  i= — oo 


2=0  m=0  ji  <j<ji  +  1  im  <i<i„i+i 

Here  for  the  last  equation  we  have  used  (3.15). 

If  there  is  some  integer  i  such  that  im  <  i  <  irn+i,  then  this  im+i  is 
not  the  refinement  of  the  original  im+\  which  satisfies  (3.13).  Hence  in 
this  case  the  im+i  satisfies  (3.13).  Meanwhile  even  if  im  is  a  refinement, 
im  still  satisfies  the  inequality  on  the  left-hand  side  of  (3.13),  because  the 
refinement  is  greater  than  the  original  one.  Thus,  for  im  <  i  <  im+\,  by 
(3.13),  we  have 

X        1  V,  X        Irn  *^  *^i — m-t-li 

and  noticing  i  <  iTO+i  —  1,  we  have 

Jlj  L    '^    Ju  L  <r~r~t  — |—  1       I      -L    *s^*    **-■  T'  —  777,  • 

Hence 


Xr-m  <  X  -  i  <  Xr-m+l,  im  <i  <  im+i,  m  =  0, 1, . . . ,  t.  (3.21) 

Similarly  we  obtain 

Vs-i  <y-j<  Vs-i+i,  ji  <  j  <  ji+i,  l  =  0,l,...,s.  (3.22) 

From  (3.21),  (3.22)  and  (3.10),  we  have 


f»r+sm  Jl  <  J  <  Jl+1, 

-m-lj± Z   I—        ;   - 

dxrdy 


(-l)r+^"^1TT7rT(s-^y-.?)>0,     ro  =  0,l,. 


r: 


I  =  0,  l,...,s. 


From  this,  (3.19)  and  (3.20),  we  derive 

Qr+s 


8xrdysB^y^°- 
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(*)A  note  on  the  last  proof.  If  mo  is  the  smallest  positive  integer  such 
that  imo  =  imo+i,  we  redefine  imo+i  '■=  hn„  +  1-  If  ima+2  <  the  refinement 
of  ima+i,  we  redefine  imQ+2  '■—  im0  +  2,  and  so  on  until  we  have  some 
positive  integer  q  such  that  imo+q  >  *m0  +  Q-  Then  we  check  for  the  next 
toi  such  that  imi  =  imi+i-  Do  the  same  refinement.  In  this  way,  we  can 
modify  im  such  that  im  <  im+i,  to  =  0, 1, . . . ,  r. 

Lemma  3.4.  Let  r,  s  be  non-negative  integers,  A;  be  a  positive  integer 
and  r+s  —  k.  Assume  that  <p(x)  is  a  bounded  compactly  supported  function 
on  M  with  supp  <p(x)  C  [—a,  a],  0  <  a  <  +oo,  ip(k'(x)  G  C(M)  and  satisfies 
the  following  conditions: 

(3.4.1)  for  each  k*  =  0, 1, . . . ,  k  -  1  , 

i— —  oo 

is  a  polynomial  of  degree  fc*  whenever  p(x)  is  a  polynomial  of  degree 
k*. 

(3.4.2)  there  are  k  real  numbers  —  oo  =:  xq  <  x\  <  x-i . . .  <  xr  <  xr+\  := 
+oo  such  that 

(-l)"yfc)(x)  >  0,  xm  <  x  <xm+i,  m  =  0,l,...,fe. 
Then,  if  f(x,y)  <=  C(R2), 

Qr+s  c 


dxrdyl 
and 


-(*,!/)  etf(R') 


Sr^s*   ■  dxr*QyA^  V)  >  0.    (*,  2/)  e  R2  (3.23) 

where  r*  =  0,1,...,  r,  s*  —  0,1,...,  s  and  £r*jS»  =  ±1,  for  the  linear 
operators  Bn(f)(x,y)  defined  by  (3.1)  with  (p(x,y)  :=  tp(x)(p(y),  we  also 
have 


and 


dxrdyr 


£W*  -\-S*  "5         7    '    '    '    1   1 

-Bn(f)(x,y)>0,  (i,j)£l2,     **=0, !,...,«.         (3.24) 


9a;r*  9yr 


Proof.  Since  ip{x,y)  :—  ip(x)<p(y)  satisfies  the  condition  (3.4.1),  we  have 
tp(x,y)  satisfy 
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(i)'  for  any  fixed  j  and  y,  for  each  r*  =  0, 1, . . . ,  r  —  1, 


Yl  P&JM 


x-t,y-j) 


is  a  polynomial  of  degree  r*  with  respect  to  x  whenever  p{x,  y)  is  a 
polynomial  of  degree  r*  with  respect  to  x. 

(ii)'  for  any  fixed  i  and  x,  for  each  s*  =  0, 1, . . . ,  s  —  1, 


j=-oo 

is  a  polynomial  of  degree  s*  with  respect  to  y  whenever  p(x,  y)  is  a 
polynomial  of  degree  s*  with  respect  to  y. 

By  Lemma  3.2,  from  the  condition  (3.4.2),  we  have  ip(x,y)  fulfill 

(iii)'  for  each  r*  =  0, 1, . . . ,  r  and  each  s*  =  0, 1, . . . ,  s,  there  are  k*  :=  r*  +s* 
real  numbers  — oo  =:  x'0  <  x[  <  x'2  ■  ■  ■  <  x'r,  <  x'r,+1  :=  +oo  and 
— oo  =:  j/q  <  y[  <  y'2  . . .  <  y's*  <  j/r*+i  :=  +°°  such  that 


ar*+s*  y'i  <  y  <  y'i+i, 

^m+lLr*^t^y)  -  (-i) Vr ) w-(-i)V(s '(»)  > 0,  m  =  0, 1,. . . ,!•• 

aa;    OJ/  J  =  0,l,...,s*. 


Then,  from  (i)',  (ii)',  and  (iii)',  by  Lemma  3.3,  we  have  (3.24)  for  Bn(f) 
(x,y)  if  f(x,  y)  satisfies  (3.23).  ■ 

For  /  G  C(R2),  h  >  0  and  (x,  y)  £  M2  we  define  the  local  modulus  of 
continuity  of  /  by 


wi(f,  h;x,y)  :=  sup\f(x',y')  -  f(x,y)\,  \x'-x\<h,  \y'-y\<h. 

Theorem  3.5.  Let  r,  s  be  non-negative  integers  and  k  be  a  positive 
integer  such  that  r+s  =  k.  Assume  that  ty?(x,  y)  satisfies  all  the  assumptions 
in  Lemma  3.3  and  the  following  additional  condition: 


(iv) 


OO  OO 


j  —  —  oo  i—  —  oo 


X!    Vix  -i,y-J)  =  1  on 
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Then,  if  f(x,y)  G  C(R2), 

Qr+s  c 


dxrdy1 
and 


(x,y)€C(R2) 


Qr+s  c 

:{x,y)  >  0,  (x,y)  G 


dxrdyr 
for  the  linear  operators  Bn(f){x,y)  defined  by  (3.1)  we  have 

Qr+s 


dxrdyr 
and 


Bn(f)(x,y)  £  C(R2) 


Bn(f)(x,y)>0,  (x,2/)GM2, 


dxrdy 
and 

\f(x,y)  -  Bn(f)(x,y)\  <  Wl(f,2~n  ■  d;x,y)  (x,y)  G  R2,  (3.25) 

where  d  =  max(a,  b). 

Proof.  It  is  based  on  Lemma  3.3.  Inequality  (3.25)  appears  also  in  [84] 
where  it  is  proved.  ■ 

Theorem  3.6.  Let  r,  s  be  non-negative  integers  and  k  be  a  positive 
integer  such  that  r  +  s  =  k.  Suppose  that  <p(x)  satisfies  all  the  assumptions 
in  Lemma  3.4  and  the  following  additional  condition: 


Yl   <P{x-i)  =  l 


on  K. 

i—  —  oo 

Then,  iif(x,y)eC(R2), 


Of-l-s    /* 

'      J  (^)eC(l2) 


dxrdy 
and 

Qr'+s*  £ 

£r*  s*  ■  n    ,n    Ax,y)  >  0,  (x,y)  G  R2 
'        dxr  dyr  '  ~       K       ' 

where  r*   =  0,1,...,  r,    s*   =  0,1,...,  s  and  er*]S*    =  ±1,  for  the  linear 
operators  Bn(f)(x1y)  defined  by  (3.1)  with  ip(x,y)  :—  (p(x)ip(y),  we  have 

""s  :Bn(f)(x,y)eC(R2) 


dxrdyr 
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and 


PbV*-\-S*  —   ^;       i  '  *  '  i      i 

Bn{f){x,  y)  >  0,  (x,  y)  e  M2,     s*  =  0, 1, . . . ,  s. 


dxr*  dy 
and 

|/(x,y)  -  B„(/)(x,2/)|  <  Wl(f,2-n-d;x,y)  (x,y)  e  R2, 
where  d  =  max(a,  b). 

Proof.  It  is  based  on  Lemma  3.4.  ■ 

Example  3.7.  Take  ip(x,y)  :—  (p(x)ip(y)  where  <p(x)  be  the  B-spline  of 
order  k  +  2: 

f(y)  =  Bk+2{x), 

where  Bn(x)  is  defined  inductively  as  follows 

Bi(x)  =  2  (xi-i.ilM+Xc-i, !)(#))  . 

Bn(x)  =  B„_i  *B1(x),  n  =  2,3, .... 
Such  a  ip(x,y)  fulfills  all  the  assumptions  of  Theorems  3.5  and  3.6 


4 

Multidimensional  Probabilistic  Scale 
Approximation 


Multivariate  probabilistic  distribution  functions  are  approximated  by  some 
naturally  arising  wavelet  type  operators  involving  a  scale  function.  These 
transform  multivariate  distribution  functions  to  multivariate  distribution 
functions.  The  degree  of  this  approximation  is  given  by  establishing  some 
sharp  Jackson  type  inequalities.  This  chapter  relies  on  [90]. 


4.1      Introduction 

We  are  interested  in  the  problem  of  approximation  to  multivariable  prob- 
abilistic distribution  functions.  It  is  known  that  ([255],  pp.  107-108),  a  func- 
tion F(xi,  X2,  ■  ■  ■ ,  xr)  is  a  probabilistic  distribution  function  on  Rr(r  >  1) 
if  and  only  if  F  is  nondccreasing  with  respect  to  each  variable  Xi(i  — 
1,  2, . . . ,  r)  and  right  continuous  for  all  variables,  and  satisfies  the  following 
conditions: 

(i) 

F(—  00,22,  •  •  •  ,Xr)—F(xi,—  00,23,  ■  •  •  ,Xr)=.  ■  .  =  F(x%,  ■  ■  ■  ,  Xr-1 ,  —  oo)  =  0, 


-F(+oo,  +00, . . . ,  +00)  =  1. 

(ii)  for  every  (xi,X2,...,xr)  £  W  and  all  Si  >  0(i  =  l,2,...,r)  the  in- 
equality 


G.A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  41  -56. 
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F(x1+S1,X2  +  S2,  ■  ■  ■  ,  xr  +  8r)  —  ^^  F(xi+8i,  .  .  .  ,Xi-i+8i-i,Xi,xi  +  i  +  8i+i  .  .  .  ,xr  +  8r)  + 

i  =  l 

V^        F{xi  +  <5i,  .  .  .  ,Xi  —  \-\-8i  —  \,Xi,Xi-\-8i,  .  .  .  ,  Xj  —  i  -\-5j  —  i ,  Xj ,  Xj+i  -rSj+i  .  .  .  ,  xr  +  8r) 

+  ...  +  (-l)rF(xux2,...,xr)>0  (4.1) 

holds. 

Let  tp(xi,X2,  •  •  • ,  xr)  be  a  bounded  compactly  supported  function  on  M.r 
with 

supp  y(xi,  X2, .  -  •  ,  xr)  C  [— ai,  ai]  X  [— a2,  ^2]  X  .  . .  X  [— ar,  ar],  0  <  a^  <+oo(i  —  l,2,...,r) 

and  be  right  continuous  with  respect  to  all  variables. 

We  want  to  approximate  F  on  W~  by  the  linear  combinations  of  trans- 
lated dilates  of  ip(xi,X2,  ■  ■  ■  ,xr). 
Define 

oo  oo 

Bk(F)(xuX2,.-.,xr):=     J2    •••    E    n2-fcji,2-fcJ2,...,2-fcjr) 

jr  =  —  00  j1  =  -(X) 

■<p(2kxi  -  ji,  2fca:2  -  j2,  •  •  • ,  2fcxr  -  jr)  (4.2) 

on  Kr  for  k  G  Z.  Since  </?  is  compactly  supported,  for  any  (xi,  X2,  ■  ■  ■ ,  av)  £ 
Rr  the  summations  in  (4.2)  only  involve  finite  terms,  so  B^{F)  is  well- 
defined  on  W . 

In  this  chapter,  we  are  going  to  use  the  linear  operators  Bk(F)  to  ap- 
proximate F  and  discuss  under  what  conditions  on  ip  the  B^{F)  give  us 
probabilistic  distribution  functions  if  F  is  so.  This  is  a  generalization  of 
[86]  and  [84]  where  it  discussed  the  univariate  case  and  bivariate  case,  re- 
spectively. 

4.2      Main  Result 

Let  f{x\,  X2,  ■  ■  ■ ,  xr)  be  abounded  function  onMr.  For  each  (x\,  X2,  ■  ■  ■ ,  xr)  £ 
Rr  and  h  >  0,  we  define  the  first  modulus  of  continuity 


wi(f,h)  :=  sup  \f(x'1,...,x'r)  -  f(xi,x2,-.-,xr)\ 

\x'.—Xi\<h:    1=1,2, ...,r 
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where  the  sup  is  taken  over  all  (xi,  X2, . . . ,  xr),  (x'1: . . . ,  xj,)  which  satisfy 
Wi  —  X%\  <  h  for  i  —  1,  2, . . . ,  r. 

Theorem  4.1.  Suppose  <^(xi,X2,  •  •  • ,  xr)  is  a  bounded  compactly  sup- 
ported function  on  W  with 


supp  y(xi,  X2,  •  ■  •  ,  xr)  C  [— ai,  ai]  X  [— a2,  <J2]  X  .  . .  X  [— ar,  ar],  0  <  a^  <+oo(i  —  1,  2, . .  . ,  r) 

and  is  right  continuous  with  respect  to  all  variables,  and  satisfies  the 
following  conditions: 

(i)  For  each  i,  1  <  i  <  r  and  any  (xi,  X2,  •  •  • , xr)  G  Mr, 


7^      ¥>(Xl,ai2,-  •  •  ,Xi-l,Xi—j,Xi+l,  ...,Xr)  —  Ci(xi,...  ,Xi-l,Xi+l,.  .  .  ,Xr), 
j=—oo 

where  C\(xi, . . . ,  Xi-i,  Xi+i, . . . ,  xr)  are  independent  of  Xi  (i  —  1,2, ... ,  r). 

(ii) 


oo  oo 


^2    ■■■    X]       X!     y(xi  -  ji,x2  -  J2,---,xr ->)  =  1 


Jr  =  -00  J2  =  -00  Ji=  — OO 


(iii)  With  respect  to  each  variable  (p(xi ,  Xi, . . . ,  xr)  is  a  two-pieces  monotone 
function,  which  is  nondecreasing  first  and  then  nonincreasing. 

(iv)  There  is  a  point  (61,62,  ■•■  ,br)  G  Mr  such  that  for  all  8i  >  0  (i  = 
1,  2, . . . ,  r),  holds  the  inequality 


¥>(rri+<5i,ai2+<52,  ■  •  •  ,xr+8r)-^2  <^(xi+<5i, . . .  ,  x»_i+5»_i,rr»,x»+i+<5i+i 


■6r)+      22       <p(xi+8i,...,Xi-i+6i-i,Xi,xi+i+5i+i,.  ..,xj-i+6j-i,xj 


Xj+i  +(5J  +  i,...,xr  +  <5r)  +  ...  +  (-l)r(/5(xi,x2,...,xr) 


>  0     (4.3) 


whenever 


(xi  +  <5i,x2  +  82,  ■  ■  ■  ,xr  +  Sr)  and  (xi,x2, . . .  ,xr)  <E  J(ei,e2, . . .  ,£r) 
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where 

J(ei,£2,  ...,£r)  :=  {(xi,x2,...,xr)  £  Mr;  sign(x;  -  6,)  =  £;,  e,  =  ±1} 
and 

r 

e  =  I  I  (— £i),   J(ei,  £2,  ■  ■  ■  j  £r)  *s  i^e  closure  of  J(£i,£2, . . . ,  £r). 
i=i 

Then,  if  F(x\,X2,  ■  ■  ■ ,  xr)  is  a  probabilistic  distribution  function  on  Rr, 
the  linear  operators  Bk{F){x\1X2,  ■  ■  ■  ,xr)  defined  by  (4.2)  are  also  proba- 
bilistic distribution  functions  on  W .  Besides,  we  have 

||BfcF-F||00<u;i(F,2-fc-d))  (4.4) 

k  G  Z,  where  d  :—  max(ai,  a2, . . . ,  ar).  Moreover,  the  inequalities  (4.4)  are 
sharp  for  probabilistic  distribution  functions. 

Examples  4.2.  Here  we  want  to  present  some  examples  of  (p(xi ,  x2 , . . . ,  xr) 
which  satisfy  all  the  conditions  in  Theorem  4.1. 

Let 

1,    — 2    S  x  <    2' 

<fio(x)  :=  i    0,  otherwise.  (4-5) 


and 


Define 


x  +  1,  -1  <  x<  0, 
w,.'-  .=  J    1-x,  0<x<l  ,4  „, 

4    0,  otherwise. 


<Po(xi,X2,---,xr)  =  <A)(zi)</>o(a>2)---<A)(av) 


and 


(^i(xi,a;2, . . .  ,xr)  =  ipi(x1)ip1(x2) .  ..ipi(xr). 


Then  ipo(xi,  x2, . . . ,  xr)  and  yi(^i)  ^2,  •  •  • ,  xr)  are  the  functions  satisfy- 
ing all  the  conditions  in  Theorem  4.1.  Indeed,  for  s  —  0  and  1,  we  have 


^    V?s(an,X2, . . . , Xi_i,Xj— j,Xi+i, .  . .  ,xr)  =  tps(xi) . .  .tpe(xi-i)(pe(xi+i)  ■  ■  .ips(xr) 
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•     ^     fs(xi  -  j)  =  ip8(Xl)  ...ips(Xi-l)lfi8(xi+l)  ...<p3(xr), 
j=-oo 

and 


oo  oo 


Y       ••■      Y  Y       <Pa(Bi-j1,X2-J2,...,Xr-jr)  =  Y[l       Y      <Ps(xi  -  ji)  \    =  1. 

jr  =  —  oo         j2=—ooj1=—oo  i—1    \ji=—oo  J 

Since  (ps(x)  (s  =  0, 1)  are  two-pieces  monotone  functions  and  <ps{x)  >  0, 
so  ips(xi,X2,  ■  ■  ■ ,  xr)  satisfy  the  condition  (iii).  For  the  condition  (iv),  we 
may  take  (&i,62,  •  •  ■  A)  =  (0,0,...,  0).  For  Si  >  0  (i  =  1,2, . . .  ,r),  let 


ASlf(xi,x2,...,xr)  :=  /(xi  +<5i,x2,...,xr)  -  f(xi,x2,  ■  ■  ■  ,xr), 


As2ASlf{x1,X2,-  ■  ■  ,Xr)   ■—  ASlf(xi,X2  +  S2,X3  ■■  ■  ,  Xr)  -  ASlf{xi,  X2,  X3  .  .  .  ,  Xr 


ASrAsr_1  .  .  .ASlf(X!,X2,-  ..,Xr)  :=  Agr_1  ..  .ASlf(X!,X2,-  ■  ■  ,Xr-l,Xr  +  5r)- 


ASr_1  .  .  .  ASlf(xi,X2,  •  •  •  ,  Xr-1,  Xr)- 

Notice  the  following  (in  order  to  prove  (iv)  and  other  lemmas). 
Lemma  4.3.  For  every  (x\,  x2,  x$  . . . ,  xr)  e  Rr  and  5i  €  M.  (i  =  1, 2, . . .  ,r), 
we  have 


f(xi+Si,X2+S2,  ■ .  .  ,xr+Sr)~Y  f(xi+8i, .  ■ .  ,:ri_i+5;_i,  xt,  xi+1+8i+1  . . .  ,xr+Sr)+ 

r 

Y       f(xi+8i,. . .  ,Xi-i+Si-i,Xi,Xi+5i, . . .  ,Xj-i+Sj-i,Xj,Xj+i+5j+i . . .  ,xr+8r) 

+  ...  +  (-l)rf(xi,x2,...,xr) 
=  A5r A5r_1  . . .  A5lf(x1,x2,  ..., xr).  (4.7) 

Proof.  The  proof  is  by  induction  on  r.  If  r  =  1,  (4.7)  is  trivial.  Suppose 
that  equation  (4.7)  is  valid  for  r  —  1.  Then  we  have 
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r 

f(xi+5i, X2+52,  ■  ■  ■  ,xr+Sr)-^2  f(xi+5i, . . .  ,Xi-i+6i-i,Xi,Xi+i+5i+i  . . .  ,xr+Sr)+ 

i=l 
r 

y^       /(iei+<5i,.  . . , Xi-i+Si-i, Xi, Xi+Si, . . .  ,Xj-i+Sj-i,Xj,Xj+i+5j+i . . .  ,xr+Sr) 

+  ...  +  (-l)rf(xi,X2,...,Xr)  =     /(Xl  +  <5l,a?2  +  <52,...,xr  +  <$r)- 
r-1 

y^/(xi  +5i,...  ,x»-i  +(5i-i,Xi,xi+i  +  <Si+1  ...,xr  +  5r)+ 

i=l 
r-l 

^       /(xi+<5i, . .  .  ,  x»_i+<5»_i,x»,XjH-5j, . . .  ,Xj_i+5j_i,xj,xj+i+<$j-+i  . . .  ,xr+5r) 

+  •  •  ■  +  (-l)r~1/(lEl,IE2,  ■  •  •  ,Xr._l,Xr  +Sr)\    -    \f(xi  +  (5l ,  .  .  .  ,Xr-l  +  <5r-l,Xr)- 

r-\ 

/J{%\  +Si,...  ,Xi-l  +  6i-l,Xi,Xi  +  5i..  .,Xr-l  +  5r-l,Xr) 

r-l 
+  •••  +  (-l)r~2^/(Xl,...,Xj_l,Xj  +Si,Xi+1,...,Xr) 
i=\ 

+  (-l)r~1./,(xi,x2,...,xr)l  =  ASr_1  ...  ASlf(x1,x2, . . .  ,xr-!,xr  +  Sr) 
-ASr_±  ...  ASlf(xi,x2,  ■  ■  ■  ,Xr-l,Xr)  =  AsrASr_1  ...ASlf(x1,x2,...,xr). 


In  order  to  prove  (iv)  we  need  also 

Lemma  4.4.  Suppose  that  functions  fi(x)  (i  =  1, 2, . . . ,  r)  are  denned 
on  K  and  f(x\,x2, . . . ,  xr)  =  IIi=i  fi(xi)  on  ^r-  Then  the  left-hand  side  of 
(4.7)  equals  to  YYi=1[fi{xi  +  Si)  -  /i (*»)]. 

Proof.  By  Lemma  4.3  we  only  need  to  verify 


A^A^  . . .  A5J(xux2,  ...,xr)  =  ]J[fi(xi  +  Si)  -  fi(xi)}.         (4.8) 

But  this  is  done  by  induction  on  r.  In  fact,  (4.8)  is  trivial  for  r  =  1. 
Assume  that  (4.8)  is  valid  for  r  —  1.  Then 

A^A^j  . ..  A5l/(xi,x2,...,xr)  =  A^_1  ...  A5l/(xi,x2,...,xr_i,xr+(5r) 
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r-l 


-ASr_1  ...  ASlf(xi,x2,  ■  ■  ■  ,xr-i,xr)  =  Yl_[fi(xi  +  8i)-fi(xi)]-fr(xr  +  8r) 

r— 1  r 

-  JJ  [/»(#»  +  &)  -  /*(»»)]  •  fr(Xr)  =  JJ [/»(»»  +  &)  -  /ifai)]- 


1)  Back  to  the  Example  (4.2).  For  s  =  0, 1,  if  (xi+5i,X2  +  52,  ...,xr  + 
5r)  and  (x\,X2, . . .  ,xr)  <E  </(ei,£2, . . .  ,er)  we  have 

sign[ips(xi  +  Si)  -  ips(xi)}  =  -£j. 
Hence 

r  r 

sign  J]j(y3s  (x;  +(5i)  -  ¥?s(a;i)]  =  JJ(— e»). 

i=l  i=l 

Thus,  by  Lemma  4.4,  the  functions  ys(a:i,X2, . . . ,  xr)  satisfy  the  con- 
dition (iv)  in  Theorem  4.1. 

2)  Another  example.  In  general,  if  we  have  tps{x\,  x2,  •  •  • ,  xr)  —  IIi=i  fi(xi)> 
where    fi(xi)  (i  =  1,  2, . . . ,  r)  are  bounded  compactly  supported  func- 
tions on  R  and  right  continuous  and  satisfy 


(i) 

CO 

Y[    fi(x-j)  =  lonR, 

j=-oo 

(ii)  For  each  i,  i  =  1, 2, . . . ,  r,  there  is  a  number  6j  such  that  fi(x)  is 
nondecreasing  if  x  <  bi  and  /i(x)  is  nondccreasing  if  x  >  bi- 

Then  </j(xi,  X2, . . . ,  xr)  satisfies  all  the  conditions  in  Theorem  4.1. 

3)  Auxiliary  Results  (in  order  to  prove  Theorem  4.1) 

Lemma  4.5.  Suppose  that  tp(xi,X2,...,xr)  is  a  bounded  compactly 
supported  function  on  Rr  with 

supp  <p(xi ,  X2,  ■  ■  ■  ,  xr)  C  [—  ai ,  a±]  X  [  —  a.2,  0.2]  X  .  .  .  X  [  —  ar,ar\,     0  <  a^  <+oo(i—  1,2,  .  .  .  ,  r) 

and  is  right  continuous  with  respect  to  all  variables  X{.  Then,  for  any 
sequence  of  {Cj1j2...jr}°°=_OQ.  i=1  2     r  real  numbers,  the  function 
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A(x1,X2,-..,Xr)   ■=        J^        ■■■       Yl  Yl        Cil32--0r'P(xi  -jl,X2  -  j2,---,Xr  -  jr) 

jr  =  —  00  J2  =  — ooj1  =  — oo 

(4.9) 

is  also  right  continuous  with  respect  to  all  variables  £,. 

The  proof  of  Lemma  4.5  is  similar  to  the  proof  of  Lemma  1  in  [84]. 

Lemma  4.6  ([86]).  Suppose  that  <p(x)  is  a  bounded  function  on  R 
with  supp  <p(x)  C  [—a,  a],  0  <  a  <  +oo  and  satisfies  the  following 
conditions: 

(i) 

oo 

y      (p(x  —  j)  =  C  on  M,  where  C  is  a  constant. 

j=-oo 

(ii)  There  is  a  number  a0  such  that  ip(x)  is  nondecreasing  if  x  <  ao  and 
is  nondecreasing  if  x  >  ao-  Then  if  {Cj}°^_00  is  a  nondecreasing 
sequence,  the  function  A(x)  defined  by  (4.9)  is  a  nondecreasing 
function  on  K.. 

By  Lemma  4.5  and  Lemma  4.6  we  can  prove 

Lemma  4.7.  Suppose  that  (p(xi,X2,  ■  ■  ■  ,xr)  is  a  bounded  compactly 
supported  function  on  M.r  with  supp  <p(xi,  X2, . . . ,  xr)  C  [— Oi,Oi]  x 
[—02,02]  x  ...  x  [—ar,ar],  0  <  ai  <  +oo(i  =  1,2,  ...,r)  and 
<p{xi,  Xii  •  •  • ,  Xr)  is  right  continuous  with  respect  to  all  variables  Xi  (i  = 
1,2,  ...,r).  Then,  the  linear  operators  Bk{f){x±,X2,  ■  ■  ■  ,xr)  defined 
by  (4.2)  are  right  continuous  with  respect  to  all  variables  Xi  (i  = 
1,2,.  ..,r). 

Lemma  4.8.  Suppose  that  ip(x\,X2,  ■  ■  ■  ,xr)  is  a  bounded  compactly 
supported  function  on  Rr  with  supp  <p(xi,X2,  ■  ■  ■  ,xr)  C  [—01,  ai]  x 
[— 02j  02]  x  ...  x  [— ar,  ar],  0  <  a,  <  +cxj(i  =  1, 2, . . . ,  r)  and  satisfies 
the  condition  (i)  and  (iii)  in  Theorem  4.1.  Then,  if  [x\1X2,  ■  ■  ■  ,xr)  is 
nondecreasing  with  respect  to  each  variable  Xi  (i  =  1, 2, . . . ,  r),  so  are 
the  linear  operators  Bfe(/)(xi,X2,  •  •  ■  ,xr). 

Similar  to  Lemma  5  in  [86] ,  we  have 

Lemma  4.9.  Suppose  that  (p(xi,X2,  ■  ■  ■  ,xr)  is  a  bounded  compactly 
supported  function  on  W  with  supp  <p(xi,  X2,  ■  ■  ■  ,xr)  C  [—01,  ai]  x 
[— 02,  02]  x  ...  x  [— ar,  or],  0  <  a^  <  +oo(i  =  1, 2, . . . ,  r)  and  satisfies 
the  condition  (iii)  in  Theorem  4.1.  If  f(xi,  X2,  •  ■  • ,  av)  satisfies 


/(-0O,X2,-  •  •  ,!Cr)=/(xi,-0O,X3,.  •  •  ,  »r)  =  ■  ■  ■  =  /(*1,  ■  ■  ■  ,  Xr-1,  -Co)  =  0 

and 
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/(+oo, . . . ,  +00)  =  1, 
then  for  each  fixed  k  €  Z,  we  have 

Bk(f)(-0O,X2,---,Xr)  =  Bk(f)(xi,  -OQ,X3,  .  .  .  ,Xr) 


Bk(f)(xi,...,xr- 1,-00)  =  0 


and 


Bfc(/)(+oo,...,+oo)  =  l. 

Lemma  4.10.  If  for  any  (x\,X2  ■  ■  ■  ,xr)  <E  Kr  and  0  <  Si  <  1  (i  = 
1,2,... , r),  f(xi,X2  ■  ■  ■  ,xr)  satisfies  the  inequality  (4.1),  then  for  any 
(xi,  X2 . . . ,  xr)  £  Kr  and  all  Si  >  0  (i  =  1,2,...,  r),  f(xi,X2  •  •  • ,  av) 
satisfies  (4.1). 

Proof.  We  observe  that 

A^A^  .  ..  ASlf(xi,...,Xi-l,Xi,Xi+l,...,Xr)  - 

Aj4_!  .  .  .Ag1f(xi,.  ■  .,Xi-l,Xi  +  Si,Xi+i,.  . .  ,xr)- 

Agi_1  .  .  .ASlf(xi,  .  .  .  ,Xi-l,Xi,Xi+l,.  ..,xr) 


ASi_t  .  .  .ASlf(xi,.  .  .,Xi-l,Xi  +6i,Xi+l,.  . .  ,xr)- 


ASt_1  . .  .ASlf  [xi,..  .,Xi-i,Xi  +  -£,Xi+i,. . .  ,x, 


ASi_1  . .  .ASlf  [  xi,...  ,Xi-i,Xi  +  —,Xi+i,.  ..,xr 


-ASi_1  . .  .Ag1f(xi, . . .  ,Xi-i,Xi,xi+i,.  ..,xr) 


Ast_ASi_1  ...ASlf  [  xi,...,Xi-i,Xi  +  —,Xi+i,...,x, 
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+As±A$i_1  .  .  .  ASlf(xi,  ...,  Xi-i,Xi,Xi+i,.  ..,Xr), 

2 

true  for  any  1  <  i  <  r.  Then  we  have 

ASr . . .  ASi+1  ASi  ASi_x . . .  ASl  f(xi , . . . ,  Xi-i ,  Xi,  xi+i , . . . ,  xr) 


ASr  ...ASi+1As±ASi_1  ...ASlf  (  xi,...,Xi-i,Xi  +  -£,Xi+i,...,x, 


Si 

2 


+A,5r . . .  ASi+1Asi_ASi_1  . . .  ASlf(xi, ...,  Xi-i,xt,  xi+i, ...,  xr). 

2 

From  this  and  Lemma  4.3,  if  f(x\,X2  ■  ■  ■  ,xr)  satisfies  (4.1)  for  any 
(xi,  x<i  ■  ■  ■ ,  xr)  £  W  and  0  <  Si  <  1  (i  =  1,  2, . . . ,  r),  then  f(xi,  Xi . . . , 
xr)  satisfies  (4.1)  for  any  (x\,X2  ■  ■  ■  ,xr)  £  M.r  and  0  <  6i  <  2  (i  = 
1, 2, . . . ,  r).  Repeating  the  argument  gives  that  f(xi,X2  ■  ■  ■ ,  xr)  satisfies 
(4.1)  for  any  (xi,  x2  ■  ■  ■ ,  xr)  £  Rr  and  all  Si  >  0  (i  =  1,2, . . .  ,r).  ■ 

Lemma  4.11.  Suppose  that  f(x\,X2---,xr)  satisfies  the  inequality 
(4.1)  for  any  (xi,X2  . . .  ,xr)  e  M.r  and  all  Si  >  0  (i  =  1, 2, . . . ,  r).  Let 
ji,  Ji     £  It  (%  =  1, 2, . . . ,  r).  If  ji  =  jl     for  some  i  (1  <  i  <  r)  then 

r 
J(f)  •=  f(jl,J2,  ■  ■  -Jr)  -^2f(jl,  ■  ■  ■  ,  ji-1,  Ji°\ji+1,  ■  ■  ■  Jr) 


i,fc=l,  i<k 

+(-i)70f,jf,---,^0))  =  o.  (4.io) 

If  ji  ^  jl     for  any  i  (1  <  i  <  r)  and  sign(ji  —  j\  ')  =  £j,  Si  =  ±1,  then 


sign(J(/))=n£-  (4-U) 
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Proof.  Take  Si  :=  ji  —  j\     (i  =  1, 2, . . . ,  r).  By  Lemma  4.3,  we  have 

J(.f)  =  A5r...A5l/(j(0),^0),...,j(0)).  (4.12) 

If  jj  =  j\     for  some  i  (1  <  i  <  r),  then  <5j  =  0  from  (4.12)  we  have 
J(f)  =  o. 

If  ji  7^  ii      f°r  any  *i    1  <  z  <  r",  then  from  the  following  equation 
(which  comes  from  the  definition  of  A's) 

ASr . . .  ASi+1  ASi  ASi_± . . .  ASl  f(xi , . . . ,  Xi-i ,  Xi,  Xi+i , . . . ,  xr) 

=  -ASr ...  ASi+1A_SiASi_1  ...ASlf(xi,...,Xi-i,Xi  +  Si,xi+i, . . .  ,xr) 
and  the  inequality  (because  /  satisfies  (4.1)) 

A|5r|  ...AlSl\f(x1,x2,...,xr)  >  0, 
we  have 


sign(J(/))  =ne*' 

where  Si  =  sign(ji  -  jr})  =  sign  Si.  m 

Lemma  4.12.  Suppose  that  (p(xi,X2,  ■  ■  ■  ,xr)  is  a  bounded  compactly 
supported  function  on  Rr  with  supp  <p(xi,  X2,  ■  ■  ■  ,xr)  C  [— Oi,ai]  x 
[—02,02]  x  ...  x  [— ar,ar],  0  <  a,i  <  +oo(i  =  1,2, ...  ,r)  and 
<p(xi,  Xi, . . .  ,Xr)  satisfies  the  condition  (i)  and  (iv)  in  Theorem  4.1. 
Then,  if  f{x\,X2,  ■  ■  ■  ,xr)  satisfy  the  inequality  (4.1)  for  every 
(xi,x2, . . .  ,xr)  E  Kr  and  all  Si  >  0  (i  =  1,2,  ...,r),  so  do  the  lin- 
ear operators  Bfe(/)(xi,X2,  •  ■  •  ,xr). 


Proof.  We  prove  this  lemma  for  Bq(/).  It  can  be  proved  similarly  for 
all  other  Bk(f),  since  Bk(f)(xi,x2, . . . ,  xT)  =  BQ(f(2-k  -))(2k  xx,2k  x2, . . .  ,2kxr). 

By  Lemma  4.3  and  Lemma  4.10,  we  only  need  to  show  that  for  any  fixed 
(40),  x20),  •  •  • ,  x[0))  e  Mr  and  any  fixed  Si,  0  <  5t  <  1  (i  =  1, 2, . . . ,  r), 

A5r...  ASlBQ(f)(x(°\x(°\  ...,  4°))  >  0.  (4.13) 

Let  j\     (i  =  1, 2, . . . ,  r)  be  the  integers  such  that 
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x^+Si-j^-lKbiKx^+Si-j^.  (4.14) 

From  the  condition  (i)  of  Theorem  4.1,  for  any  (xi,  X2, . . . ,  xr)  S  K.r  we 
have 


^    A5r  ...A5i+1ASiASi_1  . . .  ASlip(xi, . . .  ,Xi-i,x\0)  -ji,Xi+i,...,xr 


—  Agr  ...  ASi+1ASiAsi_1  .. .  ASl    Y    <p(xi,...,Xi-i,xi' -ji,Xi+i,...,xr 


=  ASr . ..  Ast^AstAst^  ...  ASlCi(xi, . . .  ,Xi-i,xi+i, . . .  ,xr)  =  0. 
Hence 


oo  oo 

,■(0) 


Y2      •••      X!      f(h,---,3i-l,3i      Ji+1,---Jr) 

jr  =  ~00  ji=-00 

ASr . . .  ASlip(xY>  -ji, ...,  x\0]1-ji-i,x\0'  -jh  x-?i  -  ji+i, .  •  •  40)  -jr) 


oo  oo 


=  Y  ■■■  Y     Y   ■■■  Y  /0'i.- --iji-i.Ji0).ji+i.- ■■>>)• 


J^       A«r  •  ■  •  Ail<y3(:El      -Jl>  •  •  ■  .  Xi-l-Ji-1,  xl    -ji,  Xi+x-ji+1,  ■  ■  ■  X(r)'-jr)=0 


oo  oo 


„•(«)  „•  „•      „-(°) 


Y2    ■■■    X]    f(h,---,Ji-i,Ji  ',3i+i,---,3k-i,3k  ',3k+i,-  ■■■.!,■) 

jr=-oo         ji=—oo 

■ASr . . .  AsMxi]  ~  3u  ■  ■  ■ ,  40)  -  jr)  =0,  (t  <  k) 
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oo  oo 

,-(o)    -(o)  „-(0KA„         Ar  ,„/„(°)_  ■  jo) 


jr  =  -oc         j1=—oo 

Therefore,  from  the  above  equations  and  Lemma  4.11,  we  have 

oo  oo 

^...A^oaM^),...,^^  E  •••  E  fUi,---jr) 

jr=-oo         j1=-oo 

OO  oo 

=      E      •••      E      J(f)^Sr...ASMx<i))-ju...,X^-jr) 


£        •••       E       J(f)ASr...AsM4))~h,---,4>)-jr 


-    _t  .<o)  .  .     ,  -(0) 

jr  =  -oo;  Jrjtjf.  3l=  —  oo;  Ji^jj 


(4.15) 


If  .7i  7^  i]      (1  <  «  <  ^)  and  sign(ji  —  j.    )  =  £j,  then  from  Lemma  4.11 
we  have 


sign(J(/))=JJ£i.  (4.16) 

i=l 

On  the  other  hand,  from  (4.14),  we  have 

0<x(io)+Sl-j^-bl<l.  (4.17) 

If  3i  <  3i     tncn  e»  =  sign(ji  -j4(0))  =  -1  and,  by  (4.17), 

which  give 

sign(x>°   -  ji  -  bi)  =  sign(xf   +  St  -  jt  -  hi)  =  ±1  =  -£,. 
If  3i  >  3i0)  then  e,  =  sign(ji  -  jf])  =  1  and,  by  (4.17), 
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xf]  -  ji  -  h  <  xf]  +5i-  ji  -h<  xf]  +  St-  j4(0)  -  1  -  bi  <  0 
which  give 

sign(xj0)  -  ji  -  bi)  =  -1  =  -Si, 


sign(xf   +8t-  ji  -  h)  =  -1  =  -Si 


or 


x\'  +Sr  -  ji  =  bi. 
Hence,  combining  all  the  above  information,  we  have 

(xf)+S1-ju...,x^+8r-Jr) 
and 


(x(i0)-Ju...,x^-jr)€J(-e1,...,-er), 

provided  sign(ji  —  j\    )  =  £j  (i  =  1, 2, . . . ,  r).  Thus,  from  the  condition 
(iv),  we  have 


sign  (^ASr  . . .  ASlip(xf}  -j1,...,  xl0)  -  jr)j  =  ]J  e,L 

From  this,  (4.15)  and  (4.16),  we  obtain 

ASr...ASlB0(f)(x?\...7x(V)>0. 


i=\ 


4)  Proof  of  Theorem  4.1.  From  Lemmas  4.7,  4.8,  4.9,  and  4.12,  we  know 
that  Bk{F){x\1 . . . ,  xr)  are  probabilistic  distribution  functions  on  Rr  if 
F  is  so. 

Proof  of  Inequality  (4.4).  Noticing  supp  y(xi,X2, ...  ,xr)  C  [— ai,ai]x 
[—02,02]  x  ...  x  [— ar,ar],  by  the  condition  (ii),  we  have 

Bk(F)(x1,...,xr)-F(x1,...,xr)  =      JT      ...     JT       [F(2-k]1,...,2-klr)-F(x1,...,xr)\ 

jr  =  -oo  j1  =  —  oo 
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■V(2kx1-j1.,.,.2kxr-Jr)=  J2  ■■■  E  [F<2    fcJi.-'->2    fc>) 


-F(xi, . . . ,  xr)\  ■  V{2kxx  -  ji, . . . ,  2fcxr  -  >).  (4.18) 

Since  for  2fcXi  —  a,  <  jj  <  2kXi  +  at  (i  =  1, . . . ,  r),  we  have 

|2-fc7.t-x,t|<2-fca,t    (t  =  l,...,r), 
then  from  the  dehnition  of  w\{f,  h)  we  have 

F(2-kju. . . ,  2-fc7r)  -  F(xi, . . . , xr)\  <  wx{F,  2'kd),  (4.19) 

where  d  :=  max(ai, . . . ,  ar)  and  2feXi  —  a^  <  ji  <  2fcXi  +  a,  (i  =  1, . . . ,  r). 
On  the  other  hand,  since  (p(x\, . . . ,  xr)  is  compactly  supported  and  satisfies 
the  condition  (iii),  we  have  (fi(x\, . . .  ,xr)  >  0.  It  follows  from  this,  (4.18), 
(4.19)  and  the  condition  (ii)  that 

\Bk(F)(xi,...,xr)  -  F(xi,...,xr)\  < 


E  •••  E  \F(2-kj1,...,2-kjr)-F(xi,...,xr 

2kxr  —  ar<jr<2kxr-\-ar    2kxi—ai<ji<2kxi-\-ai 

■<p(2kXl  -  ji, . . . ,  2kxr  -  jr)  <  wi(F,  2-kd). 
Proof  of  Sharpness  of  Inequality  (4.4).  Take 

ip(xi,  ...,xr)  =  <Po(xi,  ■  ■  ■ , xr)  ■=  (pa(x1)ipo(x2)  ■  .  .  (fio(xr) 
with  ifo(x)  defined  by  (4.5).  Define 


where 


f(xl,...,Xr)  ■=  fo(xl)fo(X2)---fo{xr), 


1,    X>0 

,  .        _  ,    0,  x  <  -2-fe-x 
MIJ:"        2fc+1x  +  l,  -2-fc-1<x<0. 


It  is  easy  to  verify  that  /(xi, . . . ,  xr)  is  continuous  on  W~  and  is  nondc- 
creasing  with  respect  to  each  variable  with 


/(-oo,x2,...,xr)=/(xi,-oo,x3,...,xr)=. ..  =  /(xi,...,xr_i,-oo)  =  0, 
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/(+00,  +00, .  .  . ,  +00)  =  1. 

Besides,  from  Lemma  4.4,  the  function  f(xi, . . .  ,xr)  satisfies  the  in- 
equality (4.1).  Hence  f(x±, . . .  ,xr)  is  a  probabilistic  distribution  function 
onMr. 

Consider  x\  =  X2  =  ■  •  ■  =  xr  =  —2~k~1.  We  have 


Bfc(/)(-2-fc-1,  -2-*-1, . . . ,  -2-k-x)  -  /(-2-fe-1,  -2-k-\  ...,  -2-k-1) 
=  Bfe(/)(-2-fe-1,-2-fe-1,...,-2-fe-1) 

CO  OO  OO 

=  Y,  ■■■  Y,    E  m-kn,2-kj2,...,2-kJr) 


Jr  =  -00  J2=-00  J!=  — OO 

•vf-2  -Jl'_2  ~-72'"""'~2  ~-?r)  =^(°'---'°)  =  1' 

ice  (p  (-§  -  ii,  -3  -  j2, . . . ,  -5  -  >)=0  for  any  (ji,  j2,  •  •  • , >)^(0, . . . ,  0). 
On  the  other  hand,  we  have  d  —  a\  —  a  2  =  ...  =  ar  =  ^  and 


Wl(f,  2-kd)  =  Wl(f,  2-k-1)  =  f(0, . . . ,  0)-/(-2-fe-1,  -2-k-\  . . . ,  -2-fe-1). 
Hence  the  inequalities  (4.4)  are  sharp. 


Multidimensional  Probabilistic 
Approximation  in  Wavelet  Like 
Structure 


Let 

1,       x,y>0 


^  fo^  :      1    0,       otherwise 

and  F  (x,  y)  be  a  continuous  probability  distribution  function  on  R2. 

Then  there  exist  linear  wavelet  type  operators  Ln  (F,x,y)  which  are 
also  distribution  functions  and  where  the  defining  them  wavelet  function 
is  cpo(x,y).  These  approximate  F(x,y)  in  the  supnorm.  The  degree  of 
this  approximation  is  estimated  by  establishing  a  Jackson  type  inequality. 
Furthermore  we  give  generalizations  for  the  case  of  a  wavelet  function  ^  ipo , 
which  is  just  any  distribution  function  on  R2,  also  we  extend  these  results 
in  Rr,  r  >  2.  This  chapter  relies  on  [87]. 


5.1     Introduction 

There  has  been  a  great  interest  in  the  wavelet  type  approximations  [138], 
[221].  There  are  very  important  and  useful  kind  of  approximations  which 
only  involve  dilated  translates  of  a  basic  function. 

The  aim  here  is  to  use  wavelet  like  approximation  to  multivariate  prob- 
abilistic distribution  functions.  This  chapter  is  motivated  by  the  follow- 
ing very  important  theorem  of  Analysis  [134],  p.  221.  Let  £  be  a  locally 
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compact  Hausdorff  space.  It  is  proved  that  the  discrete  measures  of  the 
form 


2J  ai  "  dXi 


where  a,  >  0,  Xj  G  -E,  dXi  the  unit  (Dirac)  measure,  are  dense  in  the 
weak*-topology  in  M+  (E),  the  set  of  all  positive  Radon  measures  on  E. 

In  this  chapter  we  consider  the  following  form  of  probabilistic  discrete 
wavelets: 

oo  oo 

J2     E   aijV(2nx-i,2ny-j)  (*) 

j  —  —  oo  i—  —  oo 

where 

/       \      /   lj     x,y  >  0 

^(^y)  =  {  0)    otherwise 

is  a  basic  probability  distribution  function.  We  prove,  Theorem  5.2,  that 
for  any  F  (x,  y)  G  C  (W2)  distribution  function  there  exist  linear  operators 
Ln  (F,  x,  y)  which  are  distribution  functions  of  the  above  discrete  form  (*) 
and  converge  to  F  (x,  y)  in  the  supnorm  with  the  approximation  errors 
bounded  by  uj\{F,  2~n),  n  G  Z,  (x,y)  G  R2,  where  u>i(F,t)  is  the  first 
modulus  of  continuity  of  F.  Then  we  extend  this  theory  for  linear  operators 
of  the  similar  form  X)?!L-oo  X^-oo  &ijip{2nx  —  i,  2ny  —  j),  where  ip  now 
is  any  fixed  distribution  function  on  R2,  see  Theorem  5.3.  We  present  also 
generalizations  of  these  results  in  Rr,  r  >  2,  see  Theorems  5.6,  5.7.  For  the 
univariate  case  see  [88] .  It  is  important  to  notice  that  the  wavelet  functions 
defining  the  operators  Ln  are  not  of  compact  support. 


5.2     Results 

Let  F  (x,  y)  be  a  probability  distribution  function  on  R2.  As  we  know  [255], 
F  (x,  y)  satisfies  the  following  conditions: 

(i)  F  (x,  y)  is  non-decreasing  with  respect  to  each  variable  x  and  y,  and 
is  right-continuous  with  respect  to  both  variables  x  and  y; 

(ii) 

lim   F  (x,  y)  =  l     and  lim      F(x,y)  =  0;  (5-1) 

x — >+oo  x — '  —  oo 

y — >+oo  or    y — >  —  oo 

(iii)  for  h,k  >  0,  holds 

F  (x  +  h,  y  +  k)  -  F  (x,  y  +  k)  -  F  (x  +  h,  y)  +  F  (x,  y)  >  0,      (x,  y)  e  R2. 

(5-2) 
Conversely,  if  a  function  F  (x,  y)  satisfies  all  the  above  conditions,  then 
F  (x,  y)  is  a  distribution  function  on  R2. 
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Let 

i       \        f  1,     x,  y  >  0, 
^(x'y):=(   0,      otherwise. 

Obviously,  cpo  (x7y)  is  a  distribution  function  on  M2.  Call 

CO  CO 

Ln(F,x,y):=    Yl     E    (^  "  CS-i  "  ^-Ij  +  ^l-i)  "      (5-3) 

^'  — —  CO  2  —  —  CO 

^o(2"z-i,2"y-j), 

where  (x,y)  6  I2,  n  6  Z,  and 


CJ7  :=  22™  •  /  /  F  («,  v)  dudv.  (5.4) 


r2-n(j+l)     /-2-n(i+l) 
n2n        i 

In  general,  for  any  given  distribution  function  ip  (x,y)  on  R2,  we  define 

Ln(F,x,y;ip)  := 

CO  CO 

j  — —  co  -i— —  co 

(5-5) 
where  (x,  y)  G  R2,  n  G  Z,  and  C^™    are  defined  by  (5.4)  too. 
We  first  establish  the  following 

Lemma  5.1.  Let  F  (x,  y)  G  C  (R2)  and  ip  (x,  y)  be  distribution  functions 
on  R2.  Then  the  linear  operators  Ln  (F,  x,  y;  <p)  are  well-defined  by  (5.4)  and 
(5.5),  and  are  distribution  functions  on  R2. 

Proof.  Since  F  (x,  y)  is  a  distribution  function  F  (x,  y)  is  non-decreasing 
with  respect  to  each  variable  x  and  y,  and  F  (x,  y)  satisfies  (5.2).  It  follows 

In) 

from  this  and  the  definition  of  C)  „    that 

n(n)         n(n)  „       r(n)         n(n)  „ 

and 

^?-^i-^l,+^l,-i>o,    U,»ez.  (5.6) 

On  the  other  hand,  since  F{x,y)  satisfies  (5.1),  we  get 

r2-"(j  +  l)      f2-"(i+l) 

F  (u,  v)  dudv 

2-"j  J2-"i 


-  Km  c5 

2 — >  +  00           J 

=     lim   22" 

i — )-+co 

j^  +  OO 

j— >+oo 

i — >+oo 

j  — >+CX> 


1    /.l 


0     JO 


=    lim     /  F  (2-n  (t  +  i),  2~n  (s  +  j))  dtds 
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=  [     f     lim  F(2-n(t  +  i),2-n(s  +  j))dtds  =  l,  (5.7) 

Jo   Jo   »^+°° 

j— >+oo 

and 

lim       =11        lim     F(2-n(t  +  i),2-n(s+j))dtds  =  0.     (5.8) 


x — >  —  OO  J  q     Jq  z — >  — oo 

or    y— >  —  oo  or    j^  — oo 

Here  we  have  used  the  fact  that  F  (x,  y)  >  0  is  non-decreasing  with  respect 
to  each  variable  for  taking  the  limit  under  the  integrations. 
It  follows  from  (5.6),  (5.7)  and  (5.8)  that 

m2  fc2 

j=-mi  i=— fci 


7712 


E  E  [(^-d^-fc^-c^ 


j=-mi  i=-fei 

7712 


.(») 


3=-mi 

7712 


V°fc2J  °fc2,j-lj  Z^        ^°-fel-l,j  °-fel-l,j-l 


J=-mi  j=-mi 


—  /^(")        _  /t(n)  _  .o(n)  ^,(n)  /,.  Q\ 

—  L/fe2,ni2         Lyfe2,-mi-l  -fci-l,ro2     '        -ki-l,-mi-l'  V0-y/ 

which  tends  to  1  as  mi,  7712,  fci,  fe  — ►  +oo,  and  then  the  non-negative  series 

oo  oo 

E    E  (cg'-^-^.  +  qJVi)^-  (5-10) 

j  —  —  oo  i= — oo 

Therefore,  because  the  distribution  function  ip  (x,  y)  has  0  <  cp  (x,  y)  <  1, 
the  summations  in  (5.5)  are  convergent  absolutely  and  uniformly  on  K2, 
and  so  Ln  (F,  x,  y;  <p)  are  well-defined  on  R2. 

Since  (p(x,y)  is  non-decreasing  with  respect  to  each  variable,  by  (5.6), 
Ln(F,x,  y;<p)  are  also  non-decreasing  with  respect  to  each  variable.  The 
fact  that  ip  (x,  y)  is  right-continuous  with  respect  to  both  variables  x  and  y 
and  the  summations  in  (5.5)  are  convergent  absolutely  and  uniformly  gives 
the  right-continuity  of  Ln  {F,  x,  y;  ip)  with  respect  to  both  variables  x  and 
y.  Besides,  we  have 

oo  oo 

xmnjn(F,x,y;<p)=  E    E  (<*  -cff-i  -c£\d  +  c£L_i)  • 

y^+oc  j=-oo  t=-oo 
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lim   tp(2nx-i,2ny-j) 


oo  oo 


E  E  ((W-^li-^ij+c&j-i  =1 


J  — —  CJO  2  — —  CO 

and 

CO  CO 


Jim      £„(*>,„;„)  =    £     £    (<#>  -  ^  -  C^,j  +  <£Ui 


x— ►  —  CO 
or    y — >■  — co  J  —  ~°°  %— ~ °° 


lim      ^  (2"x  -  i,  2ny  -  j)  =  0. 


a: — >  —  oo 
or    y — »  — oo 


Moreover,  from  (5.6)  and  that  ip(x,y)  satisfies  (5.2),  we  derive  that 
Ln  (F,  x,  y;  ip)  satisfies  (5.2).  Thus,  Ln  (F,  x,  y;  ip)  are  distribution  function 


For  h  >  0  and  F  (x,  y)  £  C  (M2) ,  we  define 

ui(F,h):=     sup     \F(x  +  t,y  +  s)-F(x,y)\. 

\t\,\s\<h 

(i,i/)eR2 

Theorem  5.2.  Assume  that  F  (x,  y)  £  C  (R2)  is  a  distribution  function 
on  R2.  Then  the  linear  operators  Ln  (F,  x,  y)  defined  by  (5.3)  and  (5.4)  are 
distribution  functions  such  that 

\Ln(F,x,y)-F(x,y)\<w1(F,2-n),    n  £  Z,  {x,y)  £  R2.        (5.11) 

Proof.  By  Lemma  5.1,  we  only  need  to  prove  (5.11). 

Let  us  consider  n  —  0  first.  For  any  fixed  x  and  y,  suppose  that  iq,  jo 
are  the  integers  such  that 

i0<x<i0  +  l  (5.12) 

and 

jo  <  V  <  jo  +  1.  (5.13) 

From  the  definition  of  ifQ  (x,  y),  we  have 

ip0{x-i,y-  j)  =0,     %  >  i0  +  1  or  j  >  j0  +  1 

and 

ipa  (x  -  i,  y  -  j)  =  1,     i  <i0  and  j  <  jo- 
It  follows  from  these  equations,  (5.8)  and  (5.9)  that 

(jo  ia  jo  oo  oo  oo 

EE+EE+EE 
j  —  —  co  i—  —  co        j  —  —  oo  i—i0-\-l       j—j0-\-l  i—  —  ooi 
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j  — —  oo  i—  —  oo 

Hence  we  obtain 

|L„  (F,  x.tf)  -  F  (x,  y)\  =  |c|0°i-0  -  F  (x,  j,) 

rio+i    /■io+i 

F  (u,  i>)  dudv  —  F  (x,  y) 


(5.14) 


Jo  J«o 

/\Jo+l     /■»o+l 

<   /  /  |F  (w,  u)  -  F  (x,  y)  |  dudv  <  u>i  (F,  1) . 

•J  jo  Jio 

The  last  inequality  comes  from  (5.12)  and  (5.13). 
Notice  that 


(5.15) 


Ln  (F,  x,  y)  =  U  (F  (2-",  2"")  ,  2nx,  2ny) 


and 


^(F(2-n,2-"),l)=     sup     \F(2-n(x  +  t),2-n(y  +  s))-F(2-nx,2-"y)\ 

\t\,\s\<h 
(l,B)g«2 

=     sup     \F(x  +  2-nt,y  +  2-ns)  -F(x,y)\  =  Wi(F,2"n). 
|t|,H<h 
(i,»)eR2 

Then,  by  (5.15),  we  have 
|in(F,a;,y)-F^,y)|  =  |i0(F(2-",2-"),2'la;,2'lj/)-F(2-'l2^,2-'l2™y)| 

<Ul(F(2-n,2-n),l)=wi(F,2-n). 

For  the  general  case  we  have 

Theorem  5.3.  Assume  that  F  (x,  y)  G  C  (K2)  and  (/?  (x,  y)  are  distribu- 
tion functions  on  M2.  Then  the  linear  operators  Ln  (F,  x,  y;  ip)  defined  by 
(5.4)  and  (5.5)  are  distribution  functions  such  that  for  any  a  >  0  holds 

\Ln(F,x,y;cp)  -  F(x,y)\  < 


9  {  wi  (F,  2-"  (a  +  1))  +  sup  (1  -  <p  (x,  y))  +     sup    <p  (x,  y)  }  ,      (5.16) 

x,y>a  x<  —  a 

or  y<  —  a 

where  n  G  Z,  (x,y)  €  M2. 
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Proof.  For  any  fixed  a  >  0  and  (x, y)  <E  K2,  suppose  that  io,i\,jo  and  j\ 
are  the  integers  such  that 

x  —  io  —  1  <  a  <  x  —  io,      y  —  j0  —  1  <  a  <  y  —  jo  (5.17) 

and 

x  —  i\  <  —a  <  x  —  i\  +  1,      y  —  j\  <  —a  <  y  —  j\  +  1.  (5.18) 

We  have  io  <  i\  and  jo  <  Ji,  and 

(Jo     io       jo      ii        jo     oo        ji      io 
j  —  —  oQ  i—  —  oQ       j  —  ^oo  i—io-\-l       j  —  —  oQ  i—ii~\-l       j—j0-\-l  i—^oo 
ji  i\  ji  oo        oo     oo 

E   E  +  E   E  +  E  E 

j=JQ  +  ll  =  l0  +  l  j  =  J0  +  l  t  =  ll+l  ^'=^  +  1  4=-oOy 

(cS)-cS)-i-^1J+cwJ_1)V(a;-i,»-i) 

:=71H-/2+J3  +  /4  +  J5H-76  +  /7.  (5.19) 

For  the  terms  in  I\1  we  have  i  <  io  and  j  <  jo,  and  then  from  (5.17),  we 
have  x  —  i  >  a  and  y  —  j  >  a.  Hence,  from  (5.6),  (5.10)  and  (5.14),  we  have 

jo  io 

-.(0)        ^(0)  ^(0)        ,^(0) 


j  —  —  oo  i— —  oo 

io  io 

~     2^       2^     l°i,j    ~°i,j-l        °i-l,j  +bi-lj-l 


^-.(0)        ^(0)  ^(0)         ,    ^(0) 

j  —  —  oo  i— —  oo 
jo  io 


j(0)  _  ^(0)       _  n(0)       _,_  ^(0) 

J  — —  OO  l=  —  OO 


E  E  K?-^?-i-^+d*Vi  (^(«-i,v-j)-i) 


C&o+Ii  (5-20) 


where 

jo  io 


^■■=  E  E  K'-^-i-^-u+^Vi )(v(*-i,»-i)-i 


j  —  —  OO  i  —  —  CO 

and 


|JJ|<   sup  (1 -¥>(»,»)).  (5.21) 
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Noticing  (5.6)  and  that  0  <  ip  <  1,  we  get 

i^i <  E  E  (^J-e-ft+^U)' 

j  — —  oo  i— 'io  +  1 

From  (5.8)  and  (5.9),  the  right-hand  side  of  the  above  inequality  equals 

rjo  +  l     /■»!+!  /■jo+l     fio+1 


MO)     _  r(o) 

ii.ja  io,jo 


jo  +  1     /-Jo  +  1 


i*1  (u,  v)  dudv  /  F  (u,v)  dudv 

Jo  -'H  -'jo  •'io 


[F  (u  +  (i\  —i0),v)—F  (u,  v)]  dudv  <  u>i  (F,  ii  -  iQ) . 

'3o  Jio 

But  from  (5.17)  and  (5.18)  we  have  i\  —  i$  <  2a  +  2.  Therefore 


\h\  <2ui{F,a  +  l). 


Similarly  we  have 


(5.22) 


4    —      Z^        Z^     \     i,3    ~      *>J-1  *-l.J  "l"°»-l,j-l 

=  <0),1-<0i<2ci(JF,a  +  l) 


and 


(5.23) 


i^i <  e  e  (^-e-^+ctu 

=  G&  -  cffl,  -  C^  +  Gil  <  **  (F,  a  +  1)  •  (5.24) 

For  the  terms  in  I3  we  have  i  >  ii  +  1  and  then  from  (5.18)  we  have 
x  —  i  <  —a.  Hence,  from  (5.6)  and  (5.10),  we  obtain 


Similarly,  we  derive 


and 


|73|  <   sup  (p(x,y) 

x<  —  a 


\I6\  <   sup  ip(x,y) 

x<  —  a 


\I7\  <   sup  ip(x,y). 

y<-a 


(5.25) 

(5.26) 
(5.27) 


It  follows  from  (5.19)-(5.27)  that 


(0) 


\Ln(F,x,y;<p)-F(x,y)\<  C^jo  -  F (x,y)  +8u1(F,a  +  l) 
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+  sup  (1  —  if  (x,  y))  +  3    sup    ip(x,y). 

x,y>a  x<  —  a 

or  y<  —  a 

But,  from  (5.17),  we  also  obtain 

Mo  +  1     rio+l 

ciZo  -f^^v)  <  /       /      \F («. u)  -  ^ (*. y) I ducto  <  wi (*"> o  + 1) • 

•'jo  >^*o 

Thus 

\L()(F,x,y;ip)  -  F  (x,y)\  <9lui(F,  a +  1)+  sup   (1  -  <p  (x,y))+3    sup    <p(x,y). 

or  yC  —  a 

Noticing  that 

Ln  (F,  x,  y;  <p)  =  i0  (F  (2-",  2"n)  ,  2nx,  Ty-  <p) 

and 

wi  (F  (2-",  2-")  ,  o  +  1)  =  wi  (F,  2-"  (a  +  1))  , 

we  obtain  (5.16).  ■ 

Let  a  >  0  and  c/?a  (x,  j/)  be  a  distribution  function  such  that  ipa  (x,  y)  =  1 
if  x,  y  >  a  and  <pa  (x,  y)  =  0  if  x  <  —a  or  y  <  —a.  Then,  by  Theorem  5.3, 
we  get 

Corollary  5.4.  For  distribution  function  F  G  C  (M2),  the  linear  opera- 
tors L„(F,  x,  y;<pa)  are  distribution  functions  such  that 

\Ln  {F, xlV-Va)-F (x, y) |  <  9wi  (F, 2~"  (a  +  1))  , 

where  n  G  Z,  (x,y)  G  R2. 

Let  F  (xi,  X2, ...,  xr)  be  a  distribution  function  on  Rr,  and  r  >  2  be  an 
integer.  The  necessary  and  sufficient  conditions  for  F  being  a  distribution 
function  on  Rr,  see  [255],  are 

(i)  F  is  non-decreasing  with  respect  to  each  variable  xi,X2,  ...,xr  and  is 
right-continuous  with  respect  to  all  variables  xi,X2,  ...,xr] 

(ii)  F(-oo,X2,...,xr)=F(xi,-oc,X3,...,xr)=...=F(xi,...,xr_i,-oo)  = 
0  and  F  (+oo,  +oo, ...,  +oo)  =  1; 

(hi)  for  every  (xi,X2,  ...,xr)  G  Kr  and  all  Si  >  0  (i  =  l,2,...,r),  holds 
the  inequality 

F(xi  +  <5i,x2  +(52,...,xr  +  Sr)  - 

r 

y^F(xi  +Si,  ...,Xi-i  +5i-i,Xi,xi+i  +6i+i,  ...,xr  +  Sr) 

T 

+  2J  F(xi  +Si,...,Xi-i  +  6i-i,Xi,Xi+i  +6i+i,...,Xj-i  +Sj-i,xj, 

ij'+l 
i<j 
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Xj+i  +  Sj+i,  ...,xr  +  fir)  +  •••  +  (-l)r  F  (xi,x2,  ...,xr)  >  0.  (5.28) 

Let 

,  .         /    1,      Xl,X2,...,Xr  >  0 

Vo(xi,x2,...,xr)  =  I  Qj     otherwise_    ^ 

It  is  easy  to  verify  that  (po  satisfies  all  the  above  conditions  and  so  ipo  is  a 
distribution  function  on  Rr.  Define  the  following  operators  for  FgC  (Rr): 

oo  oo 

Ln(F,xi,...,xr)  :=    Yl    •••    Yl    4u...,irlPo('2nxi-ii,...,2nXr-ir), 

ii—  —  oo        ir  —  —  oo 

(5.29) 
where 

r 
j(")            ,_  s~i(n)           _  ST^  /-"»(«)  , 

ii,...,ir  '  ii,...,zr         /    ^      ii ii_ i  ,2t  —  l.ii-i-1 ;v 

i=i 

r 

/  ,  (-/H,...,ij_i,ij-i,ij+i,...,is_i,is-i,is+i,...,ir  +  ---  +  (— 1)   ^»i-i,...,»r-i   (5-30) 
with 

/-2-"(i1+l)  ,2-"(v  +  l) 

Q"  ..,ir  :=  2™  /  -  /  F(ui,...,uT.)d«i...d«r      (5.31) 

J2-nh  J1-nir 

for  ii,  ...,ir  E  Z  and  neZ. 

For  any  distribution  function  ^  (xi, ...,  xr)  on  Rr  we  define 


(5.32) 


r         Lr  )  , 
'il— —  OC'         'ir  — —  oo 


where  cQ       i    are  defined  by  (5.30)  and  (5.31). 

Similar  to  Lemma  5.1,  Theorem  5.2,  5.3  and  Corollary  5.4  we  give 

Lemma  5.5.  Let  F  (xi,  ...,xr)  E  C(Rr)  and  <p  (x\,  ...,xr)  be  distribu- 
tion functions  on  Rr.  Then  the  linear  operators  Ln  (F,  x\,...,xr;cp)  are  well- 
defined  by  (5.30),  (5.31)  and  (5.32),  and  are  distribution  functions  on  Rr. 

Theorem  5.6.  Assume  that  F  (x\,  ...,xr)  E  C(Rr)  is  a  distribution 
function  on  Rr .  Then  the  linear  operators  Ln  (F,xi,  ...,xr)  defined  by  (5.29), 
(5.30)  and  (5.31)  are  distribution  functions  such  that 

\Ln(F,xi,...,xr)-F(x1,...,Xr)\  <  wi  (F, 2-") , 
where  n  E  Z,  (xi, ...,  xr)  E  Rr,  and 

uJi(F,h):=         sup         \F(xi+ti,...,xr+tr)  —  F(xi,...,xr)\. 

\U\<h 

i— l,...,r 

(ii,...,jr)6lr 
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Theorem  5.7.  Assume  that  F  (x\,  ...,xr)  £  C  (Rr)  and  ip  (x\,  ...,xr)  are 
distribution  functions  on  W.  Then  the  linear  operators  Ln  (F,  xi, ...,  xr;  ip) 
defined  by  (5.30),  (5.31)  and  (5.32)  are  distribution  functions  such  that  for 
any  a  >  0  holds 

\Ln(F,xi,...,xr;ip)  -  F(xi,...,xr)\  < 
C  <  wi  (F,  2~n  (o+  1))  +       sup       (1  —  ifi(xi,...,xr))  +      sup     ^)(xi,  ...,av) 

a;i ,..  .,xr  >a  !Ej<  — a 

I.  ie(l,...,r) 

where  n  £  Z,  (xi,  ...,xr)  £  Rr,  and  C  is  an  absolute  constant. 

Corollary  5.8.  Assume  that  F  (x\,  ...,xr)  £  C  (W)  and  <pa  (x\,  ...,xr) 
are  distribution  functions  onKr,  and  (pa  (xi,  ...,xr)  =  1  if  Xi, ...,  xr  >  a  >  0, 
ipa(xi,  ...,xr)  =  0  if  Xi  <  —a,  i  £  {l,...,r}.  Then  the  linear  operators 
Ln  (F,  xi, ...,  xr;  ipa)  are  distribution  functions  such  that 

\Ln  (F,xi,  ...,xr;  <pa)  -F(xi,  ...,»r)|  <  Cu>i  (F,2~"  (a  +  1))  , 

where  n  £  Z,  (xi,  ...,xr)  £  Rr,  and  C  is  an  absolute  constant. 


6 

About  L-Positive  Approximations 


Let  F  be  a  normed  space  and  let  B  be  a  subspace  of  F.  Assume  that 
L:  F  — >  Loo(0),  fi  C  Rm,  is  a  linear  bounded  operator  and  M(L)  =  {/  G 
F:  L/  >  0  a.e.  on  $7}.  We  establish  some  inequalities  for  best  approxima- 
tion of  /  G  M(L)  by  elements  from  B  n  M(L).  In  the  case  when  L  is  a 
differential  operator  and  F  is  the  Sobolev  space  Wp(fl)  we  obtain  Jackson 
type  estimates  for  simultaneous  approximation  of  /  £  M(L)  by  multivari- 
ate polynomials  and  entire  functions  of  exponential  type  from  M(L).  This 
chapter  relies  on  [75]. 


6.1     Introduction 

Let  Fbea  normed  space  with  the  norm  ||  •  \\p  and  let  Bbea  subspace  of 
F.  Assume  that  M  is  a  subset  of  F  such  that  M  fl  B  ^  0.  We  define  best 
approximation  of  /  by  elements  from  B  (or  from  B  n  M)  in  the  metric  of 
F  as 

E(fiB,F)=m£\\f-g\\F,      f  e  F; 

EM(f,B,F)=      mi      \\f-g\\F,      f  e  M. 

g£BnM 

We  are  interested  in  efficient  estimates  of  Em(/,B,F)  for  all  /  G  M. 
It  is  clear  E(f,  B,  F)  <  EM(f,  B,  F),  while  for  some  sets  M 

E(f,B,F)  =  EM(f,B,F),     f€M.  (6.1) 
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In  particular,  (6.1)  holds  if  F  is  a  Banach  space  and  M  is  the  set  of  ele- 
ments from  F  which  are  invariant  relative  to  a  compact  group  of  operators 
(sec  [169],  [224],  p.  26).  Equality  (6.1)  is  not  valid  for  arbitrary  M  C  F.  So 
the  problem  of  obtaining  efficient  estimates  of  Em{J,B,F)  has  attracted 
the  attention  of  many  authors.  Mainly  they  have  dealt  with  the  classes  of 
monotone  and  convex  functions  and  with  their  generalizations. 

Let  Mk  be  the  set  of  all  functions  defined  on  [0, 1]  such  that  Aklf(x)  >  0 
for  all  h  G  [0, 1/fc]  and  all  x  G  [0, 1  —  kh\.  In  particular,  M1  and  M2  are  the 
sets  of  monotone  and  convex  functions  respectively  Let  Vn  be  the  class  of 
algebraic  polynomials  of  degree  n. 

oo 

In  the  1920s,  S.N.  Bernstein  defined  the  class  M  =  Q  Mk  of  absolutely 

fc=0 

monotone  functions  and  proved  [112]  that  polynomials  from  M  are  dense 
in  M. 

The  first  Jackson  type  estimates  of  EMk(f,  Vn,  C[0, 1]),  /  G  Mk,  were 
given  by  O.  Shisha  [262]  with  much  refinement  given  later  by  J.  Roulicr 
[256].  Further  generalizations  and  improvements  for  the  classes  M1  and  M2 
were  obtained  by  G.G.  Lorcntz  and  K.  Zcller  [217],  R.A.  DeVore  [141],  A.S. 
Shvedov  [266,  267],  K.A.  Kopotun  [212],  Y.  Hu,  D.  Leviatan,  and  X.M.  Yu 
[192]  and  by  many  others.  Analogous  problems  for  spline  approximation 
were  considered  by  R.A.  DeVore  [142]  and  Y.  Hu  [191]. 

D.  Leviatan  [214]  gave  estimates  of  the  degree  of  simultaneous  approxi- 
mation by  monotone  polynomials.  Deep  results  in  comonotonc  approxima- 
tion were  obtained  by  E.  Passow,  L.  Raymon,  and  J. A.  Roulier  [240]  and 
D.J.  Newman  [235]. 

The  author  and  O.  Shisha  [83]  generalized  the  problem  of  monotone 
approximation  for  functions  from  Mk  n  Ck,  replacing  the  fc-th  derivative 
with  a  linear  differential  operator  of  order  k.  Some  multidimensional  results 
were  obtained  in  [14,  268,  269].  In  particular,  the  author  [14]  considered 
the  class  M(L)  =  {/  G  Cfc([0,  l]2):  (Lf)(x)  >  0},  where  L  is  a  differential 
operator,  and  derived  an  estimate  of  simultaneous  approximation  of  /  G 
M(L)  by  polynomials  from  M(L)  involving  the  bivariate  first  modulus  of 
continuity. 

There  have  been  some  negative  results  obtained  in  [218,  267].  In  particu- 
lar, G.G.  Lorentz  and  K.  Zeller  [218]  proved  that  there  exists  a  fc-monotonc 
function  /o  G  Ck[0, 1]  fl  Mk  satisfying  the  limit  equality 

lim  EMk(f0,Vn,C[0,l])/E(fo,Vn,C[0,l})  =  oo.  (6.2) 

n — >oo 

In  this  chapter  we  generalize  the  set  Mk  n  Ck  considering  the  class 
M{L)  =  {/  G  F:  (Lf)(x)  >  0  a.e.  on  17}  where  F  is  a  normed  space, 
fl  C  Rm,  and  L:  F  — >  Loo(r2)  is  a  linear  bounded  operator.  We  shall  prove 
that  under  some  conditions  on  L  and  B  <Z  F 

EM(L)(f,B,F)<CE(f,B,F),     /£¥(!),  (6.3) 
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where  C  is  a  constant  independent  on  /  and  B.  (6.2)  shows  that  (6.3)  is 
not  valid  for  some  unbounded  operators. 

This  result  and  its  generalizations  are  proved  in  Section  6.2.  In  Sections 
6.3  and  6.4  we  consider  applications  of  (6.3)  to  simultaneous  approximation, 
to  convex  and  subharmonic  approximation  and  to  J-monotone  approxima- 
tion. In  particular,  in  Section  6.4  we  obtain  the  main  results  concerning 
Jackson  type  estimates  of  simultaneous  approximation  and  i-positive  si- 
multaneous approximation  of  /  G  M(L)  by  multivariate  polynomials  and 
entire  functions  of  exponential  type. 

Throughout  the  chapter  we  shall  use  the  following  notation:  Rm  -  the 
rn-dimensional  Euclidean  space;  C(f2)  -  the  space  of  continuous  on  f2  C  Rm 
functions  /  with  the  finite  norm  H/Hcfn)  =  suPl/li  ioo(Rm)  ~~  the  space 

of  measurable  functions  /  defined  on  the  measurable  set  il  C  Rm  with 

the  finite  norm  H/Hz^n)  —  esssup|/|;  Lp(Cl),  1  <  p  <  oo  -  the  space  of 

n 
measurable  functions  /  defined  on  the  measurable  set  il  C  Rm  with  the 

i/p 


finite  norm  ||/||z,p(n)  =  f   /    \.f  \pdx 

6.2     L-Positive  Approximation  in  a  Normed  Space 


In  this  section  we  consider  a  general  result  on  L-one-side  approximation 
in  a  normed  space.  As  corollaries  we  derive  some  estimates  of  L-positive 
approximation  which  are  essentially  the  basis  for  all  other  results  of  the 
chapter. 

6.2.1.    A  General  Theorem 

Let  F  be  a  normed  space  and  let  B  be  a  subspace  of  F.  We  consider  a 
family  of  linear  bounded  operators  L7 :  F  — ■>  ioo(i77),  7  6  T,  where  T  is  a 
set  and  {J77}7Sr  is  a  family  of  subsets  in  Rm. 
We  define  the  following  conditions: 

(Al)  sup||I/y||  <  00, 

(A2)  there  exists  an  element  p  G  B  such  that  for  every  7  G  T 

(L1p)(x)  >  1    a.c.  on  il7.  (6-4) 

Theorem  6.1.  If  the  family  {L7}7er  satisfies  conditions  (Al),  (A2)  then 
for  every  f  G  F  and  any  P  G  B  there  exist  elements  Qi  G  B,  i  =  1, 2,  such 
that  (-l)l+1(L7(Q4  -  f))(x)  >  0,  x  G  07,  7  G  T,  and 

||/-Qi||F<(l  +  ||p||FSup||L7||)||/-P||F,      z  =  1,2.  (6.5) 

7er 
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Proof.  Setting 

Qi  =  P  +  (-l)i+1Xp,     i  =  1,2,  (6.6) 

where  A  =  sup  ||£7||  ||/  —  P\\f,  and  taking  into  account  (6.4),  we  have  for 

every  7  G  T 

(-iy+\L1{Ql  -  /))(*)  =  (-1)'+1(L7(P  -  f)){x)  +  \{Lp){x) 

>  A-sup||L7||  ||/-P||F  =  0,     i  =  1,2.  (6.7) 

7er 

Furthermore, 

||/-Qi||F  <  ||/-P||+A||p||F  =  (1  +  ||p||fsup  ||L7||)||/-P||,  *  =  1,2.  (6.8) 

7er 

(6.8)  together  with  (6.7)  completes  the  proof  of  Theorem  6.1.  ■ 

6.2.2.    Estimates  of  L-Positive  Approximation. 

Let  us  consider  the  sets  of  L7-positive  and  L7-negative  elements  from  F 
M+(L7)  =  {/  G  F:  (L7f)(x)  >  0  a.e.  on  OJ,      7  G  T, 
M~(L7)  =  {/  e  F:  (L^f)(x)  <  0  a.e.  on  OJ,      7  G  T, 

m±  =  pi  m±{l-i). 

7er 

Corollary  6.2.  7/  i/ie  family  of  operators  {i7}7er  satisfies  conditions 
(Al),  (A2)  then  for  every  f  G  M± 

EM±  (/,  B,  F)<(1  +  \\p\\F  sup  ||L7||  )£(/,  B,  E).  (6.9) 

7er 

Proof.  We  shall  prove  the  case  /  G  M+,  the  case  /  G  M~  is  similar.  If 
/  G  M+  then  according  to  Theorem  6.1  there  exists  Qi  £  5  such  that 
(£7<2i)(x)  >  (L1f)(x)  >  0  for  a.a.  lefi,  and  all  7  G  T.  Thus  Qi  G  M+ 
and  (6.9)  follows  from  (6.5).  ■ 

For  simplicity  all  the  further  results  of  the  chapter  will  be  formulated 
for  L-positive  approximation.  The  corresponding  results  for  L-negative  ap- 
proximation can  be  easily  reformulated. 

Let  L:  F  — ►  L00(Cl),  Q  C  Rm,  be  a  linear  bounded  operator  satisfying 
the  condition:  there  exists  p  G  B  such  that 

(Lp)(x)  >  1    a.e.  on  fl.  (6.10) 

We  put 

M{L)  =  {f  e  F:  (Lf)(x)  >  0    a.e.  on  il}. 
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The  next  result  evidently  follows  from  Corollary  6.2  for  a  single  operator. 
Corollary  6.3.  For  every  f  G  M(L) 

EM{L)(f,B,F)  <  (l  +  \\L\\  \\p\\F)E(f,B,F).  (6.11) 

Remark  6.4.  The  constant  in  the  right-hand  side  of  (6.11)  can  be  improved 
by  replacing  ||p||f  with  z  =  inf{||p||i?:  p  G  B,  (Lp)(x)  >  1  a.e.  on  Vt}. 

6.3     L-Positive  Approximation  in  Functional  Spaces 

This  section  contains  some  applications  of  Corollaries  6.2  and  6.3  to  L- 
positivc  approximation  in  functional  spaces. 

6.3.1.    Classes  of  Functions 

In  the  capacity  of  the  normed  space  F  we  shall  consider  the  space  Lp(il) 
and  the  Sobolev  space  Wp(ft),  1  <  p  <  oo,  with  the  norm  [274,  p.  122] 

II/IIW2(0)=    E    H^/I|lp(0). 
\a\<£ 

Here  Q  is  a  convex  closed  set  in  Rm;  a  is  a  sequence  (ai, . . . ,  am),  en  >  0, 
1  <  i  <  m;  |a|  =  Yh=i  au  a!  =  ai!  •  ■  •  am!;  Daf(x)  =  g^i.^L,,  |a|  <  ^, 
are  Sobolev  derivatives  for  1  <  p  <  oo  [274,  p.  121]  and  Daf  G  C(O)  for 
P  =  oo,  |a|  <  L  Thus  W*,(fi)  coincides  with  Ce(n). 

In  the  capacity  of  the  subspace  B  we  shall  consider  the  classes  of  alge- 
braic polynomials,  splines  and  entire  functions  of  exponential  type. 

Let  Vn.m  be  the  class  of  algebraic  polynomials  in  m  variables  and  of 
degree  at  most  n.  Let  S*[a,  b]  be  the  class  of  nonperiodical  spline  functions 
of  degree  n,  that  is,  S^[a,  b]  is  the  class  of  all  piecewise  polynomial  functions 
from  W^1[a1  b]  with  n  free  knots  of  degree  k. 

Let  Cm  =  Rm  +  iKm  be  the  m-dimcnsional  complex  space.  Assume  that 
V  is  a  centrally  symmetric  (with  respect  to  the  origin)  convex  body  in  Rm 
and  V*  is  the  polar  of  V. 

We  say  that  an  entire  function  f(z)  is  of  exponential  type  o~V  if  for  every 
e  >  0  there  exists  Ae  such  that  for  every  z  —  (z\, . . . ,  zm)  G  Cm  we  have 


\f(z)\  <  Ae exp    ct(1  +  e)  sup 
\  xev 


/      XiZi 


We  denote  by  Bay  the  class  of  all  entire  functions  of  exponential  type 
crV .  For  example,  if  V  is  the  cube  Q  —  {x  G  Rm:  |x,|  <  1,  1  <  i  <  m}  then 
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BuQ  coincides  with  the  class  Batm  of  entire  functions  of  exponential  type 
a. 

6.3.2.    L-Positive  Simultaneous  Approximation 

Let  Obea  convex  closed  set  in  Rm  and  let 

(L'f)(x)=     Yl     aa(x)Daf(x)  (6.12) 

h<\a\<v 

be  a  differential  operator  where  aa(x),  h  <  \a\  <  v,  are  functions  defined 
on  tt  and  satisfying  the  following  conditions 

(Bl)  there  exists  a0  =  (aj, . . . ,a^),  |a°|  =  h,  such  that  aaa(x)  >  0  or 
aao(x)  <  0,  x  €  O; 

(B2)  sup  \aa(x)/aaa  (x)  \  —  Ca  <  oo,  h  <  \a\  <  v. 

xen 

We  put 

M(L')  =  M(L',Ct)  =  {/  £  W^(fi):  (1/ /)(x)  >  0  a.c.  on  0}. 

Corollary  6.5.  Let  1/  satisfy  conditions   (Bl),  (B2)   and  Zet  a  subspace 
B  C  Wp  (O)  contain  xa    —  x11  ■  ■  ■  xTOm .  -ffere  1  <  p  <  oo,  t>  H,  where 

i  =  {   V"  if  p  =  oo 

^       |    [i/  +  m/p]  +  l,     if  1  <  p  <  oo.  \  ■     ) 

If  f  E  M(L')  then  for  every  P  e  B  there  exists  Q  £  B  n  M{L')  such 
that  for  all  a,  \a\  <  h  —  1,  and  /or  a  =  a0 

Pa(/  -  Q)\\Lp(n)  <CJ2  WD*(f  -  p)hp{n).  (6.14) 

\0\<H 

Here 

C  <  (1  +  Coia0!)-1    max    Ca||xa°||wM(n), 

and  Co  depends  only  on  m,  p,  v,  Q;  in  particular,  Co  —  1  for  p  =  oo. 
Moreover,  for  all  a  ^  a0,  h  <  \a\  <  £, 

\\Da(.f  -  Q)|Up(o)  =  \\Da(f  -  P)\\Lp{n)-  (6.15) 

Proof.  We  consider  the  operator 

(Lf)(x)  =  \aa«(x)\-1(L'f)(x)=      J2     (aa(x)/\aao(x)\)Daf(x). 

h<\a\<v 
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It  is  clear  M(L)  =  M(L').  Setting  p(x)  =  xa  sgn(aao(a;))/a°!  and  using 
condition  (Bl),  we  have  (Lp)(x)  —  1  on  f2,  that  is  L  satisfies  (6.10).  Fur- 
thermore using  condition  (B2),  (6.13)  and  the  embedding  theorem  for  the 
Sobolev  spaces  [274,  p.  124]  we  get  for  every  /  <E  W*(£l),  i  >  ii, 

\\Lf\\Loo{a)  <     £     Ca\\Daf\\Loo{a) 

h<\a\<v 

<  Co  (  max    Ca)  \\f\\w^a),  (6.16) 

where  Cq  is  the  embedding  constant. 

If  P  G  B  then  using  Theorem  6.1  for  the  single  operator  L  and  taking 
into  account  (6.6),  (6.16)  we  can  find  Q  €  B  n  M(L')  of  the  form  Q(x)  = 
P(x)  +  Cxa  ,  where  C  is  a  constant  such  that 

E   \\D(3{f-Q)\\Lp(n) 
\P\<n 

<  (l  +  Coiaol)-1    max    Ca\\xa° \\W.(Q))   ]T   \\D"(f  -  P)\\Lp(n). 

the  last  yields  (6.14)  and  (6.15)  follows  from  the  relations  DaQ  =  DaP, 

a  /a0,  \h\  <  \a\  <  £.  ■ 

Remark  6.6.  We  note  that  approximation  in  the  metric  of  Wp  (fl)  is  equiv- 
alent in  a  certain  sense  to  simultaneous  approximation.  In  particular,  the 
following  inequality  is  a  simple  consequence  of  Corollary  6.5. 

<  (l  +  Coia^.y1    max    Ca \\xa° \\w*m)  E(ftB,WJ(Sl)).  (6.17) 

Remark  6.7.  Corollary  6.5  and  inequality  (6.17)  hold  in  the  following 
cases: 

(a)  17  is  a  convex  body  in  Rm,  B  —  Pn,m,  n  >  h; 

(b)  n  =  R"\  p  =  oo,  h  =  0,  B  =  BaV- 

(c)  fl  =  [a,  b],  m  =  l,B  =  S*,k>e. 

In  many  cases  we  cannot  use  Corollary  6.5  or  inequality  (6.17).  For 
example,  if  m  =  1,  f2  =  [— 1, 1],  and 

(L"/)(.x)  =  (1  -  x2)d2f(x)/dx2  +  xdf(x)/dx,  (6.18) 
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then  L"  does  not  satisfy  both  conditions  (Bl),  (B2).  But  in  this  case  we 
can  use  the  following  result. 

Corollary  6.8.  Let  the  differential  operator 

(L"f)(x)  =  ]T  aa(x)Daf(x) 

\a\<v 

satisfy  conditions 

(CI)       sup     |aa(x)|  =  da  <  oo, 

0<|a|<i/ 

(C2)   there  exists  an  element  p  £  B  such  that  (L" p)(x)  =  1  a.e.  on  Q. 
Then  for  every  f  £  W^(il),  1  <  p  <  oo,  £  >  p,,  (where  p  defined  by  (6.13)), 

l(L") 


EMtL»){f,B,Wfo)) 


<     1  +  Co    max    da\\p\\wim  )E(f,B,W*(n)). 

The  proof  is  similar  to  that  of  Corollary  6.5.  For  example,  using  Corollary 
6.8  to  operator  (6.18)  and  p  =  x2 /2,  we  obtain  the  inequality  (/  £  M(L"), 
n>2), 

EM(L»)(f,Vn,i,Wl[-l,l})  <  {7/2)E{f,Vn,i,Wl[-l,l]). 

6.3.3.    Convex  Simultaneous  Approximation 

Let  J7  be  a  convex  body  in  Rm  and  let  M  be  the  class  of  convex  twice 
differcntiable  on  f2  functions. 

Corollary  6.9.  For  any  f  £  M  and  n  >  2  it  holds 

EM(f,Pn,m,Wl(il))  <  (l  +  \\p\\wun))E(f,Vn,n,Wl(n)),        (6.19) 


where  p(x)  =  (1/2)  \, 


xl 


Proof.  A  function  /  belongs  to  M  if  and  only  if  for  every  7  £  Rm,  I7I  =  1, 

(i7/)W=    £    ^w  >o,    xen. 

l<j,i<m  •* 

m 

It  is  clear    sup  ||£7||  <  1.  Then  setting  p{x)   =   (1/2)^  ^x\  we  have 

l7l=l  '  ~[ 

(L1p)(x)  =  1  for  every  7,  I7I  =  1,  and  any  x  £  0.  Thus  the  family  of 
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operators  {L7}|7|=1  satisfies  conditions  (Al),  (A2),  and  (6.9)  yields  (6.19). 

■ 

Some  Jackson  type  estimates  of  Em{$, T>n,m1  C(£l))  were  obtained  in 

[268]. 

6.3.4.  Subharmonic  Simultaneous  Approximation 

Let  M  be  the  class  of  subharmonic  twice  differentiable  on  fi  functions, 
where  fHs  a  bounded  domain  in  R™.  It  is  known  [184,  p.  41]  that  /  G  M 
if  and  only  if 

(^)W  =  £^p>o,    -e0- 


The  operator  L"  satisfies  conditions  (CI)  and  (C2)  for  p{x)  =  (1/2)  2, 


x? 


and  da  <  1,  \ce\  <  2.  Hence  the  following  result  is  a  consequence  of  Corol- 
lary 6.8. 

Corollary  6.10.  For  any  f  g  M  and  n  >  2  it  holds 

EM(f,Tn,m,Wl((l))  <  (l  +  \\p\\wim)E(f,Vntm,Wl(n)), 

m 

where  p{x)  ~  (1/2)  >    xi . 

A.S.  Shvedov  [269]~ proved  that  every  continuous  function  in  a  simply 
connected  domain  O  C  Rm  can  be  approximated  uniformly  on  compact 
sets  in  Q  by  subharmonic  polynomials. 

6.3.5.    L  Is  a  Convolution 

Let  J7  =  Rm  or  il  be  the  m-dimcnsional  torus  Tm . 
We  consider  the  convolution 


(Lf){x)  =   /   f(x-y)K(y)dy, 
Jn 

where  K  g  Li(Rm),  /  £  Ax>(Rm),  if  ft  =  Rm,  and  if  g  L9(Tm),  /  g 
Lp(Tm),  1/p  +  1/q  =  1,  1  <  p  <  oo,  if  ft  =  Tm. 

The  following  result  is  a  simple  consequence  of  Corollary  6.3. 

Corollary  6.11.  If  B  is  a  subspace  o/Lp(ft)  containing  all  the  constants 

and  7^  =   /   K(x)dx  ^  0,  then 


JO. 

EM{L)(f,B,Lp(Q))  <  (l  +  C\\K\\Lq{a)/\Tk\)E(f,B,Lp(n)). 
Herep  =  oo,  C  =  1,  if  ft  =  #m,  and  1  <  p  <  oo,  C  =  (2n)m/P,  if  Vt  =  Tm. 
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6.3.6.  5-Monotone  Approximation 

Let  6,  0  <  5  <  b  —  a,  be  a  fixed  number.  We  say  that  a  function  /  G  C[a,  b] 
is  (5-increasing  if 

f(x)  -  f  (7) 

(L7/)(x)  = ■ >  0   for  all  x,  7  G  [a,  6],  x  —  7   >  <5,  x  ^  7. 

x  —  7 

Let  M5  be  the  set  of  all  ^-increasing  functions.  In  particular,  Mq  is  the 
class  of  increasing  functions  on  [a,  b].  It  is  clear  Ms  D  Mq.  Equality  (6.2) 
shows  that  the  inequality 

EM(f,VnA,C[a,b})  <  CE(f,Vn,uC[a,b}),  (6.20) 

where  C  is  a  constant  independent  on  n,  is  not  valid  for  all  /  G  M  =  Mq. 
The  following  result  shows  that  (6.20)  holds  for  <5-incrcasing  functions,  <5>0. 

Corollary  6.12.  For  every  f  G  Ms,  6  >  0,  and  n  >  1 

EMs(f,Vn,uC[a,b])<(l  +  (b-a)/S)E(f,Vn,uC[a,b}).  (6.21) 

Proof.  Setting  for  7  G  [a,  b] 

07  =  {y  G  [a,  6] :  |7  -  y|  >  <5} 

we  have  that  L7  :  C[a,  b]  — ►  C(i77)  is  the  family  of  bounded  linear  operators 
with    sup    ||i7||  <  2/5.  Furthermore  the  function  p(x)  =  x  —  (b  —  a)/2 

7G[o,6] 

satishes  the  equality  (L7p)(x)  =  1,  7  G  [a,b],  x  G  [a,b].  Thus  {£7}7e[a.b] 
satisfies  conditions  (Al),  (A2)  and  (6.21)  follows  from  (6.9).  ■ 

Remark  6.13.  Corollary  6.12  can  be  easily  generalized  to  (5,  fc)-monotone 
approximation. 

6.4     Multidimensional  Jackson  Type  Theorems  for 
Simultaneous  Approximation 

This  section  contains  multidimensional  estimates  of  simultaneous  approx- 
imation by  polynomials  and  entire  functions  of  exponential  type  involving 
the  moduli  of  smoothness  of  arbitrary  order.  As  consequences  the  corre- 
sponding estimates  of  ^-positive  approximation,  where  L  is  a  differential 
operator,  will  be  given. 

Throughout  the  section  we  shall  use  the  definitions  of  V,  V*,  Vn,m,  Bay, 
W£(£l),  Da,  M{L',Q)  and  conditions  (Bl),  (B2)  given  in  6.3.1,  6.3.2.  We 
denote  by  C  various  constants  not  depending  on  essential  parameters  (like 
/,  n,  a  etc.) 

6.4.1.    Moduli  of  Smoothness 

For  a  measurable  function  /  defined  on  H,  C  Rm  we  put 
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Wfe,p(/,r)  =Wfc,p(/,r)fi  =  sup  ||At/||L  (nt) 

|t|<T 


sup 

|t|<r 


'fc 


s=0 


E(-i)*-r  /(x+««) 


Lp(fit) 


where  nt  —  {x  G  Rm  :  i  -  jt  e  O,  0  <  j  <  fc}  is  the  domain  of  definition  of 
the  fc-th  difference  A*.  In  particular,  when  /  G  Lp(Rm)  we  have 

^pC/»R"*  =  SUP  llAt/lli_(Rm)- 

\t\<T 

We  shall  need  the  following  properties  of  u>k,p{f,  t). 

(a)  for  fixed  /  G  Lp(Q)  the  quantity  u>k,P(f,  t)  is  a  nondecreasing  function 
of  r  defined  on  [0,  if]  where  H  =  d/k  and  d  is  the  diameter  of  O; 

(b)  for  fixed  t  the  triangle  inequality  holds 

Wfe,P(/i  +/2,t)  <  Wfe,p(/i,r)  +Wfe,p(/2,r),  /i,/2eLp(fi);      (6.22) 

(c)  for  any  A  >  0 

Wfe,P(/,  At)  <  (1  +  A)fewfe,p(/,  r);  (6.23) 

(d)  for  /  6  W^fi),  1  <  ^  <  fc,  and  r  >  0  there  holds 

Wfc,P(/,r)  <  m(/2rfmax^(^/,T),  (6.24) 

|P|      -c 

where  w0,p(/,r)  =  ||/||z,p(n); 

(e)  for  /  G  Lp(0) 

Wfc,P(/,  r)  <  2»'wfc_j,p(/,  r),     0  <  j  <  fc.  (6.25) 

Concerning  the  proof  of  properties  (a)-(e)  we  refer  to  [198,  277,  p.  103]. 

6.4.2.    Main  Results 

The  following  Theorems  6.14  and  6.15  are  Jackson  type  estimates  for  simul- 
taneous approximation  by  polynomials  and  entire  functions  of  exponential 
type. 

Theorem  6.14.  For  any  k  >  1,  £  >  0,  n  >  k  +  I,  and  f  G  W£(V), 
1  <  p  <  oo,  there  exists  a  polynomial  pn  G  Vn,m  such  that  for  every  a, 

0  <  |a|  <i, 

\\Da(f  -  Pu)\\lp(v)  <  Cu^l-Vax^^/^n-1).  (6.26) 

\p\  — £ 
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Theorem  6.15.  For  any  k  >  1,  £  >  0,  a  >  0,  and  f  G  W£(Rm),  l<p< 
oo,  there  exists  a  function  ga  G  Bay  such  that  for  every  a,  0  <  |a|  <  £, 

Pa(/-.9-)llLp(R-)  <  Cal^Vax^^/,,-1).  (6.27) 

Theorem  6.14  for  i  =  0,  p  =  oo,  and  Theorem  6.15  for  £  —  0  were  proved 
in  [168]. 

The  following  estimates  of  L-positivc  simultaneous  approximation  are 
the  simple  consequences  of  Theorems  6.14  and  6.15,  Corollary  6.5  and  Re- 
mark 6.7. 

Let  L'  be  differential  operator  (6.12)  where  aa,  h  <  \a\  <  v,  are  functions 
defined  on  V  C  Rm  and  satisfying  conditions  (Bl),  (B2).  Let  /x  be  given 
by  (6.13). 

Corollary  6.16.  For  every  f  E  W*(V)  n  M(L',V),  £  >  \x,  and  for  any 
n  >  k  +  £,  k  >  1,  there  exists  a  polynomial  Qn  G  Vn,m  l~l  M(JJ ',  V)  such 
that  for  all  a,  \a\  <  £, 

\\Da(f  -  Qn)\\Lp(v)  <  Cn^^-Vax^^^/,^-1) 

\p\  — £ 

where  s(a)  =  \x  for  \a\  <  h  —  1  or  a  =  olq,  and  s{a)  =  \a\  for  a  =/=  olq, 
h<  \a\  <£. 

The  close  result  for  m  =  2,  p  =  oo,  k  =  1,  and  V  —  [0,  l]2  was  obtained 
in  [14]. 

Let  L'  be  differential  operator  (6.12)  with  h  =  0,  where  aa,  0  <  |a|  <  v, 
are  functions  defined  on  Rm  and  satisfying  conditions  (Bl),  (B2). 

Corollary  6.17.  For  every  f  G  W^(Rm)  n  M(L',  Rm),  £>v,  there  exists 
a  function  ga  G  Bav  fl  M(L',  Rm),  a  >  0,  K  >  1,  such  that  for  every  a, 

\a\  <£, 

\\Da(f-g*)\\Loo{Rm)  <  Ca^-'m^cu^iD^la-1). 

\p\   ^ 

As  consequences  of  Theorems  6.14,  6.15  we  prove  the  existence  of  Steklov 
type  functions  which  are  polynomials  or  entire  functions  of  exponential 
type. 

Corollary  6.18.  For  any  f  G  Lp(V),  1  <  p  <  oo,  and  k  >  1  there  exist 
polynomials  Pn  G  Vn,m,  n  >  k,  such  that 

\\f-Pn\\Lp{v)<CLuk,p(f,Hn-1), 


max  ||^QPn||Lp(y)  <  Cnku;k.p{f,H 

\a\=k 


n-1) 


Corollary  6.19.  For  any  f  G  Lp(Rm),  1  <  p  <  oo,  and  k  >  1  there  exist 
functions  g„  G  Bay ,  a  >  0,  smc/i  fftaf 
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max  \\Dag4L,Rm)  <  ^^(/.a"1). 

|a|— k  pv         y 

First  we  prove  Theorem  6.15.  In  proving  Theorem  6.14  we  use  the  idea 
[168]  of  reducing  inequalities  like  (6.26)  to  inequalities  like  (6.27).  With 
that  end  in  view  we  construct  two  special  "bridges"  between  Theorems 
6.14  and  6.15.  First  of  them  is  an  estimate  of  best  polynomial  approx- 
imation of  functions  from  Bay.  The  second  one  is  an  extension  theorem 
preserving  moduli  of  smoothness  uniformly  in  r.  Finally,  using  these  results 
and  Theorem  6.15,  we  prove  Theorem  6.14  and  Corollaries  6.18,  6.19. 

6.4.3.    Proof  of  Theorem  6.15 

Let  d\  be  a  function  from  C°°(Rm)  with  a  support  supp  d\  c  (1/2) V, 
IMillL2(Rm)  =  L  Lct  us  set 

da{x)  =  a-mf2di{x/&);      la{t)  =  amdl(at)  =  %(t),  (6.28) 

where 

(p{t)  =  (27T)-™/2  [     <p(y)exp(-i(t,y))dy 

denotes  the  Fourier  transform  of  (p  G  L2(Rm). 
We  get  from  (6.28) 

7<r(*)>0;      \h4Ll(Rm)  =  1;  (6-29) 

—  A    /         ijliA  j2/j:\  jj  r<  ~— A 


\t\A1<7(t)dt  =  a-A  \t\Adi(t)dt  =  Ca-A,      A>0.  (6.30) 

Rm  JRm 

Let  us  now  consider  the  multidimensional  analogue  of  Korovkin  means 

[168,  277,  p.  258] 

9r(f,x)=  [     (I+(-l)r+1Art)f(xha(t)dt=  f     Dr(x-t)f(t)dt,  (6.31) 

where  /  is  the  identity  operator  and 

Dr(y)  =  J2(-'Ly-1s-m(r)l«(-y/s),     r>l.  (6.32) 


8=1 


We  need  the  following  properties  of  gr  (f,x). 

(1)  For  every  /  6  Lp(Rm),  1  <  p  <  oo,  the  function  gr(x)  —  gr(f,x)  e 
BaV  n  Lp(Rm).  This  fact  was  proved  in  [168]. 

(2)  gr{l,x)  =  1.  This  follows  from  (6.29)  and  (6.31). 

(3)  For  every  /  G  WJ;(Rm)  and  any  a,  |a|  <  £, 

gr(Daf,x)=Dagr(f,x).  (6.33) 
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To  prove  (6.33)  we  consider  a  function  ip  £  C°°(Rm)  with  a  compact 
support.  Using  (6.31),  (6.32)  and  the  definition  of  Sobolev  derivatives,  we 
have 

Dagr(f,x)ip(x)dx  =  (-1)|q|  f       f      Dr(x)f(x  -  t)Daip(x)dtdx 
Rm  JRm  JRm 


DJt)dt  I       Daf(x-t)(f(x)dx  =  gr(Daf,x)ip(x)dx. 

Rm  JRm  JRm 

Thus  (6.33)  is  proved. 

Using  (6.29),  properties  (l)-(3)  of  gr(f,  x),  properties  (6.23)-(6.25)  of 
moduli  of  smoothness  and  the  generalized  Minkowski  inequality  [274,  p. 
271]  we  derive  for  every  /  £  Wp(Rm)  and  arbitrary  r  >  0 

\\D*if-gk+l)\\Lp{Ir)  =  \\D«f-gk+e(D<*f,.)\\Lp{Rm) 

<(         LUk+l,p(Daf,t)llT(t)dt<LUk+e(Daf,T)    [        {l  +  \t\/T)k+tla{t)dt 

JRm  JRm 

<  Cre-^  maxWfc+|Q|!P(^/,r)  (l  +  r^k+^  J  ^  \t\k+lla{t)dt 

<  Ct"-^  mfflcWilP(^/,  r)  (l  +  r^k+^  J  ^  \t\k+ila{t)dt\  .       (6.34) 

Setting  t  =  (/Rm  \t\k+lla{t)dt)l,{k+l)  we  have  t  <  C/a  by  (6.30).  Thus 
(6.27)  follows  from  (6.34)  and  (6.23)  for  ga(x)  =  gk+t(f,x).  ■ 

6.4.4.     Polynomial     Approximation     of     Entire     Functions     of 

Exponential  Type 

Lemma  6.20.  Let  g  £  Bv*  n  Lp(Rm),  1  <  p  <  oo.  T/ien  /or  arbitrary 
q  E  (0,1),  k  >  1,  £  >  1,  n  >  k  +  £,  there  exists  a  polynomial  Fn  £  PniTO 
smc/i  i/iai  /or  every  a, 

\\Da(g-Fn)\\Lp{qnV)  <  C cxp(-bn)  max cjk^(D^g,l),  (6.35) 

Ipi    t 

where  b  >  0  is  independent  on  n  and  g. 

Proof.  In  [168]  showed  that  there  exist  polynomials  Fs  £  Ps,m,  s  >  k  +  £, 
such  that 

\\9  -  Fs\\c(gsv)  <  Cexp((-6,  s))uk+t,oo(g,  1),  (6.36) 

where  b\  >  0  is  independent  on  s  and  g  £  By*  (~lC(Rm).  Using  the  multidi- 
mensional Markov  type  inequality  [281]  we  obtain  from  (6.36)  for  n  >  k  +  £ 

\\Da(g  -  Fn)\\Lp(qnV)  <  Cnm/P\\Da(g  -  Fn)\\c{qnV) 
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<  On™'?    J2    \\Da(Fs-Fs+1)\\c{qnV) 


s— n+1 

ex; 


<C„WP-M   J2  (s  +  l)2lal\\g~Fs\\c{qsV) 


s— n+1 


<  C exp(-bn)ujk+ei00(g,l).  (6.37) 

Thus  we  have  from  (6.37)  and  (6.24) 

\\Da(g  -  Fn)\\Lp(qnV)  <  Cexp(-6n)maxwfc,oo(I>/?ff,l).  (6.38) 


\0\=e 

Furthermore,  A^ D13 g(x)  is  an  entire  function  of  exponential  type  d  for 
each  fixed  t  G  Rm  and  \(3\  —  £.  Here  d  is  a  diameter  of  V*.  Therefore,  using 
the  Nikolskii  inequality  for  functions  from  Bd,m  [277,  p.  235],  we  obtain 

ma,xu)k,oc(D^g,  1)  <  C  max.  u>k,P(D^  g,  1).  (6.39) 

Inequalities  (6.38),  (6.39)  yield  (6.35).  ■ 

6.4.5.  An  Extension  Theorem 

Lemma  6.21.  For  any  £  >  0,  k  >  1  and  p  G  [1,  oo]  there  exists  a  bounded 
operator  T:  Wp(V)  — *  Wp(Rm)  with  the  properties: 

(a)  Tf  -fe  Vk+l-i,m  on  V,  f  G  W^V); 

(b)  /or  any  r  G  [0,  diam  V]  and  0  <  s  <  £, 

m&xojk,p(DPTf,T)Rm  <Cmaxwfc,p(.D/3/,T)y.  (6.40) 

1/31=5  |/3|=s 

The  proof  of  the  lemma  is  based  on  several  lemmas.  First  of  them  is  the 
extension  theorem  of  Stein  [274,  p.  181].  We  denote 

|/|P)Slfi  =  max  HD'Vlli  (n). 

\0\=s 

Lemma  6.22.   There  exists  a  linear  operator  E  mapping  functions  on  V 
to  functions  on  Rm  with  the  properties: 

(a)  (Ef)(x)  =  f(x)  for  all  xeV; 

(b)  E  maps  W~(V)  continuously  into  Wp(Rm)  for  all  p,  1  <  p  <  oo;  and 
all  £  =  0, 1, . . .,  that  is, 

WEf\\Lp(Rm)  +  \Ef\P,e,Rm  ^  C(WfhP(v)  +  \fUv)-  (6-41) 
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The  next  lemma  considers  relations  between  functionals  and  moduli  of 
smoothness.  We  set  (£  >  0,  k  >  1) 

Ke,k(f,T)a=       inf      (|/  -  g\P,i,n  +  T\g\pk+t,n)- 

gew*+t(n) 

Lemma  6.23.  Ifil  is  an  open  convex  set  in  Rm ,  then  for  every  /  G  Wp(Q,), 
1  <  p  <  oo,  and  s  =  0, 1, . . .  ,£, 

Ciffa,fc(/,rfc)n  <  max^p(Daf,Tk)n  <  C2K2.k(f,Tk)n.  (6.42) 

|a|=s 

For  s  =  0  inequalities  (6.42)  were  proved  by  H.  Johncn  and  K.  Scherer 
[198].  The  proof  of  Lemma  6.23  is  similar  to  the  case  s  =  0. 

The  last  lemma  considers  estimates  of  polynomial  approximation  in  the 
Sobolev  spaces. 

Lemma  6.24.  For  every  h  >  1  there  exists  a  polynomial  operator  Ph  :  Lp(V) 
'Ph-i.rn,  1  <  P  <  oo,  such  that  for  any  f  S  Wp(V),  0  <  s  <  h, 

11/  -  Ph(f)hp(v)  +  1/  -  Ph(f)\P,s,v  <  C\f\p,,,v.  (6.43) 

Proof.  Let  /  G  Lp(V)  and  Ph(f)  G  Vh-\.m  be  a  polynomial  satisfying  the 
Whitney  type  inequality  [120,  198] 

||/-JW)Hmv)<cW/,i).  (6-44) 

If  s  =  ft  and  /  G  W^OO  then  (6.43)  follows  from  (6.44)  and  (6.24).  Let 
now  0  <  s  <  h  —  1.  Using  (6.44)  for  ft,  =  s  and  /  =  P/j  we  get 

||P},  -  Ps(Pft)||My)  <  Cu>s,p(Ph,  1).  (6.45) 

Applying  now  estimates  (6.44),  (6.45),  (6.22),  (6.24),  (6.25)  and  the 
Markov  type  inequality  [281]  we  derive 

|Pfc(/)|p,.,V  =  \Ph  -  Ps(Ph)\p,s,V  <  Cws,p(Ph,  1) 

<  C(wa,p(/,  1)  +  ||/  -  Ph\\Lp(v))  <  C\f\p,s,v-  (6.46) 

And  (6.23)  and  (6.46)  yield  (6.43).  ■ 

Proof  of  Lemma  6.21.  Let  E  be  the  bounded  extension  operator  from 
Lemma  6.22  and  let  Pk+e(f)  be  the  polynomial  operator  from  Lemma  6.24. 
We  claim  that  the  operator 

Tf  =  E(f-Pk+e(f)) 

is  the  desired  extension  operator.  It  is  obviously  Tf  —  f  G  Pk+i-i,m  on 

V,feLp(V). 
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Furthermore,  from  (6.41)  and  (6.43)  we  obtain  that  T  is  a  bounded 
operator  from  W*  (V)  into  W£ (Rm),  s  —  0, . . . ,  k  +  £;  moreover,  for  any 
f  e  W(V) 

\Tf\P,s,R">  <  C\f\P,a,v.  (6.47) 

It  only  remains  to  prove  (6.40).  Using  Lemma  6.21  and  (6.47)  we  get 

max  u>k,p(DaTf,T)Rm  <  CKs,k(Tf,Tk)R™ 

\a\=s 

<C        inf        (\Tf-Tw\      T,m+Tk\Tip\    ._,_   r>m) 

<C        inf        (|/  -  <p\p,8,v  +Tk\(p\Pik+s,v) 
vew*+s(V) 

<  CKs.k(f,Tk)v  <CmtxxukiP(Daf,T)v  ■ 

|a|=s 

6.4.6.    Proof  of  Theorem  6.14 

Let  /  e  W*(V),  1  <  p  <  oo,  and  let  /i  =  T/  e  W^(Rm)  be  the  function 
satisfying  properties  (a),  (b)  of  Lemma  6.21.  According  to  Theorem  6.15 
we  can  find  g  G  -B(n/2)v*  f~l  Lp(Rm)  satisfying  the  inequality  (|a|  <  £) 

\\Da(h  -9)\\Lp(tr)  ^  Cn^-1  ^ujKp{DP h,n-1).  (6.48) 

We  obtain  from  (6.48) 

maxwfci^o,^1)  <  Cmaxwfe„(L>/3fi,n"1).  (6.49) 

\P\=l  \fl\=l 

Furthermore,  the  function  gn(x)  =  g((2/n)x)  belongs  to  By*-  Therefore 
using  Lemma  6.20  for  q  =  1/2  we  obtain  that  there  exist  polynomials 
Fn  G  /Pn,m,  n  >  k  + 17  such  that 

\\Da(gn  ~  Fn)\\LMn/2)v)  <  C,exp(-&n)maxwfciP(L>/3g„,l).  (6.50) 

\p\       K. 

Setting  Gn(x)  =  Fn((n/2)#)  and  using  (6.49),  (6.50)  we  have 

\\Da(g      Gn)\\Lp{v)  =  (n/2)lQl-™/P||^Cg„  _  Fn)||ip((n/2)v) 
<  Cexp(— 6n)  max.  u)ktP(D^g,  n~  ) 

<  Cexp(— 6n)  maxwfeip(-D'3/i,n_1).  (6.51) 

\p\=z 

Finally,  setting  Pn  =  Gn  +  f  —  /i  we  get  from  estimates  (6.40),  (6.48), 
(6.51)  and  (6.23)  that 

\\Da(f  -  Pn)\\Lp{v)  <  \\Da(h  -  g)\\LpiBr)  +  \\Da(g  -  Gn)\\Lp{v) 
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<  Cn|a|-£(l  +  n^|a|cxp(-6n))maxwfe!p(L>/3.fi,n-1) 

6.4.7.    Proofs  of  Corollaries  6.22,  6.23 

Proof  of  Corollary  6.19.  Denoting  by  d  the  diameter  of  V  we  have 
Bay  C  B 'da. m-  In  the  further  estimates  we  need  the  Nikolskii  inequality 
[277,  p.  217]' 

WDa9\\Lp(ET)  <  M/2)|Q|l|Al9||Lp(Rm),5  G  Bda,mnLp(Rm),       (6.52) 

where  A^  denotes  a  mixed  difference  of  order  a,  A  =  (oi,...,o),  a  = 
tv /(2a);  and  the  Brudnyi  inequality  [120] 

\\*A9\\Lp(Rm)  ^  C"\a\,P(9,  W),     9  G  LP(Rm).  (6.53) 

We  obtain  from  Theorem  6.15  that 

ll/-^llip(R-)<Ca;fe)P(/,a-1).  (6.54) 

Using  (6.52),  (6.53),  (6.54)  and  (6.25)  we  derive 

max  \\D<*ga\\Lp(Rm)  <  Cak  max  ||A^||Lp(Rm) 

<  CakujktP(ga,a-1)  <  Cak(ujk,p(f,  a'1)  +  \\f  -  ga\\Lp(Rm)) 

<  CakuJKp(f,a-1).  ■ 


Proof  of  Corollary  6.18.  Let  /  £  Lp(V),  1  <  p  <  oo,  and  let  /i   e 

ip(Rm)  be  the  function  satisfying  properties  (a),  (b)  of  Lemma  6.21  for 
1  =  0.  Using  Corollary  6.19  we  can  find  g  E  Brn/2)v*  l~l  Lp(Rm)  such  that 

ll/i-5llip(R™)<Cwfc>p(/i,n-1),  (6.55) 

max  \\Dag\\L  (Rm.  <  Cnkukjl{fi,n-1).  (6.56) 

Using  Lemma  6.20  we  obtain  that  there  exist  Fn  G  Vn,m,  n  >  k,  such 
that  (6.50)  holds.  Putting  Gn(x)  =  Fn((n/2)x)  and  using  (6.55),  (6.56)  we 
get 


max  \\Da(g  -  Gn)\\L  <V)  <  C cxp(-bn)ivk,p(g,n   1)  <  Cu)k,P(fi,n   1). 

|a|— k 


.57) 
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Setting  Pn  =  Gn  +  /  —  /i  we  derive  from  (6.55),  (6.57)  that 

||/-^IUp(v)<^fc,P(./>-1). 

Furthermore,  taking  into  account  (6.56),  (6.57)  and  the  relations  DaPn  — 
DaGn,  \a\  =  k,  we  obtain 

max  \\DaPn\\Lp(v)  <  ms^(\\Dag\\     (Rm   +  \\Da(g  -  Pn)\\Lp(y)) 

\a\=k  \a\—k  pv         ' 

<  Cnfcwfc,p(/i. »-1)  <  CnkLoKp{j,  Hn-1).  ■ 


7 

About  Shape  Preserving  Weighted 
Uniform  Approximation 


Results  concerning  shape  preserving  weighted  uniform  approximation  on 
the  real  line  are  presented.  This  chapter  is  based  on  [74]. 


7.1     Introduction 

Shape  preserving  approximation  by  real  polynomials  of  real  variables  on 
the  compact  interval  [a,  b]  in  the  classical  non-weighted  Lp[a,  6]-norms  with 
0  <  p  <  oo,  is  a  well  developed  topic  in  mathematics  (for  a  comprehensive 
treatment  of  the  subject  see  for  example  the  book  [167]). 

But  studies  concerning  shape  preserving  weighted  approximation  on  the 
real  line  seem  to  be  almost  nonexistent.  An  interesting  rare  article  on  the 
topic  is  [220]. 

The  aim  of  this  chapter  is  to  show  that  the  so-called  L-positive  approx- 
imation method  developed  in  [75],  see  also  Chapter  6,  is  powerful  enough 
to  produce  new  results  in  shape  preserving  weighted  approximation. 


7.2     Shape  Preserving  Weighted  Uniform 
Approximation 

For  a  continuous  weight  function  w  :  R  — >  (0,1],  define  the  weighted  space 
CUR)  =  {/:R->K;/-   continuous  on  Rand     lim    f(x)w(x)=0}. 

x — >±oo 
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It  is  a  linear  space  endowed  with  the  norm  ||/||c„(R)  =  sup{w(x) |/(x)|;  x  G 
R}. 

Also,  for  any  r  G  N[J{0}  define  the  space 

Cr  (M)  =  {/  :  R  -f  R;  ,/(7)  e  C^R),  for  all  7  =  0, 1, ...,  r}, 

endowed  with  the  norm  ||/||c  =  max{||/^7^llc„(R)i7  =  0j  1;  •••;  rl-  Clearly 
wehaveC°(R)  =Ct0(R). 

In  all  what  follows  we  will  consider  the  exponential  (Freud)  weight 

wa(x)  =  e~'x^ ,  with  a  >  1. 

The  general  results  in  [75],  see  also  Chapter  6,  will  allow  us  to  obtain  in 
an  easy  way  shape  preserving  results  in  weighted  approximation.  Thus,  first 
we  obtain  the  following  results  in  simultaneous  shape  preserving  weighted 
approximation. 

Theorem  7.1.  Let  r  >  0  be  an  even  number.  For  any  f  G  C£,  (R) 
satisfying  f^'(x)  >  0,  for  all  x  G  M  and  j  =  0,  2,4,  ...,r,  there  exists  a 
sequence  of  polynomials  (Pn)n  with  degree  (Pn)  <  n,  such  that  Pn  (x)  >  0, 
for  all  x  G  M.,  n  G  N  and  j  =  0,  2, 4, ...,  r  and 

Wf-Pn\\crwa  <CEn(f,CZa(K.)),  forallneN, 

where  C  >  0  is  independent  of  n  and  f  and 

En(f:  C;a(R)):  =  inf{||/  -  P\\CrWa  ;  P  G  P„}. 

Proof.  If  we  fix  r  an  even  number  and  in  Corollary  6.2  here,  we  take 
L-y(f)  =  f(l\  7  -  0,2,4,  ...,r,  F  =  C£o(R)  and  define  p(x)  =  E^o  ^  £ 
C£,   (R),  then  we  immediately  obtain  the  conclusion  in  the  theorem.        ■ 

As  an  immediate  consequence  we  obtain  the  following  result. 

Corollary  7.2.  Let  r  >  0  be  an  even  number  and  f  G  CTW  (R)  satisfying 
f  ix)  >  07  for  all  x  G  R  and  j  =  0,  2,4,  ...,r.  There  exists  a  sequence 
of  polynomials  (Pn)neN  with  degree  (Pn)  <  n,  such  that  for  every  j  = 
0,  2, 4, ...,  r  we  have 

lim   \\P®  -  /w)||c„   (R)  =  0  a«d  P^x)  >  0,Vx  G  R. 

n — >oo  a 

Proof.  Taking  into  account  Theorem  7.1,  clearly  that  it  is  sufficient  to 
prove  that  for  any  fixed  even  number  r,  we  have 

lim  £„(/;C;jR))=0. 

n — >oo 

For  this  purpose,  let  us  denote  by  Qn  a  polynomial  of  degree  <  n  attached 
to  /  such  that 

\\f  -  Qn\\cWoi(WL)  ^CQ^    \\f  ~  Q\\cWot{m), 
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with  a  constant  c  >  1.  We  clearly  have  lirrin^oo  ||/  —  Qn||cM   (m)  =  0. 

But  according  to  a  classical  result  of  Freud  ([161,  Theorem  4.1])  (see 
also  for  example  [225,  p.  90,  Theorem  4.1.7]),  this  immediately  will  imply 
that 

lim   ||/Cfl  -  Q«)||c„o(R)  =  0,  for  all  l<j<  r. 

Since 

En(f;CrWa(R))  <  max  {]]/«  -  Q^\\cWa(R)h 

0<j<r 

passing  to  limit  with  moo  wc  get  the  desired  conclusion.  ■ 

Remark  7.3.  Given  r  G  N  and  /  with  f^  >  0  on  R  and  denoting 

Ern(f,CWa(R))  :=  inf{||/  -  P\\cWa(my,  P  &  Vn,  P{r){x)  >  0}, 

the  main  result  in  [220,  Theorem  1]  is  that  we  have 

lim  Ern(f,CWa(R))=0, 

n — >oo 

or  equivalently,  that  there  exists  a  sequence  of  polynomials  (Pn)™eN  with 
degree  (Pn)  <  n,  such  that  we  have 

lim   \\Pn  -  f\\Cw  (K)  =  0  and  P^(x)  >  0,Vx  e  R. 

It  is  clear  that  for  even  r  G  N,  Corollary  7.2  is  a  simultaneous  approxi- 
mation-type result  corresponding  to  Theorem  1  in  [220]. 

Now,  if  for  fixed  6  >  0  we  define  as  in  [75,  p.  483]  the  set  MS(R)  of  all 
(5-increasing  functions,  by  the  set  of  functions  /:!-»!  satisfying  the 
property 

fix)  -  fh)  ^  Q^  for  all       e  R  ,   _   ,  ^  s  x  , 

x  —  7 

applying  Corollary  6.3  here,  we  immediately  obtain  the  following. 

Theorem  7.4.  For  any  5  >  0,  /  G  CWa(R)f]Ms(R),  there  exists  a 
sequence  of  polynomials  (Pn)n  with  degree  (Pn)  <  Tl  smc/i  that  Pn  G  M^(]R) 
/or  all  n  £  N  and 

11/  -  P„||TOa  <  CEn(f;  CWa(R)),  for  all  n  G  N, 

where  C  >  0  is  independent  of  f  and  n. 

Remark  7.5.  1).  Theorem  7.4  is  the  weighted  correspondent  of  the 
non- weighted  approximation  result,  see  Corollary  6.12  here. 

2)  In  fact,  all  the  applicative  results  in  the  Sections  6.3  and  6.4  can  be 
re-written  in  the  weighted  approximation  setting,  at  least  for  Freud-type 
weights  of  one  or  several  variables. 


8 

Jackson-Type  Nonpositive 
Approximations  for  Definite  Integrals 


In  this  chapter  the  integral  of  a  function  over  a  finite  interval,  is  approx- 
imated by  Jackson-type  approximations  that  are  non-positive  linear  func- 
tionals.  Several  important  cases  are  treated,  in  which  approximations  are 
given  with  rates  by  using  higher  order  moduli  of  smoothness.  Real  appli- 
cations of  these  results  might  be,  e.g.,  in  Communications  and  Medical 
Imaging.  This  chapter  relies  on  [70]. 


8.1     Introduction 

In  this  chapter  we  construct  nonpositive  linear  functionals  that  approxi- 
mate the  integral  JQ  f(y)n(dy),  where  [i  is  a  probability  measure  on  [0, 1], 
with  the  order  0(wp+i(/;  ^)),  p  £  N  U  {0}.  These  linear  functionals  are 
sums  of  suitable  linear  combinations  of  the  integrals  of  dilated  translates 
of  /  over  successive  subintervals  of  [0, 1].  They  are  Jackson- type  general- 
izations of  approximants  arising  in  Statistics  and  introduced  in  [20] . 

The  chapter  has  been  motivated  by  the  interpretation  of  JQ  f(x)dx  as 
work  or  energy  from  physics,  and  especially  by  applications  in  Signal  The- 
ory (time- limited  and  band- limited  signals).  In  Communications  and  Med- 
ical Imaging,  for  example,  we  often  measure  work  or  energy  of  involved 
signals  approximately,  that  is,  by  measuring  work  or  energy  of  dilated 
translates  of  such  signals  over  successive  subintervals  of  the  main  finite 
interval,  for  example  [0, 1]. 
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8.2     Main  Results 

Let  p£NU  {0}  be  fixed  and  /:  [— p,p  +  1]  — >  R  be  integrable  on  [0, 1]  with 
respect  to  a  probability  measure  denoted  by  \x. 

By  using  the  classical  idea  in  approximation  by  trigonometric  polynomi- 
als which  produces  better  estimates,  we  introduce  the  integrated  sums 

n    p+1         -i. 

Rp+i,n(f)  =  ~X)X)n  /<_!  d*,k(f)(y)x[i^-^](y)v(dy) 

»=l  fe=i     ^-^r- 
where 

<M/)fo)  =  (-i)fe  (P  * X)  /^  /(»  +  *(«  -  y)Mdu) 

and 

These  are,  for  pgN,  nonpositive  linear  functions. 

Remark  8.1.  1)  For  p=0wc  obtain  the  so-called  sums-linear  functionals 
introduced  in  [20]. 

n 

2)  For  p  =  0,  Qp+i.n(f)  becomes  the  Riemann  sum  ^  E  /  (^),  which 

»=i 
means  that  Qp+i,n(/)  represents  in  fact  the  Jackson-type  generalization  of 
the  Riemann  sum  above. 

Next  we  mention  the  usual  (p  +  l)th  uniform  modulus  of  smoothness 
defined  on  the  interval  Ip  =  {—p,p  +  1]  by 

vP+i(f;5)iP  ■=  sup{\^ph+1f(x)\;x,x  +  (p  +  l)h  G  [-p,p+  1],0  <  ft  <  <5}, 
where 

Ari/(*)=E(p^1)(-i)fc-/(*+fc/»). 

; — n    V  / 


fc=0 


/I 


/„ 


Theorem  8.2.  If  holds 

(i)   i2p+i,„(/)  -  ^  f(y)n{dy)   <  lop+1  ( /;  -  )        V/i  e  N. 

(fi)  QP+i,n(/)  -  /   f(y)Kdy) 

Jo 
Proof,  (i)  We  observe  that 

«1  n        „  _L     p+l  n        „  _L 

flp+i,»(/)  ~  /     /(l/W<*v)    =   "  E  /,_!  E  n*i,k(f)(3/M<*u)  ~  E  ti  /(»)M«*I/) 

^0  „•_-!     ■/         -  7 1  „'_1     ^    — — — 


i  -v.  -i  (  /;  \  )    ■  v/>  e  n 


n        „ 


fc=i 
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p+i 


H(dy)    <^r      £  ndi,k(/)(l/)  - /(») 


(i(dy) 


»  I    \  (-l)fc  f  I  X)  f(v  +  k(u  -  y))n{dy)  -  n  I    '    f(y)^du)  ^{dy) 


e: 


[K+-yf(y)Hdu, 


H{dy) 


^  E™  L   L  |A^/(y)|M^)M<%) 


(y  +  k(u-y)  e  [-p,p+l],k  =  0,p+l,u,v  £  [0,1]) 

-En  A.!  /,_!  wp+i(/;lw-y|)/PM^«)MW  =:  (*)• 

i—  1  — n-      ~1T~ 

But  u,y£  [^"i  n]  i^^plics  |u  —  2/|  <  — ,  so  we  derive 

which  proves  (i). 
(ii)  We  obtain 


QP+i,n(f)  -  /    Iiv)^{dy) 


i=l 


p+1 


£(/;,i>i>f!1w!<Wr-. 


fc=i 


2      /      A|+_V/(y)^(^) 


< 


E 


^p+i  / 


/(l/)/i(d»)j 


H{dy) 


<  Up+i    /;  - 


which  establishes  the  theorem.  ■ 

Remark  8.3.  If  /  G  C'p+1[— p,p+  1],  then  the  order  of  approximation  of 
Jo  f(y)  V{dy)  by  Rp+1.n{f)  and  Qp+i,„(/)  is  O(^tt),  which  for  p  6  N 
big  enough,  cannot  be  obtained  by  the  Ricmann  sums  or  by  the  classical 
quadrature  formulas. 

We  now  consider  related  L1-results  for  Rp+i:1l(f)  and  QP+i,n(f)- 

Theorem  8.4.  Let  f  G  £*(R).  Then: 
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(i) 


Rp+iAf)  -  /   f{y)n{dy) 


<  2u>p+1     /;  - 


Vn  G  N,  where 


Lh 


ujp+1     f>  ~ 


t1/. 


sup\\\Al+1f(x)\\L^{m;0<h<- 


=  sup  \   /         \Aph+1f(x)\ii(dx);  0  <  h  <  - 

(ii)  IfAph+1f(y)  >0,Vh>0,ye  [-1,2],  tfien 

1 


Qp+iAf)  -  I  Iiv)Kdy) 

0 


< 


^p+1    / 


,    Vn  G  N. 


LV( 


Proof,  (i)  We  get 


Rp+iAf)  -  i   f(y)Kdy) 


(see  the  proof  of  Theorem  8.2) 


Z=l  Tl 


P+l 


£  ™M/)(w)  -  /(»)  Mdw)  =  E     /^  n  A-!  ^l/d/M**) 


/*(dj/) 


E 


i=l 

For  any  y  G  [^-,  ^] ,  it  holds 


i  K+-yf(y)v(du) 
AltlfivMdu) 


< 


Ai+_\f{y)n{du) 

\Al+_l  f(y)Hdu) 

1_ 

n  lA^1  f(y)Hdv] 


< 


L}.\i=±, 


L}.\i=±, 


L}.\i=±, 


•X[i=i,±](y)  /"(rfy) 

=:  (*). 

|ASli/(i/)|iu(d«) 

AS±i/(»)|A*(d« 

|AS+V(l/)l/i(dt; 


LM^ri 


y+T; 


LM^i, 


Uf^i, 


l|Att1/(l/)llii[i=i,±]Mdf)+  /      \\Ap+\f(y)\\Lli[i^^(dv) 


Therefore,  it  follows 
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(*)<»W      \\Ap_+v1f(y)\\Ll[0^(dv)+Jo     \\A^f(y)\\Lli[0A]f,(dv) 

<n\   I"  \\Ap+v1f(y)\\Lim^dv)+   [n  \\Apv+lf{y)\\Luv^{dv)\ 


<  2n  ["  \\AP+1f(y)\\Lli{mfi(dv)  <  2n  ■  -Up+1  (f;  - 
Jo  n  \     n 


LU 


which  establishes  (i). 
(ii)  Similarly,  we  obtain 

Qp+iAf) -  f  fivMdv)     =     El  [n  *±lf{vMdy) 

i—1  n 

On  the  other  hand,  we  have  —  <  y  +  — ,  which  implies  Ay[_  f(y)  < 
Aj_  f(y).  Indeed,  first  let  us  assume  g  6  Cp+1[0,p  +  2],  as  in  (ii).  Denote 
F(h)  =  Aph+1g(y),  (y  g  [0,1]  fixed),  h  g  [0,1].  By  F(h)  >  0,  Vh  >  0. 
Also,  by  g{k+1\y)  =  lim  (^# ,  we  obtain  g^1^)  >  0,  Vy  g  [-1,  2]. 
Furthermore, 

F'{h)  =  (p  +  l)Aphg'{y  +  h)  =  (p  +  l)hPg^  (£)  >  0 

(see,  e.g.,  [67,  p.  59-60]),  so  Ap^yg(y)  =  F  (i  -  y)  <  F  (±)  =  A|+13(2/). 

Also,  the  condition  A£+1/(y)  >  0,  V/i  >  0,  Vy  £  [-1,  2],  implies  forp  >  1 
that  /  is  necessarily  continuous  on  [0,p  +  2].  (If  p  =  0,  it  follows  that  / 
is  nondecreasing  and  the  theorem  was  proved  in  [20].)  Then,  denoting  by 
Bm(f)(y),  the  sequence  of  Bernstein  polynomials  on  [0,p  +  2],  it  is  well 
known  that  Bm  (/)(y)  >  0,  Vy  g  [0,p  +  2],  Vm  g  N,  so  reasoning  as 
above  (because  Bm(f)(y)  g  Cp+1[0,p  +  2]),  we  get 

A?±vBm(f)(v)  <  A|+1Bm(/)(y),     Vm  g  N, 
by  taking  g  :—  Bm(f).  Passing  to  the  limit  with  m  — ►  +oo,  we  easily  derive 

A|+_V(y)  <  A|+1/(j/),     Vye[0,l]. 
Hence 

(*)     <     Y,  /"   Ai+1/(2/)M%)  =  f  Ap?\f(y)^dy) 

=    ||Ai+1/(y)IUMo,i]  <  ||Ai+1/(y)llLi(R) 
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<  ^p+l     /;  - 
\      n 

which  establishes  the  theorem.  ■ 

Remark  8.5.  1)  If  in  the  formulas  of  i?p+ijn(/)  and  Qp+i.n(f)  we  substi- 
tute  L   by  J    and  —  by  a  -\ — —i,  then  we  easily  obtain  approximants  to 

the  integral  J   f  (u) n{du)  ■ 

2)  Let  us  assume  that  /:  [A,  B]  x  [— p,p  +  1]  — ►  M  satisfies  the  Lipschitz 
type  condition 

\f(t,u)-f(s,u)\  <M\t-s\,     Vs,t€[A,B],     Vu  <=[-p,p  +  l], 

where  M  is  independent  of  s,  t,  u.  Then,  let  us  define  Rp+\  n(f)-  [A,B]  — >  R 

by 

„1     n     p+1 

Rp+i,n{f){x)  =  -       y2y2ndi!k(f)(x,y)X[i=i  ±](y)lJ>(dy) 

Ja   i=ifc=i  '     " 

where 


di,k (/)(*,  J/)  =  (-if  (    fc   J  y^  /(*, y  +  fc(«  -  y))^(d«). 

Then  we  easily  obtain 

l«p+l,n(/)(*)--RP+l,n(/)(*)| 

-1     n     p+1  .  i. 

<M2p+1|i-s|,     for  alls,  te  [A,  B], 

i.e.,  Rp+itn(f)(x)  satisfies  a  kind  of  global  smoothness  preservation  prop- 
erty. The  same  property  is  valid  for  the  modified  expression 

QP+i,n(f)(x)  =  -J   EEM^ft  )fUy  +  k(^-y))x[±L±](yMdy). 


9 

Discrete  Best  L\  Approximation  Using 
the  Gauges  Way 


A  discrete  theory  is  presented  for  the  best  approximation  in  the  "gauges" 
sense.  This  chapter  relies  on  [8]. 


9.1     Introduction 

In  [249] ,  A.  Pinkus  and  O.  Shisha  introduced  novel  measures  of  size  ("  gauges" ) 
of  real  functions  of  a  real  variable,  continuous  on  [0, 1].  In  their  simplest  form, 
these  measures  can  be  described  roughly  as  follows.  If/  =  Othroughout  [0, 1], 
then  these  gauges  of/,  |||/|||  and  |||/|||^  areO.  Otherwise,  |||/|||  is  the  largest 
of  the  areas  of  the  (positive  and  negative)  humps  made  up  by  the  graph  of  / 
over  [0, 1],  while  |||/|||»  is  the  largest  of  the  sum  of  areas  of  consecutive  humps 
of  the  same  sign  (see  Definition  9.1  below).  Best  approximation  by  polyno- 
mials (or  other  Chebyshev  systems)  can  then  be  studied  with  respect  to  |  ■  | 
and  1 1 1  ■  1 1 1  „ .  The  main  point  is  that  doing  so,  we  can  imitate  successfully  the 
classical  Chebyshev  theory  of  best  approximation,  much  better  that  by  us- 
ing Lp  norms,  while,  at  the  same  time,  1 1 •  1 1  and  1 1 1 •  1 1 1„  are  basically  integral 
measures  of  functions,  a  feature  often  desirable. 

Such  a  continuous  theory  of  best  approximation  with  respect  to  1 1 1  •  1 1 1 
and  1 1 1  •  1 1 1  „  has  been  carried  out  in  [249] . 

In  this  chapter  we  present  the  analogous  discrete  theory  for  real  functions 
on  finite  subsets  of  [0, 1].  In  particular  we  prove  (Corollary  9.12),  that  given 
/,  continuous  in  [0,1],  an  integer  n  >  0  and  a  sequence  (-Ffc)fcLi  °f  finite 
subsets  of  [0, 1],  each  containing  0, 1  and  of  cardinality  >  n  +  2  such  that 
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the  maximal  distance  between  consecutive  points  of  Fk  — ►  0  as  k  — >  oo,  the 
following  relation  holds  (under  a  simple  condition): 

lim  min|||/-p|||F    =  min  |||/ -  p||| , 

k — >oo 

where  |||-|Hf    is  the  discrete  version  of   ||-|||,  and  where  the  minimum  on 
both  sides  is  taken  over  all  polynomials  p  of  degree  <  n. 

The  continuous  theory  of  [249]  has  been  further  developed  in  [219],  which 
contains  also  an  outline  of  a  discrete  theory  similar  to  this  chapter,  but  with 
some  of  the  proofs  left  out  and  with  the  underlying  discrete  gauges  different 
from  ours. 


9.2     Background 

We  recall  from  [249]. 

Definition  9.1.  Let  /  be  a  real  function  of  a  real  variable,  continuous 
in  [0,1].  We  put 

HI/HI   ("gauge  of/")   = 

max  i     /     /  (x)  dx    :  0  <  a  <  b  <  1,  /  (x)  >  0  on  (a,  6)  or  /  (x)  <  0  on   (a,  b)  I 

(see  Note  9.13), 

HI/HI,   ("star  gauge  of/")   = 
max  i     /    f  (x)  dx    :  0  <  a  <  b  <  1,  f  (x)  >  0  on  (a,b)  or  f  (x)  <  0  on  (a,  6)  I  . 

As  mentioned  in  [249],  |||-|||,  ||H||*  are  not  norms  over  C  ([0, 1]). 

Observe  that  the  definitions  of  |||/|||  and  |||/|||^  make  sense  also  if,  for 
some  0  —  xq  <  xi  <  ...  <  x.m  =  1,  /  is  a  real  function,  constant  on 
[xj,xj+i),  j  =  0,l,...,m-  1. 

Definition  9.2.  Given  a  finite  set 

F  :  0  =  xq  <  x\  <  ...  <  x.m  —  1    (m  >  1) 

and  a  real  function  /  defined  on  F,  we  denote  by  fp  the  real  function,  with 
domain  [0, 1),  which  equals  /  (xj)  on  [xj,  Xj+i),  j  —  0, 1, ...,  m  —  1,  and  set 

|F|=m  +  i,    |||/|||f  =  |||/f|||,    III/IIU  =  III/f|IL.        (9.1) 
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Observe  that  |||/|||F  and  |||/|||^F  are  independent  of  /(l)  but  it  is  still 
natural  to  associate  these  "gauges"  with  a  finite  set  including  1,  as  xm  =  1 
determines  the  interval  of  constancy  [xm-\,xm)  exactly  as  other  Xj  do 
(if  1  <  j  <  ™)-  Also,  one  can  consider  a  definition  of  |||-|||  and  |||-|||^ 
"symmetric"  to  Definition  9.2  where,  in  (9.1),  Jf{x)  =  /  (xj+i)  on  each 
{xj,Xj+i],  j  =  0,...,m-  1. 

(9.1)  clearly  implies 

m—l 

\\\f\\\F<  Ill/Ill^  <  E  \f(xi)\(xi+i-Xi)<™ax{\f(Xj)\:0<j<m-l}, 

3=0 

(9.2) 

|||/|||F     =     OifF/(ij)  =  01j  =  0,l)..,m-l,  (9.3) 

Ill/Hi^     =     0   iff  f{xj)  =  0,  i  =  0,l,...,m-l, 

II|c/|||f  =  lcl  •  1 1  l/l  I  \f  >        IIc/HLf  =  lcl  •   II/IILf      for  every  real  c. 
For  a  fixed  F,  |||-|||F  and  HHI^  do  not  always  satisfy  the  triangle  in- 
equality. Indeed,  let  F  =  (0,±,±,§,l),  let  /  =  1  on  F;  g  (0)  =  g  (±)  - 
.9(1)  =  1,  .9(|)  =.9(|)  =-|-  Then 

1 
4' 


III/IIIf  =  Ill/Ill^  =  i.    INIIf  =  IH<7|IU  = 


11/  +  *  =  IIIZ  +  sllU  =  v  >  IH/IIIf  +  III*  =  lll/IIU  +  III**.. 


9.3     More  Background 

If,  for  functions  /,  /i,  /2>  /3,  ••■)  we  have  /„  (a;)  — ►  /  (x)  on  some  F,  then  it 
easily  follows  that 

III/t.-/IIIf-o,    |||/n-/HLf  o; 

but  neither  of  the  statements 

lll/nlllF^IH/lllF.         HI/nllLf  lll/IIU 

is  valid.  Indeed,  let  F  =  (0,  ^,  |,  l)  and 

/(0)     =     /n(0)  =  /(|)=/n(|)=/(l)  =  /„(l)  =  l, 
/Q)     =     0,    /„Q)=  I;     n  =  l,2,.... 

Then 

/„  (x)  -  /  (»)      on  F,  (9.4) 
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but 


\Jn  I 1 1 F  ~^    n    '       1 1  •'  1 1 1 F  ~    o  " 


Also,  with  the  same  F,  /,  let  /„  be  modified  to 


Jn  [   „ 


— ,   n  =  l,2,.... 

n 


Then  (9.4)  but 


l/n|||*F  ~^    o    r     ll/lll*F  ~~    o" 


9.4     Basic  Result 

Theorem  9.3.  Let  /„  — ►  /  on  some  F.  Then 

\\\f\\\F<   liffi  \\\fn\\\F<   lim  \\\fn\\lF . 


(9.5) 


Proof.  The  last  inequality  follows  from  the  first  inequality  in  (9.2)  (applied 
to  /„).  The  first  example  of  Section  9.3  shows  that  the  first  inequality  in 
(9.5)  can  be  strict. 

To  establish  that  inequality,  let  e  >  0.  We  show  that  for  some  no, 

|||/n||  If  ^   I  l/l  I  If  ~  £     for  a11  n  ^  "o- 

We  may  suppose  /  (x)  ^  0  for  some  x  G  F  —  {1}.  Using  the  notation  of 
Definition  9.2,  let 


I./1I 


^2  f  (Xj)  {Xj+1  -Xj) 


]=r 


0  <  r  <  s  <  to, 


where 

/  (xr)  ^  0,     /  (xr)  f  (xt)  >  0      whenever  r  <  t  <  s. 

Choose  no  so  that 
fn{xj)f(Xj)  >  0,      \fn{xj)-f{Xj)\  <s;     j  =  r,r  +  l,...,s;  n  =  n0,n0  +  l, 


Then,  for  these  n, 

s  s 

\fn\\\F   >   ^2\fn(Xj)\  (Xj+l-Xj)   >  J2  l\f(Xj)\  -£]fe+l  -»j)    >     II/IIIf-£- 
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9.5     Main  Result 

Given  an  integer  n   >    0,  we  denote  by  irn  the  set  of  all  polynomials 
Sfe=o  akXk ,  a*;  real,  considered  as  functions  with  domain  (— oo,  oo) . 

Theorem  9.4.   Let  n  >  0  be  an  integer  and  let  F  and  /  be  as  in 
Definition  9.2.  Then: 

(I)  There  exists  a  p*  £  7rn  for  which    1 /  —  p*  \  \  \F  <  \  \  \f  —  p\  \  \F  for  every 
P  e  7T„. 

(II)  For  some  F,f,  (I)  becomes  false  if  |||-|||F  is  replaced  by    IHH^. 
Proof.  To  prove  (I),  we  may  assume  \F\  >  n  +  3.  For  otherwise,  we  can 
take  as  p* ,  Lagrange's  interpolation  polynomial  to  /  on  F  —  {1}. 

Call 

C  =  inf{|||/-p|||F:pe7rn}  (9.6) 

and  for  j  =  1,  2, ...,  let 


Pl(x)=J2^)xk  enn  (9.7) 


,<J')„,fc 

fe=0 

be  such  that 

\\\f-P3\\\F^C. 

Then  clearly  the  sequence  max  {\pj  (x)|  :ieF-  {1}}j  .?  =  1,  2, ...,  is 
bounded,  and  hence  by  representing  pj(x),  j  =  1,2,...,  as  its  own  La- 
grange's interpolation  polynomial  on  {xo,xi,  ...,xn},  we  see  that  for  every 
a,  b,  —  oo  <  a  <b  <  oo,  the  sequence  maxUpj  (x)|  :  a  <  x  <  b},  j  =  1,2,... 

is  bounded.  Hence  [234,  p. 56,  Corollary  2]  each  of  the  sequence  (ajf  ) 

V       /  j=i 

is  bounded.  Therefore  there  are  integers  1  <  hi  <  hi  <  ...  such  that,  for 
k  =  0, 1, ...,  n,  aj„       converges,  say,  to  a^.  Put 

71 

p*  (x)  =  y^afcxfc. 

fe=0 

By  (9.7),  for  every  x, 

Phj  (x)  ~>  P*  (x) 
and  hence,  by  Theorem  9.3, 

W\f-P*\\\F<C 

which,  by  (9.6),  yields  (I). 

To  prove  conclusion  (II),  let  F  =  (0,  \,  \,  | ,  l),  let  /  (0)  =  /  (\)  =  2, 
/  (i)  =  /  (1)  =  0  and  /  (|)  =  -2.  If  c  <  0,  then  |||/  -  c|||^  >  1.  If  c>  0, 
then  |||/-c|||^  >  \. 

In  particular,  for  n  =  1,2,...,  Ill/  —  ri_1|||  F  =  2_1  +  {An)~  .  Hence 
among  the  numbers  |||/  —  c|||+_p,  — oo  <  c  <  oo,  there  is  no  minimal.  ■ 
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9.6     Preparation  Results 

We  use  the  following  result,  essentially  well-known.  For  the  convenience  of 
the  reader  we  include  proof. 

Lemma  9.5.  Let  — oo  <  a  <  b  <  oo  and  let  /  be  a  real  function  of  a  real 
variable,  continuous  in  [a,  b],  for  which  the  set  of  x  G  [a,  b]  with  /  (x)  =  0 
is  finite.  Given  a<a<x<(3<b  with  /  (x)  —  0,  set  a  (a,  /?,  x)  =  2 
if  a  <  x  <  (3  and  /  "does  not  change  sign"  at  x,  namely,  there  is  S  >  0 
such  that  a  <  x  —  S  <  x  +  S  <  (3  and  either  /  (x)  >  0  throughout  /  = 
(x  —  5,  x  +  S)  —  {x}  or  f  (x)  <  0  throughout  /;  otherwise,  set  a  (a,/3,x)  =  1. 

Let 

a  <  d  <  c2  <  ...,  c„  <  b     (n>  2),  (9.8) 


and  let 

Then  there  are 

such  that 
and 


(-l)\f(cfe)>0,     fc  =  l,2,...,n.  (9.9) 


c\  <  x\  <  x2  <  ...  <  xm  <  cn     (m  >  1) 
f(xk)=0,     fc  =  l,2,...,m, 

m 

y]<r(ci,c„,Xk)  >n-l.  (9.10) 

fe=i 

Proof.  Observe  that  if  a  <  u\  <  a2  <  x  <  02  <  Pi  <  b,  f  (x)  —  0,  then 

er(ai,/?i,x)  >  a  (a2,  fa,  x)  ■ 

We  prove  Lemma  9.5  by  induction.  It  is  trivial  for  n  =  2. 
Let  N  >  2,  and  suppose  Lemma  9.5  is  true  whenever  2  <  n  <  N.  We 
prove  it  for  N  +  1 . 
Let 

a  <  C\  <  c2  <  ...  <  cN+i  <  b, 

(-l)\f(cfc)>0,     k  =  l,2,...,N+l. 

We  prove  (*):  the  existence  of 

c\  <  xi  <  x2  <  ...  <  xm  <  cn+i 

such  that 

/(»fe)  =  0,    i  =  l,2,  ...,m, 

and 

y^Q-(ci,Cjy+i,a:fe)  >  iV. 
fe=i 


9.7  Another  Main  Result         105 

By  the  induction  hypothesis  this  is  easily  seen  to  hold  in  case  /  (cjv+i)  = 
0,  or  /(cjv+i)/(cjv)  <  0.  As  /  (cjv+i)  /  (cjv)  <  0,  we  merely  need  to 
prove  (*)  when  /  (cn+i)  ^  0,  j  {cm)  —  0.  We  can  also  assume  not  all 
of  /  (ci ),...,  /  (c/v)  vanish.  So  let 

/  (tv)  ^  0,  /  (cr+i)  =  /  (cr+2)  =  ...  =  /  (cN)  =0,     2  <  r  +  1  <  N. 

If  (cr,cjv+i)  contains  a  zero  of  /  other  than  cr+i,cr+2,  ...,Cn,  then  (*) 
is  trivial  if  r  =  1  and,  otherwise,  follows  from  the  induction  hypothesis, 
using  it  for  n  =  r.  So  we  may  suppose  /  never  vanishes  in  U^=r  (cfe,Cfe+i). 
Also,  sgn/  throughout  (cr,  cr+i)  is  (—1)  .  We  may  suppose  that  it  is  (—1) 
throughout  (cfc,  C/t+i)  for  fc  =  r  +  1, ...,  N,  for  otherwise  <r  (ci,  cjv+i,  c^)  =  2 
for  some  r  <  k  <  N  and  again  (*)  would  follow  trivially  if  r  =  1,  and, 
otherwise,  would  follow  from  the  induction  hypothesis,  with  n  =  r.  How- 
ever, sgn/  cannot  be  (—1)     throughout  (cat,  cjv+i),  because  sgn/  (c/v+i)  = 

(-1)W+1- 

Corollary  9.6.  Let  — oo  <  a  <  b  <  oo  and  let  /  ^  0  belong  to  some 
7Tfc.  Suppose  (9.8)  and  (9.9).  Then  the  number  of  zeros  of  /  in  [ci,c„], 
multiplicities  counted,  is  >  n  —  1. 

This  follows  from  (9.10),  nothing  that,  for  k  =  1,2, ...,  to,  the  multiplicity 
of  Xfe  as  a  zero  of  /  is  >  a  (c\,  c„,  x^) . 


9.7     Another  Main  Result 

Theorem  9.7.  Let  n  >  0  be  an  integer  and  let  F  and  /  be  as  in  Definition 

9.2,  with  \F\  >  n  +  3.  There  is  a  unique  p*  G  7r„  minimizing  |||/  —  p\\\F 
among  all  p  G  7r„.  This  p*  is  characterized  by  the  following  property: 
(**)  There  are  integers 

0  <  Ul  <  Vl  <  u2  <  v2  <  ...  <  un+2  <  vn+2  <  to,    a  =  ±1  (9.11) 

such  that,  for  k  =  1, 2, ...,  n  +  2,  p*  G  7r„  satisfies: 

(-1)   (j[/(xj)  -p*  (a;j)]  >  0,    j  =  Uk,Uk  +  l,—  ,Vfc;  (9-12) 

(-l)fca^  [/(^)-P*(^)](^+i-^)>III/-P*IIIf-  (9-13) 


Remark  9.8.  The  second  sentence  of  Theorem  9.7  is  true  even  if  \F\  = 
n  +  2.  For,  in  that  case,  let  p*  be  Lagrange's  interpolation  polynomial  to  / 
onF-  {1},  and  let  p  G  irn  be  a  different  polynomial.  Then  by  (9.3), 

\\\.f-p*\\\F  =  0<\\\f-p\\\F. 
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Proof,  of  Theorem  9.7. 

(A)  Assume  the  property  (**)  of  the  theorem.  Let  p  G  7r„,  p  ^  p* . 
We  prove  |||/  —  p*|||_p  <  |||/  —  p|||_p-  Thus  p*  is  the  unique  element  of  7r„ 
minimizing  1 1  \f  —  p\  \  \F  among  all  p  G  7r„. 

Assume,  on  the  contrary,  1 1 1/  —  P*  1 1  |F  >  1 1 1/  —  Pi  I  If-  We  claim  there  exist 
u>k  satisfying 

Uk  <wk  <vk,      (-1)    <j\p{xWk)  -p*  {xWk)}  >  0;     k  =  l,2,...,n  +  2, 

which  implies  by  Corollary  9.6  that  the  number  of  zeros  of  p  —  p*  ^  0, 
multiplicities  counted,  is  >  n  +  1,  which  is  false. 

Suppose  our  claim  is  false,  and  let  k,  1  <  k  <  n  +  2,  fulfill 

(-1)   <j\p{xj)  -p*  (xj)]  <  0,     j  =  Wfc,Wfe+i,...,Ufe.  (9.14) 

By  (9.14)  and  (9.12), 

(-1)  ^[/fe)  --P(a;j)]>(-1)   <7[/(aJj)  -p*  (*j)]>0,    j  =  Ufc,ufe+i,...,t;fc, 
and  hence 

Vk 

(-!)fe  CT  J!  tf  (XA  ~  P*  (xi^  ^'+1  ~  x^  < 

Vk 

(-ita  Yl  if(xj)  -p(xj)](x3+i  ~xj)  <\\\f  -p\\\F<\\\f  -P*\\\fi 

j=uk 

contradicting  (9.13). 

(B)  Let  p*  G  7r„  minimize  1 1 1/  —  p\  \  \F  among  all  p  G  7rn  (existence  of  such 
p*  is  guaranteed  by  Theorem  9.4,  (I)).  We  shall  prove  (**)  of  the  theorem, 
which,  as  shown  above,  establishes  the  second  sentence  of  the  theorem.  We 
may  assume  /  —  p*  does  not  vanish  identically  on  F  —  {1}. 

A  maximal-definite  sequence  (mds)  is  a  sequence  of  integers  /  = 
(a,  a  +  1, ...,  b)  where  0  <  a  <  b  <  to,  satisfying: 

(i)  [f(xa)-p*(xa)][f(xb)-p*(xb)]^0; 

(ii)  a a  [f  (xj)  -  p*  (xj)]  >  0  for  every  j  G  I,  where  aa  =  sgn  [f  (xa)  -  p*  (xa)]  ; 

(iii)  a a  J2bJ=a  [/  (xj)  -  p*  {xj)\  (xj+1  -  Xj)  >\\\f  -  p*\\\F; 

(iv)  If  s,  t  are  integers,  0  <  s  <  a  <  b  <  t  <  m,  and  if  aa  [f  (xj  )  —  p*  (xj  )] 
>  0  for  every  s  <  j  <  t,  then  /  (xj)  —  p*  (xj)  =  0  for  every  j  satisfying 
s  <  j  <  t  but  not  a  <  j  <  b. 

mds's  are  easily  seen  to  be  mutually  disjoint.  There  are  clearly  integers 
a,  b;  0  <  a  <  b  <  to,  such  that 

b 
Va^lf  {Xj)  ~  P*  (Xj)](Xj+l  -Xj)  =  |||/-P*||LF 
j=a 

and  such  that  (i)  and  (ii).  Then  /  =  (a,a  +  1,  ...,&)  is  an  example  of  an 
mds. 
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Let  all  mds's  be  (ai,ai  +  l, ...,  61) ,  (02,  02 +  1, ...,  62) ,  ■•■,  (ar,  ar  +  l,...,br) 
where  0  <  a\  <  b\  <  02  <  62  <  •••  <  o-r  <  br  <  m. 

Let  a  =  —<7ai  and  let  r\  be  the  largest  j  for  which  aai  =  aa2  =  ...  =  aa . . 
If  n  <  r,  let 


'ori+i 


'S+i 


'"n+2 


'ar2  +  2 


=  0"ar2    =  <J  =  (-1)     <T, 

=  ■■■  =  o-a      =  -a  =  (-l)3er, 


°"ars_1+1        =       crars_1+2   =  •••  =  Vars    =  (-1)S  CT. 

If  n  =  r,  set  s  =  1.  Let 


Then 


uk  =  ark,    vk  =  br.k,    fc  =  l,2, ...,  s. 


0  <  Ml    <  fl    <  U2   <  «2    <   •••   <  Us   <  ws    <  Tl 


and  (9.12),  (9.13)  for  k  =  1,2,  ...,s.  Hence  (**)  will  follow  once  we  show 
s  >  n  +  2.  Suppose  s  <  n  +  2.  Set  yo  —  0,  ys  —  1.  If  s  >  1,  then  for  every 
k,  1  <  k  <  s  —  1,  we  define  j/fe  as  follows.  If  there  is  j,  brk  <  j  <  ark+i,  for 
which  /  (xj)  —  p*  (xj)  =  0,  take  the  smallest  such  j,  and  denote  by  y^  the 
corresponding  Xj .  If  there  is  no  such  j ,  put 

Uk  =  ^  [xbrk  +  xbrk+1j  .  (9.15) 

0  =  2/o  <  2/i  <  •••  <  Vs  =  1. 

s-1 

P  (x)  =  -(7  JJ  (j/fe  -  x)       (  =  -<7    if    s  =  1). 
fe=l 

If  1  <  j  <  s,  j/j-i  <  x  <  jVj,  then  sgnp  (x)  =  (— 1)J  o\  This  equality  holds 
also  if  yj-i  =  x,  j  =  1. 

We  show:  for  e  >  0  sufficiently  small  (to  become  clear  from  what  follows), 


Thus,  always, 
Call 


|||/-p*-ep|||F  <  W/-P* 

As  p  G  7r„,  (9.16)  contradicts  the  definition  of  p* 
Given  e  >  0  sufficiently  small,  let 


(9.16) 


|||/-p*  -ep|||F  = 


Yl  if  (XJ')  ~  P*  fe)  ~  £P  (xj)1  (^'H-1  ~  XJ') 


(9.17) 
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0  <  u  <  v  <  m,  where 

/  (xj)  ~  P*  (xj)  ~  £P(xj)  >   j  —  u,u+ l,...,v,    are  all   >0    or  all   <  0. 

(9.18) 

It  is  impossible  for  [xu,Xt,]  to  contain  a  y&,  k  >  1.  For  either  such  a  yk 
would  be  an  Xj,  u  <  j  <  v,  f  (xj)  —  p*  (xj)  —  0,  p  (xj)  =  0,  contradicting 
(9.18),  or,  by  (9.15),  we  would  have 


u  <brk  <  brk+1  <  v,     sgn 


f    [Xbrk)     ~P*     {Xbrk)         =    (-1)fe(T 


sgn 


f(xbrk+i)  -P*  (xbrk+i)}  =  (-l)k+1<? 


which  implies 


P      xbrk  I  -  £P\  Xbr 


+ 


sgn 


f  (Xb^)    -  P*    {Xbrk+l)    -  £P  (Xbrk  +  l) 


again  contradicting  (9.18). 
So  let 

J/fc-i  <  xu  <  xu+i  <  ...  <  xv  <yk 

where  1  <  k  <  s  and  where  yu-i  <  xu  if  k  >  1.  Observe  that  if  A;  <  s,  then 
v  <  aTk+i  while  if  k  >  1,  then  u  >  brk-\.  It  follows  that  if  (u,  u  +  1, ...,  v) 
is  a  subsequence  of  an  mds  (a,  a  +  1, ...,  6),  then  aa  =  (  —  1)    a. 
(a)  Assume 

sgn[f(xj)  -p*(xj)  -ep(xj)]  =  (-1)    <r,     j  =  u,u  +  1,  ...,u. 

Then,  by  the  above,  for  these  j, 

sgnlfix^-p'ixj)}  =  (-l)fc<T,     |/(ccj)-p*(xj)-ep(a!j)|  <  \f  (xj)  - p*  (xj)\ 

and  hence,  by  (9.17),  we  have  (9.16). 
(/?)  Assume 

sgn[f(xj)  -p*  (xj)  -ep(xj)]  =  (-l)fc+1er,     j  =  u,u  +  l,...,v. 

Then,  if  e  >  0  is  sufficiently  small,  for  j  =  u,  u+1, ...,  v,  sgn  [f  (xj)  —  p*  (xj)] 
is  (-l)fc+1cror  0.  Also 


Yl  if  (XJ')  ~  P*  (xj)1  (XJ+1  ~  xi) 


J=U 


<\\\f-p* 


IF  ■ 


(9.19) 


for  otherwise,  as  is  easily  seen,  (u,  u  +  1, ...,  v)  would  be  a  subsequence  of 
an  mds  (a,  a  +  1, ...,  b)  with  aa  =  (— 1)  c,  contradicting  our  statement 
preceding  (a).  But  (9.19)  and  (9.17)  imply  (9.16)  for  e  >  0  sufficiently 
small.  ■ 
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9.8     Conclusions 

Theorem  9.9.  Let  n  >  0  be  an  integer  and  let  /  be  a  real  function  of  a 
real  variable,  continuous  in  [0, 1].  For  k  =  1, 2, ...,  let 

Fk  :  0  =  4fc)  <  x[k)  <  -  <  4t(fc)  =  !.   m  (fc)  >  n  +  1, 
be  a  finite  subset  of  [0, 1]  with 

4  =  max  |  (a;^  -  zf })  :  0  <  j  <  m  (k)  -  l|  -►  0.  (9.20) 

After  Theorem  9.7  and  Remark  9.8,  given  k  >  1,  consider  the  unique 
p£  G  7r„  minimizing  |||/  —  p\\\F  among  all  p  £  jrn.  After  Theorem  3.1  of 
[249],  consider  the  unique  p*  G  7r„  minimizing  |||/  —  p|||  among  all  pe  7r„. 
Then 


11/ -Pill  <   lim   lll/-PfclllFfc<    lim  |||/-^Hk<|||/-p* 

k — >-oo  *•    *°° 


(9.21) 


9.9     Proofs 


In  proving  Theorem  9.9  we  shall  use  the  following  two  lemmas  (see  Note 
9.14). 

Lemma  9.10.  Assume  the  first  two  sentences  of  Theorem  9.9.  Then 

Ill/Ill  <   lim  Ill/Ilk  ^  J1™  Hl/llk  ^  J1™  III/HU  ^  HI/HI*  • 


k — >oo 


k — >oo  k — >c 


Lemma  9.11.  Repeat  the  first  three  sentences  of  Theorem  9.9.  Then 
the  sequence 

Hk  =  max{|p£  (x)|  :  0  <  x  <  1}  ,      k  =  1,2, ..., 

is  bounded. 

Proof,  of  Theorem  9.9.  For  k  =  1, 2, ..., 

IH/-Pfcllk<lll/-Pllk<|||/-p1IU; 

hence,  by  Lemma  9.10, 

lim   |||/-Pfc|||F    <    lim   |||/-p1||F    <  HI/  -pill, 
which  yields  the  last  inequality  in  (9.21).  ■ 
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For  a  real  function  g  of  a  real  variable,  continuous  in  [0, 1],  denote  by 
lo\  {g,  •)  the  first  modulus  of  continuity  of  g  (x),  0  <  x  <  1. 
Let  k  >  1.  We  prove  that 

\\\.f-pi\\\<28kMk  +  u1(f,5k)+u1(pl,Sk)  +  \\\f-p*k\\\Fk,       (9.22) 

where 

Mk  =max{|/(a;)  -p*k(x)\  :  0  <  x  <  1}  .  (9.23) 

Let 


l/-Pfelll  = 


(/-Pi) 


,     0  <  a  <  b  <  1,  (9.24) 


where  sgn  (/  —  p£)  is  constant  (±1)  throughout  (a,  6) . 
If  no  point  of  Fk  lies  in  (a,  &),  then  (9.24)  implies 

|||/-P*fe|||<M4 

and  a  fortiori  (9.22).  Thus  we  may  suppose 

x(uk)  <a<  x^  <  ...  <  xik)  <  b  <  x{v%      0<u<v<m(k). 
Then  (9.24)  yields 

(k)  (k)  > 

lll/-Pfclll=   r+1\f-Pl\+  fZ    \f~Pk\+  I \„\f-p%\<26kMk+ 

E  /l"[|/w-/HfcOI+kHfcVpKxHI+hH)-^(:c)l]d:c 

(an  "empty"  sum  means  0)  which  implies  (9.22). 

By  the  mean  value  theorem  and  A.  A.  Markoff's  inequality  [131,  p.  94, 
problem  4], 

Wi  (p*k,Sk)  <  2n24sup{^,j  =  1,2,...},      k  =  1,2,...  . 

By  (9.20)  and  Lemma  9.11,  the  first  three  summands  on  the  right  side 
of  (9.22)  ->  0  as  k  ->  oo.  Hence,  by  (9.22), 

Ill/-P*lll<   M  |||/-Pfc|||<   lim  |||/-Pfc|||^.  (9-25) 

k — >-oo  k — kx) 


9.10     More  Proofs 

Proof,  of  Lemma  9.10.  For  k  =  1, 2, ...,  let  /&  be  the  function  whose  graph 
is  the  polygon  P0    P^    ...P^/s,  where  P      is  the  point  (x-    ,  /  I  x-     1  1  in 
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the  x,  y  plane,  j  —  0, 1, ...,  m  (k).  By  (9.20),  /&  converges  uniformly  to  /  on 
[0, 1].  Also,  as  one  easily  sees,  for  k  =  1, 2, ..., 

IIIAIII<  Ill/Ilk  +4;     lll/IIU<IIIMII*+4/ 

where  e'k  ->  0,  e'^  ->  0.  By  [249],  Lemma  9.10  follows.  ■ 

Proof,  of  Lemma  9.11.  The  conclusion  is  obvious  for  n  =  0.  For  let 

p£(x)  =afc,     fc  =  1,2,...  . 

If  (Mfc)fcli  is  unbounded,  then  for  some  fc  >  1,  |/(x)  —  afc|  >  |/(x)|  and 
/  (x)  —  at  has  a  fixed  sign  throughout  [0, 1],  which  clearly  leads  to  a  contra- 
diction with  the  definition  of  p*k.  Suppose  n  >  0.  Let  fco  >  1  be  such  that 

if  k  >  fc0,  then  Sk  of  (9.20)  is  <  (40n2)^  .  We  prove  that,  for  all  k  >  fc0, 

fJ-k  <  2  (1  +  5n2)  M  (9.26) 

where 

M  =  max{|/(x)|  :  0  <  x  <  1}. 

Indeed,  let  k  >  fco  and  suppose  (9.26)  is  false.  Put 


Sk  =  jx  :  0  <  x  <  1,  y  <  |p£  (x)|  j 


Then  S^  is  open  and  hence  is  the  union  of  a  set  of  open,  disjoint  intervals. 
One  easily  sees  that  there  is  an  /  belonging  to  this  set  and  a  real  £  such 
that  \p'l  (£)  =  /ik  and  such  that  £  belongs  to  the  closure  of  /.  The  length 
d  of  I  must  be  >  (4n2)  .  To  prove  this  we  may  assume  I  ^  (0, 1).  Then 
/  has  an  endpoint  r\  with  \p*k  (i])\  =  ^-.  Observe  that,  throughout  /,  |p£|  is 
diffcrentiable,  being  nowhere  there  0.  By  the  mean  value  theorem  and  A. 
A.  Markoff's  inequality  referred  to  above,  for  some  <;  €  I, 

Mfc  [2  (£  -  n)}-1  =  MM^MM  =  ±pl>  (,) ,      |p-  (,)|  <  2nVfe; 

hence 

d>  |£-»?|  >  (4n2)_1. 

Since  k  >  kg,  I  must  intersect  .Ffc.  Let 

4fc)  <  4+1  <  -  <  4fc),     0  <  u  <  v  <  m  (k) 

be  all  points  of  Fk  fl  /.  Then  xv     —  xu     >  (5n2)      ,  for  otherwise  either 

xu     —  xu-i  or  xv+i  ~  xv     would  be  >  (40n2) 
For  j  =  u,  u  +  1, ...,  u,  we  get 


/  (*H -•*(«?>)  I  ^Wl-k^) 


> 
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>  5n2M 


and,  as 


(l  +  5n2)M-|/(xf) 


„W 


Pk  [Xj 


sgn  pk  I  xjfc))  =  sgn  p£  (a;£fe)  J  , 


one  has 


sgn 


f(4])-pt(^) 


-sgn  pk 


(4fc)) 


Hence 


iiz-^iik^Ek^^-"1^1" 


xj       -Pk[Xj 


x<%-xW)>U 


mie  —  1 


> 


E|/K})  I  (^i-^)^""^ 


j'=o 


contradicting  the  definition  of  pk . 


9.11     Final  Conclusions 

Theorem  9.9  implies 

Corollary  9.12.  Using  the  hypothesis  and  notation  of  Theorem  9.9,  if 

lll/-P*lll  =  lll/-P*IIL,  (9-27) 

then 


lim  |||/-Pfc|||F   = 

k— »oo  K 


-p 


On  the  other  hand,  if  (9.27)  fails,  then  |||/—  pjil|||F  may  diverge  as 
k  — >  oo,  as  the  following  example,  with  n  =  0,  shows. 

Consider  the  figure  consisting  of  a  plane  coordinate  system,  the  lines 
y  =  8  and  y  =  —  8,  and  the  graph  of  a  function  y  —  f  (x),  made  up  of  the 
non-horizontal  sided  of  four  isosceles  triangles.  For  k  =  1, 2, ...,  let 


^l°'PP 


fc-1 


1 


so  that,  as  is  easily  seen, 
Also 


Pt  =o. 


lim  \\\f-ptk\\\Fk=\im  111/111^=1 

K— »00  K — *00 
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while 

lim  |||/-p2fe+1|||  =   lim    1 1/| 1 1 F        =2 

k — *00  4A.-  +  1  ^ — >OQ  tre-t-± 

so  that  1 1 1  /  —  Pfe  1 1 1 F    diverges. 

Note  9.13.  Observe  that  0  always  belongs  to  the  set  whose  maximum 
is  taken  (consider  0  <  a  =  b  <  1).  If  /  (x)  =  0  throughout  [0, 1],  then  0  is 
the  unique  element  of  this  set  and,  so,  |||/|||  =0. 

Note  9.14.  The  first  inequality  of  Lemma  9.10  is  not  used. 


10 

Quantitative  Uniform  Convergence  of 
Smooth  Picard  Singular  Integral 
Operators 


In  this  chapter  we  study  the  smooth  Picard  singular  integral  operators  on 
the  line  of  very  general  kind.  We  establish  their  convergence  to  the  unit 
operator  with  rates.  The  estimates  are  mostly  sharp  and  they  are  pointwise 
and  uniform.  The  presented  inequalities  involve  the  higher  order  modulus 
of  smoothness.  To  prove  optimality  we  apply  mainly  the  geometric  moment 
theory  method.  This  chapter  relies  on  [34]. 


10.1     Introduction 

The  rate  of  convergence  of  singular  integrals  has  been  studied  earlier  in 
[163],  [164],  [231],  [16],  [69],  [68]  and  these  motivate  this  chapter.  Here  we 
consider  some  very  general  operators,  the  smooth  Picard  singular  integral 
operators  over  R  and  we  study  the  degree  of  approximation  to  the  unit 
operator  with  rates  over  smooth  functions.  We  prove  related  inequalities 
involving  the  higher  modulus  of  smoothness  with  respect  to  ||  •  ||oo.  The 
estimates  are  pointwise  and  uniform.  Most  of  the  times  these  are  optimal  in 
the  sense  that  the  inequalities  are  attained  by  basic  functions.  We  apply  the 
geometric  moment  theory  method  to  give  best  upper  bounds  in  the  main 
theorems  and  also  we  give  handy  estimates  there.  The  discussed  operators 
are  not  in  general  positive. 

Other  motivation  comes  from  [12],  [13]. 
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10.2     Results 

In  the  next  we  study  the  following  smooth  Picard  singular  integral  operators 
Pr^(f;x)  defined  as  follows. 
For  r  £  N  and  n  £  Z+  we  put 

(-iy-jQrn,  j  =  i,...,r, 

(10-1) 

r 

that  is  5Z  aj  =  1.  Let  /:  R  — >  M  be  Lebesgue  measurable,  we  define  for 

3=0 

i£l,(>0  the  Lebesgue  integral 


«*<*.)=- 5- 


%  J1  ( E  «>/(* + *> )  e~"l/f<ft      <10-2> 

We  suppose  that  Pr^(f;  i)el  for  all  i£l.  We  will  use  also  that 

Pr,*(/;aO  -  ^E^  (/"  /(»+ j*)e-l*l/«(ft)  .  (10.3) 

We  notice  by  i  X^,  e_'*'/^dt  =  1  that  Pr,|(c,  a;)  =  c,  c  constant  and 
Pr,c(/;x)  -  /(*)  =  1 £>  (/ °°Jf(*  +M     /(*))e-|t|/€dt)  .    (10.4) 


Since 


:x 


—  oo 


,    .  ,    ,     _  j    0,  fcodd, 

2k\,         k  even, 


*-e-'-'dx=  "l,     :::::  (^ 


we  get  the  useful  here  formula 


DC- 


tke-^dt  =  (   °'k+1  \  °dd'  (10.6) 

[   2fc!£'t+i,         fc  even.  v        ; 

Let  /  £  C™(R),  n  G  Z+  with  the  rth  modulus  of  smoothness  finite,  i.e. 

vr(f(n\h)  :=  sup  ||Af/W(a:)||oo,x  <  oo,    h  >  0,  (10.7) 

|t|<h 


where 


A[/(")(x)  :=^(_l)r-JYr,\/(n)(a.+it)j  (10.g) 

i=o  ^ 
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see  [143],  p.  44. 

We  need  to  introduce 


5k:=^2a:jjk,      fc  =  l,...,neN, 


and  the  even  function 


with 


f1*1  (\t\  -w)™-1  ,  N 

Gn(t):=  v,     cjr(/W,w)d«;,      neN 


G0(*)  :=  Wr(/,  |*|),      *e 


Denote  by  |_-J  the  integral  part. 
We  present  the  first  result 

Theorem  10.1.  It  holds  that 


LfJ 


Pr,w)  -  /(*)  -  E  /(2m)(*)<w2ro 


In  L.H.S.(10.12)  the  sum  collapses  when  n  =  1. 
Proof.  By  Taylor's  formula  we  get 


(10.9) 


(10.10) 
(10.11) 


1    f00 
<   -  /      G„(i)e-*/€di,     neN.         (10.12) 
?  Jo 


/(* + ;*)  -  E  ^(^)fe  +  jf  {J0^f{n)^  +  *)* 


o      (n-l)! 


f(n\x+jw)dw.  (10.13) 


Multiplying  both  sides  of  (10.13)  by  ctj  and  summing  up  we  obtain 


"fcT 


£aj(/(z  + ji)  -  /(*))  =  E  ^Ti     ****  +  ^,(°.*).  (10-14) 

3=0 


where 


with 


fe=i 


Kn(0,t):=  ft(t      Wyilr(w)dw, 
Jo      (n-l)! 


»  i^Ojf/Wfi  +  itj)  -  *n/(n)(x). 


(10.15) 
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Notice  also  that 

-|>ir'Q  =  (-irQ.  (io.i6) 

According  to  [16],  p.  306,  [12],  we  obtain 

T(w)=Arwf{n)(x).  (10.17) 

Therefore 

\T(w)\<Ur(fln),\w\),  (10.18) 

all  w  6  K  independently  of  x.  We  do  have  after  integration,  see  also  (10.4), 
that 


P^(/;*)-/(x)    =    Y$J 


E^4^  U°°Jke~imdt)  +7^(10-19) 


fc=i 

where 

1     f°° 
K*n:=—  TZn{07t)e^^dt.  (10.20) 

^S  J-oo 

Here  by  (10.10)  and  (10.15)  we  get 

f1*1  (\t\  -  w)™-1 

\Kn(0,t)\<         ±1 ^-\T(sign{t)w)\dw<Gn(t).  (10.21) 

Jo         [n-iy. 

Hence  by  (10.20)  we  hnd 

1      C°° 

\K\    <    yJ     G»(t)e-we<tt 
i   f°° 

=     -  /      Gn(t)e-*Kdt.  (10.22) 

?  Jo 

Using  (10.6)  we  obtain 

LfJ 

PrAf;  s)  -  /(*)  -  E  /(2m)(z)<52m£2m  -  K-  (10-23) 

m— 1 

Inequality  (10.12)  is  now  clear  via  (10.23)  and  (10.22). 
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Finally  we  would  like  to  prove  (10.21)  with  the  use  of  (10.18).  We  have 
that  for  t  >  0  it  is  obvious.  Let  t  <  0,  then 


\nn(o,t)\ 


0  (t    H""1  ,  u 

—T(w)aw 


(n-1)! 


< 


°(!£zi)rl|rM^<n-t-(-Tr^r(/M 


(n-1)! 


(n-1)! 


i«|)(iw 


or  ^^^r*^ -h«-) 

-i—  Wr(/W    |0|)d0 


o   (_t_pv,-l 


o  (n-1)! 

|t|   (U\  _  f)\n—l 

m    ur(f{n),9)M  =  Gn(t). 

(n  —  1)! 


The  last  completes  the  proof  of  Theorem  10.1.  ■ 

Corollary  10.2.  Assume  wr(/>£)  <  °°;  £  >  0.   TTien  if  holds  for  n  =  0 


1    f00 
l^r,c(/; *)-/(«)!  <  7  /      Mf,t)e~mdt.  (10.24) 

4  Jo 


Proof.  We  observe  that 


Pr^(f;x)-f(x) 


£  f/~  (E("1)r_j  (  ■)  (/(*  +  3t)      /(*)))  e-|t|/?rfi 


r-3 ( •)/(*+ j*) 


X:(-l)^QJJ/(x)Je-l*l/^t 
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(10.16)       1 


^(£(i>i>-(>+^ 

+  (-l)r(j)/(*))e-"l/s*) 
"i"1     1  (I"  «A«V)W)e-l'l«<s)  . 


I.e.  we  have  proved 


Hence  by  (10.25)  we  derive 

1      Z"00 
|Pr,?(/;x)-/(x)|     <     -J      \ArJ(x)\e-^dt 

1      Z"00 
"     2~J_C   "r(f,\t\)e-]mdt 


(10.25) 


OC 


1  f°° 

=    -  I     Ur(f,t)e-W*dt. 

That  is  proving  (10.24).  ■ 

Inequality  (10.12)  is  sharp. 

Theorem  10.3.  Inequality  (10.12)  at  x  =  0  is  attained  by  f(x)  =  xr+n , 
r,  n  G  N  with  r  +  n  even. 

Proof.  As  in  [16],  p.  307,  [12],  [265],  p.  54  and  (10.7),  (10.8)  we  obtain 

u)r(f{n\t)  =  (r  +  n)(r  +  n  -  1)  •  •  •  (r  +  l)rltr , 

t  >  0.  And 

Gn(t)  =  r\\t\r+n,      f£f. 

Also  we  have  f^k\0)  =  0,  k  =  0,1,..., n.  Thus  the  right  hand  side  of 
(10.12)  equals 

-  \     ir+ne-*/€dt  =  r\(r  +  n)!f +".  (10.26) 

?  Jo 
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The  left  hand  side  of  (10.12)  equals 


l^(/;0)|      = 


2i 

1 

2? 

1 

2? 

1 

2? 

1 
2? 

1 
2? 

(10.6)         1 

2? 


/~  (i>/o'*)j  e-|t|/£* 


Kj=o 
(A^r)(0)  /      ir+ne-|t|/£dt 

J  —  CO 

/CO 
f+«e-l*l/«^ 
-co 

r!2(r  +  n)!fr+n+1|  =  r!(r  +  n)!f+". 


I.e.  we  have  established 


|Pr,s(/;0)|=r!(r  +  n)!r+". 


(10.27) 


Thus  by  (10.26)  and  (10.27)  we  have  established  the  claim  of  the  theorem. 
Inequality  (10.24)  is  sharp.  ■ 


Corollary  10.4.  Inequality  (10.24)  *s  attained  at  x  =  0  by  f(x)  =  xr;  r 
even. 


Proof.  Notice  that  A[xr  =  r!ir  and  ojr{fn\t)  =  r!ir,  f  >  0.  Thus 


R.H.S.(10.24)  =  -  /      tTe~mdk  =  {r\)2C- 
?  Jo 
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Also  /(0)  =  0.  Therefore 


L.H.S. (10.24) 

= 

\Pr, 

«(/;0)|  =  ^ 

J  —  ex. 

fe° 

,jrf  ]e-l'l/«dt 

= 

1 

2? 

/•GO       /       r 

/    5>1)r~ 

'Y'V  J  fe-l'l/«dt 

= 

1 

2? 

J  —OO 

2-|*l/«dt 

= 

1 
2? 

/•CO 

r!  /       ire^l*l/?di 

J  —  OO 

(10.6) 

1 

r!2r!f+1|  =  ( 

H)2i 

r 

That  is  (10.24)  is  attained.  ■ 

Remark  10.5.  On  inequalities  (10.12)  and  (10.24).  We  have  the  uniform 


estimates 


LfJ 


Pr,df^)-f(x)-J2f{2m)W§^2 


1      f°° 

<  -  /      G„(*)e~*/Cdi,n  e  N, 
s  Jo 


and 


1     Z"00 
||Pr,c(/)  -  /Hoc  <  7  /      Ur(f,t)e-^dt,    n  =  0. 
?  Jo 


(10.28) 
(10.29) 


Remark  10.6.  The  following  regards  the  convergence  of  operators  Pr^. 
From  (10.10)  we  have 

f\t\   (U\  _  v,\n-l 

Gn(t)  <  Wt.(/W,  |i|)  /      iH i— dw, 

Jo         (n-1)! 


G„(i)<^r(/("),|i|). 

Furthermore  from  (10.28)  and  (10.30)  we  obtain 

1     f00  1       f00 

-         Gn(t)e-^dt  <  —         tnur{f^\t)e-*^dt. 

?  Jo  ?"!  Jo 

That  is  from  (10.28)  we  get 


A'i 


LfJ 


^(/^l-JW-^/MfxlU 


1       Z"00 
<     — -  /      fW/W.tJe-*/**,    neN. 
£™  Jo 


2/;; 


(10.30) 


(10.31) 


(10.32) 
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Using  LUr(f(n\t)  <  tr|l/(r+n)lloo,  t  >  0  wc  find 


ll/(r+")|loor+r(»+r)!  =  (n(n+*))  ii/(r+ri)iur 


+  r 


I.e. 


±-J°° t^rif^^e-t/Zdt  <  (f[(n  +  i)  J  ||/(r+")||cor+r.       (10.33) 
That  is  for  /  e  C"+r(IR)  we  have 

r 

^i<n(n+i)n/(r+n)n^n+r'  neN-      (io-34) 

Here  is  assumed  that  ||/('r+™-)||oo  is  finite. 
One  may  use  also  that 

Wr(/(n),*)<2r||/(n)||oo. 

Then 

i         poo  or  II  f(n)  II  roc 

=     2r||/(n)||oof-  (10-35) 

That  is 

^i<2r||/(")|Ur,     neN.  (10.36) 

Here  is  assumed  that  ||/(-™-)||oo  <  oo.  Clearly  from  (10.34)  or  (10.36),  given 
that  ||/'2m-)||  <  oo,  for  m  =  1, ...,  [§J  ,  as  £  — >  0  we  obtain  that  Pr.£  — > 
unit  operator  /  pointwise  as  £  — >  0  with  rates,  n  G  N. 

Next  using  ur(f,Xt)  <  (A  +  l)rwr(/,i),  A,i  >  0,  we  get  from  (10.29) 
that 

/■OO 

=     ujr (/,<£)  /      (l  +  w)re-Mdu 


" 

T         / 

r 


■c-olEU* 


Vfe=0 
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That  is,  we  find  for  the  case  n  =  0,  sec  (10.29),  that 

\\PrAf)  -  /lloo  <    (J2  Qfc!)  «»■(/,  0-  (10-37) 

Here  is  assumed  that  wr(/,  £)  <  oo.  Now  as  £  — >  0  we  obtain 
Pr>£  — >  J  with  rates,  n  =  0. 

Note  10.7.  The  operators  Pr_£  are  not  in  general  positive  and  they  are  of 
convolution  type. 

Let  r  =  2,  n  =  3.  Then  aQ  —  23,  ai  —  -2,  a2  =  §•  Consider  f(t)  =  t2  > 
0  and  x  =  0.  Then 

Pr,e(i2;0)  =  -3£2  <0. 

Next  using  Geometric  Moment  theory  methods  [200],  [16]  we  find  best 
upper  bounds  for  the  right  hand  side  of  (10.12)  and  (10.24). 

Theorem  10.8.  Let  ip  be  a  continuous  and  strictly  increasing  function  on 
R+  such  that  "0(0)  =  07  and  let 

r1     7/    V(i)e-*/*dt)  =:d«  >0,      £>0.  (10.38) 

\  S  JE+  / 

Suppose  Hn  :=  Gn  o  -i/;"1  is  concave  on  M.+  ,  n  6  Z+.  TTierc  we  obtain  the 
best  upper  bound 

\  f    Gn(t)e-*^dt  <  Gn(df).  (10.39) 

Corollary  10.9.  Consider  the  upper  concave  envelope  H^(u)  of  Hn(u). 
We  derive  the  best  upper  bound 

j  f    Gnity-t^dt  <  tf*(V(c%)),     n  e  Z+.  (10.40) 

Note  10.10.  When  Hn,  n  G  Z+  is  concave,  then  H*(i/j(d^))  =  Gn(d^). 

Proof  of  Theorem  10.8.  Here  iJn  is  concave  by  assumption.  It  follows 
from  the  moment  method  of  optimal  distance  [200],  [16]  that 


sup  /     Gn{t)ix{dt)  =  Gn(d£). 

jus  {probability  measures  as  in  (10.38)}  "'R+ 

Here  is  supposed  that  the  last  integrals  are  finite.  Since  by  concavity  of  Hn 
the  set 

Ti  :=  {(«,  #„(«)) :  0  <  u  <  00} 
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describes  the  upper  boundary  of  the  convex  hull  conv  Tq  of  the  curve 
r0:={ty>(t),G„(t)):0<t<oo}. 

Notice  here  that  ie~t^dt  is  a  probability  measure  on  M+.  ■ 

The  fact  that  Hn  can  be  a  concave  function  is  not  strange  at  all,  see  [16], 
p.  310,  Lemma  9.2.1(i)  which  we  adjust  here.  Let  g  be  a  general  modulus 
of  smoothness  function  and  consider 

rM  (\v\  -t)™-1 

Gn(y)  :=  /       ilH! L—g(t)dt,  (10.41) 

Jo         (n-1)! 

all  y  G  M,  n  G  N. 
Then  wc  have 

Lemma  10.11.  Let  ip  G  Cn((0,oo))  suc/i  t/iat  V(fc)(0)  <  0,  for  k  = 
l,...,n  —  1  and  g{y)/ip  (y)  is  non-increasing,  whenever  V'  (y)  >  0. 
TTierc  iJ„  :=  Gn  o  ip^1  is  a  concave  function,  n  G  N. 

For  the  right  hand  side  of  inequality  (10.12)  we  find  the  following  simple 
upper  bound  without  any  special  assumptions. 

Theorem  10.12.  Call 

t^  :=  £,((n  +  l)i)1/n+\    neN,  £  >  0,  (10.42) 

which  the  same  as 

U.1  «n+le~B/*dv)        =  ?*.  (10-43) 

Let 

G*n{y):=  ^ j^-wi  (/<"\  i)dt,  (10.44) 


o         (n-1) 


all  y  G  R,  where  uji(f^n\t)  is  the  first  modulus  of  continuity  of  f^n'  and  is 
finite,  f  G  Cn(M).  Suppose  also  that 

G*n(y)e-y^dy  <  oo. 

TTien 

i  /    Gn{y)e-V'*dy  <  2rG*n{^),     r  G  N.  (10.45) 

Proof.  We  have  av(.f(n),  |y|)  <  2r~1wi  (/("),  \y\),  for  all  y  G  M,  sec  [143], 
p.  45.  Furthermore  by  [143],  p.  43  we  find 

Lo1(f^\\y\)<ZJ1(\y\)<2uj1(f^\\y\), 
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for  all  y  G  R,  where  aJi  is  the  least  concave  majorant  of  io\. 
Thus 

uv(/(n),  \v\)  <  2r"1o;1(|y|)  <  2^i(/<"\  |j,|), 


for  all  yei  Put 


for  all  y  G  R.  Therefore 


Is/I  fu,i  _  *yi-i 


r\y\  (i,.i  _  +i"-i 
G„(y)     =      /      ^ >—wr(f(n\t)dt<2r-1G*n(y) 

Jo       [n-iy. 

<     2r-1Gn(y)<2rG*n(y),    for  all  y  G  M. 


The  function  V,(y)  =  y™+1  on  R+  is  continuous,  strictly  increasing  and 
■0(0)  =  0.  And  ^(rl)(y)  =  (n  +  l)!y  >  0,  for  all  y  G  R+  -  {0},  along  with 
^(fe)(0)  =  0,  fc  =  1, . . .  ,n  —  1.  Since  tUi(y)  is  concave  on  R+,  this  implies 
Ui(y)/y  is  decreasing  in  y  >  0,  so  that  uJi{y)/ij)^n\y)  is  decreasing  on 
(0,oo).  _         _ 

Thus  by  Lemma  10.11  we  get  that  Hn  :=  Gn  oij)~l  is  a  concave  function 
on  R+;  and  by  Theorem  10.8  we  derive 

-  /      Gn(y)e-y^dy  <  G„fa) 
s  Jo 

giving  us 

\  [    Gn(y)e-y^dy     <     2r~x\  [    Gn(y)e-V'*dy 

<     2'-1G„(rc)  <  2^(T?). 

The  proof  of  the  claim  is  now  finished.  ■ 

A  related  convergence  theorem  follows. 

Theorem  10.13.  Let  f  g  C(M)  with  u>i(f,y)  finite,  y  >  0.  Then 

||Pr,c(/)-/||oo<2rWi(/,0-  (10-46) 

I.e.  as  £  — >  0  we  gei  again  Pr^  — ►  /,  n  =  0. 

Proof.  Notice 

-  f    ye-y^dy  =  £.  (10.47) 

We  have  again 

u,r(f,\y\)<2r-1uJl(f,\y\),     Vy  G  R, 
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see  [143],  p.  45.  Furthermore 

wi(/,|l/|)<wi(|»|)<2wi(/,|»|)   VyGR, 
where  cJi  is  the  least  concave  majorant  of  w\,  see  [143],  p.  43.  Thus 

Wr(/,  \V\)  <  2—1ZUi(|2/|)  <  2rw1(/)  \y\),    Vy  G  R. 
Notice  that  for  n  =  0  we  obtain 


|Pr,«  (/;*)-/(*)  |        =        ^ 


Jr  \j=0  / 


S  JO 

or— 1       /"00 

<        -—  /     ZJ^e-^dy. 
s     Jo 

The  probability  measure  he~y^dy  fulfills  (10.47).  By  moment  theory  [200], 
[16]  we  get 


sup  /     wi(y)n(dy)  =  wi(£)  <  2u>i  (/,£)• 

jus  {probability  measures  as  in  (10.47)}  •'R+ 

Hence 

|JV,*(/;aO  -  /(i/)|  <  21-1  •  2w!(/,0  =  2ro;i(/,0- 


In  the  next  we  consider  /  G  C™(R),  n  >  2  even  and  the  simple  smooth 
singular  operator  of  symmetric  convolution  type 

1     f°° 
Pdf^o)  ■=  jrz  /      f(x0  +  y)e-MKdy,    for  all  x0  eR,(>0.     (10.48) 

That  is 

1     f°° 
W;*o)=~/      {f(xo  +  y)  +  .f(xo-y))e-y^dy,    for  all  x0  G  R,  £  >  0. 

(10.48)* 
We  assume  that  /  is  such  that 

P?(/;x0)  G  M,     Vx0  G  R,V£  >  0    and   u)2(f{n),h)  <  00,  /i  >  0. 

Note  that  Pu  =  P?  and  if  P?(/;x0)  G  R  then  Pr^(f;x0)  G  R.  Let  the 
central  second  order  difference 

(Aj/Xso)  :=  f(x0  +  y)+  f(x0  -  y)  -  2f(x0).  (10.49) 
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Observe  that 

(A*_yf)(x0)  =  (A2yf)(xo). 

Using  Taylor's  formula  with  Cauchy  remainder  we  eventually  obtain 

™/2    f(2p)(       \ 

(A2yf)(Xo)  =  2  ]T  Lj^r1y2p  +  Hi,  (lo.so) 

where 


\n-l 


K,  :=  f  {Klf^){xQ){v      ty      dt.  (10.51) 

Jo  [n  -  1)! 


Notice  that 

1      f°° 
Pdf^o)  -  f(x0)  =  ^  /     (A2yf(x0))e-^dy.  (10.52) 

zti  Jo 

So  immediately  we  derive 

Proposition  10.14.  Assume  u!2(f,  h)  <  °o7  h  >  0.  Then 

1      f°° 
in(/^o)-/(x0)|<-y      w2(f,y)e-y/tdy.  (10.53) 


Hence 


1      f°° 
\\Pdf)  ~  f  Woo  <  ^  J     w2(f,y)e-^dy. 


(10.54) 


Furthermore  we  observe  by  (10.50)  and  (10.52)  that 

•'2f^(x0) 


-y2p 


W,*o)-fto)     =     ^     (2g-    (2p)! 

+  J\k1f^){x0) {y-^  dt)  e-y'tdy 


n/2 

+  2?X       V/u 


Clearly  we  have  the  representation 

n/2 

K2(xa)      :      =Pdf^o)-f(xo)-Y,fi2p)(x^2p  (10-55) 

p=i 

(A^)(xQ)^0^-dty-y/tdy. 


p=i 

I       roo    /    ry     _  Ul  _   i  ,,,-J 

2?7o       v./(. 
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Therefore 

We  have  established  that 
Theorem  10.15.  Let  f  e  Cn(R),  n  even,  Pf  (/)  real  valued.  Then 

<     7^1  /      U2(f{n\y)yne~y/tdy.  (10.56) 

Remark  10.16.  The  operators  P^  are  positive  operators.  From  (10.54)  we 
obtain 


e-y/tdy 


<      4CL'2(/'?)I00(1  +  f)    e_y/^  =  ^(-/  -'• 


2 
I.e. 


UW)-/IU<|^(/,0,     C>0.  (10.57) 

Acting  similarly  on  the  last  part  of  inequality  (10.56)  it  leads  us  to  get 

Moo  <  (^  +  f +  5)  W2(/W,0r,     £  >  0.  (10.58) 


Then  from  the  inequality  (10.57)  as  £  — >  0  we  obtain  P^  — >  /  with  rates. 
And  we  get  the  uniform  and  pointwise  convergence  of  P%  — >  /  with  rates 
from  inequality  (10.58),  given  that  ||/(-2p')||  <oo,p~  l,...,n/2.  Call  here 
for  n  >  2  even 


T„(y)  :=   f\2{f{n\t){yt      t)n'dt,      y  e  R+. 


(n-l)l 


(10.59) 


Then  by  (10.56)  and  (10.59)  we  have 


and 


1      f00 
|tf2(a:o)|  <  ~  /      Tn(y)e-y^dy,  (10.60) 

^s;  Jo 


1     Z"00 
|^2||oc  <  tt  /      Tn(y)e-y^dy.  (10.61) 

^4  Jo 
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We  put  also 

T0(y)  :=u)2(y),      y>0. 

Optimality  of  Theorem  10.15  follows. 

Proposition  10.17.   The  first  inequality  of  (10.56)  is  sharp,  namely  at- 
tained at  xq  =  0  by 

f*(y)  :=  -^ 0<a<  2,  yeR,  n  even.  (10.62) 

n(«+o 

1=1 

Proof.  Sec  that  fin\y)  =  \y\a  and  by  Proposition  9.1.1,  p.  298  of  [16],  [13] 
we  get  w2(/in),|y|)  =  2|y|Q.  Also  /*(fc)(0)  =  0,  k  =  0, . . .  ,n.  Then 


^2(0)    =    P£(/*;0)  =  iy 


oo  a+n 


-e-y/tdy 


n(a+z) 

1=1 

£a-\-n  poo  ca-\-n 

=     -^ /      xa+ne~xdx  =  -^ r(a  +  n  +  l) 

n(a+i)-/o  n(«+o 

=    -^ ]!(«  +  *)   r(a  +  i)  =  r(a  +  i)r+". 

1=1 

That  is 

^2(0)=I>  +  l)C+™>0. 

On  the  other  hand  we  observe  that 


(: 


(n-l)!j0      \(T(n  +  a  +  l)\a        J  £ 

C+°r(a  +  1)   f°°„n+a„_x, 

T(n  +  a  + 


})    1"°° 

-f  /      a;"+ae-xda;  =  C+Qr(a  +  1). 
1)  Jo 


That  is  proving  equality  in  the  first  part  of  inequality  (10.56). 
It  follows  the  optimality  of  inequality  (10.53). 
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Proposition  10.18.  Inequality  (10.53)  is  attained  by  f*(y)  —  \y\a ,  i/el, 
0  <  a  <  2  at  x0  —  0. 

Proof.  We  notice  that 

1    f°° 
Pi  (f ;  0)  =  -  /      yae-y^dy  =  $a T(a  +  1)  >  0. 
s  Jo 

Also  we  see  again  by  Proposition  9.1.1,  p.  298,  [16],  [13]  that 

1      f°°  1     f°° 

-         U2(t,y)e-y/tdy  =  -         yae-y^dy. 
lK  Jo  ?  Jo 

That  is  proving  equality  to  (10.53).  I 

Next  we  present  a  Lipschitz  type  of  related  optimal  result. 

Theorem  10.19.  Let  n>2  even  and  f  £  C™(R)  such  that 

L02tf(n\\y\)<2A\y\a,      0<a<2,      A  >  0. 

Then  for  xq  £  R  we  have 


n/2 


<r(a+l)Af+a.  (10.63) 


Inequality  (10.63)  is  sharp,  namely  it  is  attained  at  xq  =  0  by 

f*(y)  =  -H • 

n(a+*) 

t=l 
Proof.  For  y  >  0  we  observe  that 

T„(y)     =     I"  U2{f{n\t){v~t)n~' dt 

Jo  (n  -  !)! 

<      [\AAy-t)n~1dt=    2Ayn+a    . 


(n~1)!       n(«+o 

Hence 

-  /     T^e^dy     <     — /     yn+ae-y^dy 

i=l 


n(a+«) 


T(n  +  a  +  1)  =  r(a  +  l)Af l+a. 
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Using  (10.60)  we  have  proved  (10.63). 

Notice  that  fin\y)  =  A\y\a,  and  by  Proposition  9.1.1,  p.  298,  [16],  [13] 
we  find 

uJ2(ftn\\y\)  =  2A\y\a. 

Also  .fifc)(0)  =  0,  k  =  0,. .  .,n.  Then  K2(0)  =  T(a  +  l)A£a+n  >  0.  That  is 
proving  equality  to  (10.63).  ■ 

Let  /  G  Cn(R),n  >  2  even,  be  such  that  w2(/(n),  \t\)  <  g(t),  where  g 
is  given  arbitrary  bounded,  even,  positive  function  and  Borel  measurable. 
We  consider  the  even  function 

rv         (v  -  tY1-1 

Tn(y)  :=  /    g(t)K-, '-^-dt,     yeR.  (10.64) 

Jo  [n-iy. 

Theorem  10.20.  Let  ip  be  a  function  on  M+  such  that  ^>(0)  =  0,  which  is 
continuous  and  strictly  increasing.  Suppose  that 


V>-1  Q  y"  ^(y)e-y/idy)  =  de  >  0. 


(10.65) 


Suppose  (n  >  2  even)  that  Mn(u)  :=  fn(ip    1(m))  is  concave  on  M+.   T"/ien 
/or  any  xq  G  K  we  get 

\K2{xv)\  <  \fn{d{).  (10.66) 

Proof.  Here  we  are  applying  geometric  moment  theory,  see  [200],   [16]. 
Notice  that 

r-OO 

sup  /      fn(y)n(dy)=fn(d{). 

p,e(p  be  probability  measures  as  in  (10.65))  J° 

Since  by  the  concavity  of  Mn ,  the  set 

Pi  :=  {(«,  Mn(u)) :  0  <  u  <  oo} 
is  the  upper  boundary  of  the  convex  hull  of  the  curve 

To  :=  {(i>(y),fn(y))--  0  <  y  <  oo}. 

Now  theorem  follows  from  (10.59)  and  (10.60).  ■ 

A  more  general  result  follows. 

Theorem  10.21.  All  here  as  in  Theorem  10.20,  but  we  consider  now  M*, 
the  upper  concave  envelope  of  the  not  necessarily  concave  Mn .  Then 

\K2(xQ)\  <  ^M*(V>(^)),     Vx0  G  R.  (10.67) 
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If  Mn  is  concave  then 

R.H.S.(10.67)  -  if„((%). 

Let  g  be  an  arbitrary,  continuous,  even,  positive  function  on  R  such  that 
.9(0)  =  0.  Let  ip  be  continuous,  strictly  increasing  function  on  R+  with 
■0(0)  =  0  and  Tn  be  as  above,  see  (10.64). 

Next  we  give  sufficient  conditions  for  Mn  —  Tn  o  ip  to  be  concave  on 
R+,  n  >  2  even.  The  result  is  similar  to  Theorem  9.1.3(ii),  p.  302,  [16],  [13]. 

Theorem  10.22.  Suppose  ip  £  C™((0,  oo)),  n  >  2  even,  that  satisfies 

<A(fe)(0)  <0,    fork  =  0,...,n-l. 

Assume,  further  that  g(y)/ip^n'(y)  is  non-increasing  on  each  interval  where 
ijjvv  is  positive.  Then  Mn  —  Tn  o  ip-1  is  concave.  In  particular  Tn(y)/ip(y) 
is  non-increasing. 

Finally  we  give  to  both  operators  Pr^ ,  P%  some  alternative  kind  of  esti- 
mates. 

Theorem  10.23.  Assuming  f  £  C"(R)  andur{f{n\t,)  <  oo,  £  >  0,  n  £  N 
and  Gn  as  in  (10.10).  Then 

1    f°° 

-  /      Gn(t)e-4/«dt  <  6(0,  (10.68) 

s  Jo 

where 

W  :=  «*(/w,flf  JE  M(B  -  fc  -!)■(,  +  fc  + 1)  [L«("*-)U-Le(n-*-l)IJ] 

(10.69) 
I.e.  from  (10.32)  we  have 

Kx  <  6(0-  (10.70) 

That  is  as  £  — >  0  we  ge£  again  Pr_£  — >  I ,  pointwise  with  rates,  given  that 

||f(2m)||      <  00, m  =  1,...,  In/2  I  . 

IK  Moo  '  '       '  L    /     J 

Proof.  We  see  that  for  £  >  0 

uv(/("\M)  =  ^/^(M))  <  (i  +  MyWr(/(n))0)    (10.71) 
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see  [143],  p.  45.  Hence  by  (10.10)  and  (10.71)  we  observe 


Gn(t)     < 


UJ 


(f{n\0 


w 


,      /      (\t\-w)n-L  (  1  +  -)    dw 


(n-l)l    70    ""'      ~'        V"    e 


tr 


r 


^(n  -  1)!  Jo 
«v(/(n),0  /-(«+|t|) 

er(n  - 1)!  y£ 


(Itl-io^-^io  +  O^tu 


((€  +  1*1)  -  «)"   Vd* 


'ra-l 


Wr(/W,0    J^\      ^fe^-J 


r(n  -  1) 


fe=0 
n-1 

E 


(-i)fe 


£+1*1 


(£+|*|)n_fc_1   /  zfc+rdz 


£r  1  fZ^  k\(n-k-  l)!(fc  +  r  +  l) 

i'-+'-lu  +  l*l) 


.  fc=0 


iy[tt  +  l*l 


.n+r 


(10.72) 


That  is  we  find 


r, ,.,  ,  m£^(£ 


(-i)* 


f  I  ^  fc!(n-fc-  l)!(fc  +  r  +  l) 


[(£  +  l*l)"+r  -  r+fc+1(C  +  |*|)n-fc-1]  ^  -(10.73) 


Therefore 


?  Jo  ? 


E 

,fe=0 


(-1)A 


fc!(n-fc-  l)!(r  +  fc  +  l)  70 


{d  +  t)n+r 


C+k+1{£,  +  t)n-k-1)e-t/id(t/0 

(-l)fe 


Mfin\0iy 


£r         1  ^  fc!(n-fc-l)!(r  +  fc  +  l) 

CO  /-00 

r+r  /  (i  +  x)™+re-2:d.T  -  r+™  /  (i+a;)"_fe_1e_ 

o  Jo 


*cfo] 


10.2  Results         135 


-(/(n),or  E 


(-1)* 


.  fc=o 


fc!(n-fc-l)!(r  +  fc  +  l) 


(1  +  x)n+re~xdx  -  /     (1  +  z) 

(I  Jo 


n+rc-x^^  /        ^1   _,_  ^n-k-le-x^x 


=  wP(/w,or  £ 


(-i)s 


k\{n-k-  l)!(r  +  fc+l) 


E 

i=o 


n  +  r 


J     /  Jo 


ar'e   ^cfa 


i-k-1 


Use  now 


E 


n  —  k  —  1 


fn-l 

•(f{n\or  E 


x-'e   xdcc 


(-l)fe 


.  fe=0 


fc!(n-fc-l)!(r  +  fc  +  l) 


n+r 


n  +  r 


z-fe-1 


j=o  v    ^     y  j=0 

fn-l 

r(/(nUr  E 


n  —  fc  —  1 
J 

(-l)fe 


.  fc=0 


fc!(n-fc-l)!(r  +  fc  +  l) 


n+r 

E 


(n  +  r)! 


z-fe-l 

E 


(n-fc-l)! 


(n  +  r  —  ?')!         ^— ^     (n  —  fc  —  1  —  7')! 
i=o  v  J'  j=o     y  ■" 


=    Wr(/(n),OH£ 


(-1)* 


.  fc=0 


fc!(n-fc-l)!(r  +  fc  +  l) 


n+r    _.  n— fc— 1    1        ^ 

(n  +  r)!E  ?-(n-*-l)l    E    "T 

j=o  -y'  i=o    •y'J  J 

m      1 

m!  y     —  —  lem!J ,      mGN. 


=  5(O-(10-74) 


(10.75) 


j=o- 


That  is  proving  (10.68).  ■ 

The  counterpart  of  the  last  theorem  follows. 

Theorem  10.24.  Assuming  f  G  C"(R),  n  even  and  u>2(f^n\0   <  00, 
£  >  0;  and  Tn  as  in  (10.59).  Then 


1      f°° 

-  /      Tn(y)e-^dy  <  r(£), 
z?  JO 


(10.76) 
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where 


n-l 


r(0 


^(/W,r  E 


(-i)A 


■l'-'J      '^    |  ^  k\(n  -  k  -  l)\{k  +  3) 


[|e(n  +  2)!J  -  [e(n  -k-  1)!J]  I.      (10.77) 


I.e.  /rom  (10.61)  we  find 


|^2|U<r(0. 


(10.78) 


That  is  as  £  — »  0  we  obtain  again  P^  — »  /,  pointwise  with  rates,  given  that 

\\f{2p)\\        <00,/>  =  l,  ...,§. 

IK  Moo  '  r  '       '2 

Proof.  We  observe  for  £  >  0  that 


<^2 


(/W,t)<(l  +  ^2(/("U),     i>0,  (10.79) 


sec  [143],  p.  45.  And  by  (10.59)  and  (10.79),  we  have,  y  >  0,  that 

Tn{y)<^4  l\y-tT-\t  +  edt. 


e(n-iy.j0 

That  is  for  y  >  0  we  derive 


(10. 


C2  1    _    k\{n-k-  !)!(&  + 3) 


[{Z  +  v)n+2-C+9(Z  +  v)n-h-1] 


(10.81) 


Therefore 


1      Z"00  1  fn_1 

-Jo     Tn(y)e-»'*dy  <  ^2(/("U)CJ  £ 


(-1)* 


k\(n  -  k  -  l)\(k  +  3) 


n+2 


-fe-1 


(n  +  2)!£i-(n-*-l)!    £    ± 


We  used  in  the  last  (10.75).  That  is  proving  (10.76) 


r(0-         (10-82) 


11 

Global  Smoothness  and  Simultaneous 
Approximation  by  Smooth  Picard 
Singular  Operators 


In  this  chapter  we  study  the  smooth  Picard  singular  integral  oper- 
ators over  the  real  line  regarding  their  simultaneous  global  smooth- 
ness preservation  property  with  respect  to  the  Lp  norm,  1  <  p  <  oo, 
by  involving  higher  order  moduli  of  smoothness.  Also  we  study 
their  simultaneous  approximation  to  the  unit  operator  with  rates 
involving  the  first  modulus  of  continuity  with  respect  to  the  uni- 
form norm.  The  established  Jackson  type  inequalities  are  almost 
sharp  containing  elegant  constants,  and  they  reflect  the  high  order 
of  differentiability  of  the  involved  function.  This  chapter  is  based 
on  [33]. 


11.1     Introduction 

The  global  smoothness  preservation  property  of  singular  integrals  has  been 
studied  initially  in  [17]  and  later  in  [67].  The  rate  of  convergence  of  singular 
integrals  has  been  studied  initially  in  [231],  [163],  [164],  later  in  [23]  and 
[69] ,  [68] ,  and  also  was  studied  in  detail  in  [34] ,  [36]  over  the  real  line,  just 
for  the  Picard  general  type  integral  operators  case.  All  the  above-mentioned 
articles  along  with  the  earlier  ones  [12],  [13]  by  the  author  motivate  this 
chapter. 

More  precisely  here  we  study  the  smooth  Picard  singular  integral  op- 
erators over  IR  acting  on  highly  smooth  functions.  We  study  first  their  si- 
multaneous global  smoothness  preservation  property  with  respect  to  ||  •  ||p, 

G.  A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  137^_150j 
springcrlink.com  ©  Springer- Verlag  Berlin  Heidelberg  2011 


138  11.  Global  Smoothness  and  Approximation  by  Picard  Singular  Operators 

1  <  p  <  oo,  by  using  higher  order  moduli  of  smoothness.  Then  we  study 
their  simultaneous  pointwise  and  uniform  approximation  to  the  unit  oper- 
ator with  rates  by  using  the  first  modulus  of  continuity.  The  established 
estimates  are  almost  optimal  and  contain  nice  constants.  The  modulus  of 
continuity  in  the  estimates  is  with  respect  to  the  higher  order  derivative  of 
the  involved  function.  The  studied  operators  are  not  in  general  positive. 


11.2     Global  Smoothness  Preservation  Results 

Let  / :  R  — ►  R  be  a  measurable  function  and  consider  the  Lebesgue  integral 

1     f°° 
Pt(f;x):=—         f(x  +  t)e-W*dt,     (>0,xel.  (11.1) 

^S  J  -co 

We  would  like  to  mention  from  [67],  pp.  407-412  the  following  result  re- 
garding global  smoothness  preservation  properties  of  P^,  see  there  (16.23), 
(16.36),  (16.48). 

Theorem  11.1.  Let  h>0. 

i)   Suppose  that  tom(f,  h)  <  oo  and  P^(f]  x)  G  R,  then 

um(Ptf,h)<wm(f,h).  (11.2) 

Inequality  (11.2)  is  sharp,  namely  it  is  attained  by  f(x)  —  xm . 
ii)   Let  f  £  Ii(R)  then 

wm(P€/,ft)i<wm(/,/i)i.  (11.3) 

And 
hi)   let  f  G  Lp(W),  p,  q  >  1  such  that  -  +  -  =  1,  then 

2 

Wm(Ptf,  h)p  <       l/p    l/q^rnif,  h)p.  (11.4) 

Above  we  use  for  m  G  N  the  mth  modulus  of  smoothness  for  1  <  p  <  oo, 
vm(f,h)p:=    sup    \\A?f(x)\\p,x,  (11.5) 

0<t<h 

where 

m  ,     x 

ATf(x)  :=J2(-1)m-ir  )f(x  +  jt),  (11.6) 

see  also  [143],  p.  44.  Denote  com(f,  h)^  =  u)m(f,  h).  In  [34],  [36]  we  studied 
extensively  the  convergence  properties  to  the  unit  of  the  following  smooth 
Picard  singular  integral  operator  Pr^(f;x)  defined  next. 
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For  rgN  and  n  G  Z+  we  call 


a. 


(-If 


-3 


3 


r-n    .j-", 


.7  =  1,  ■•-,*•, 

i  =  o, 


(11.7) 


that  is  ^2  olj  =  1. 

We  consider  the  Lcbesgue  integral 


Pr,df\x):-- 


Operators  Pri£  are  not  positive,  see  [34].  We  notice  that  ^  J"_^  e~'*'^(it  = 
1.  We  observe  for  j  =  1, . . . ,  r  that 


1     f°° 
-J      f{x+jt)e-Wtdt  =  PtJ{f;x). 


And  furthermore  it  holds 


Pr,df;  x)  =  a0f(x)  +  Y^  a3pu(f'-> x)- 
.7=1 


(11.9) 


(11.10) 


Notice  that  P\£  =  P%.  Assuming  P^j(f;x)  G  M,  j  =  1, . . . ,  r,  clearly  one 
sees  that  Pr^(f;x)  G  R. 

The  following  global  smoothness  result  holds. 

Theorem  11.2.  Let  h  >  0,  /:  K  ->  M. 

i)   Suppose  P^j{,f;  i)  6l,  aH  j  =  l,...,r,  (  >  0,  i  6  R  and  wm{f,  h)  < 
00.   TTien 


vm(Pr,tf,h)  <     y^|aj|  )  wm{f,h). 
\j=o 

ii)   Suppose  f  G  Za(R),  i/ien 

LOm{Pr,if-,h)i  <      ^  |aj|      wm(f,h)i. 


(11.11) 


(11.12) 


vj'  =  0 


=  1.  77ie 


hi)   Suppose  f  G  Lp(R),  p,  q  >  1  swc/i  t/iat  i  +  -  =  1 

2(E|a,l) 

Um{Pr,tf,h)p  <        \jv    l/q     Wm(f,h)p. 


(11.13) 
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Proof,  i)  We  observe  that 

u>m(Pr,if,h)        =        ujm     a0f(x)  +  y^  ajPij(f;  x),h 

r 

<  |ao|Wm(/,  h)  +  ^  \ai\Urn{Pu  f ^  h) 

3  =  1 

<       \ao\um(f,h)  +  I  J2  lQJ'l )  ^™(/>/l)  =  I  J2  lQJ'l  )  ^™(/>fe)- 


That  is  proving  (11.11). 
ii)  Next  we  see 


(11.10) 


vm(Pr,tf,h)i        =        ujm     aofjx)  +  ^  ajP^jif;  x),  h 


i=i 


<        \ao\wm(f,h)i  +J^  \aj\ujm(Pijf,h)i 


|ao|wm(/,ft)i  +  j  ^2  \aj\  1  wm(/,/i)i  =  (  J^  |cy|  ]  wm(/,/i)i. 
U=1        /  \i=° 


That  is  proving  (11.12). 
iii)  Finally  we  get 


^rn{Pr^f,h)p         =        tom     a0f(x)  +  ^  ajP^jf;  x),h 


i=i 


<  |ao|Wm(/)  /l)p  +  X!  lajlwm(-P&/j  ^)z 


.7=1 

(n-4)  /-A        \         2 

<  \a0\wm(f,h)p+\  2_^\<Xj\  l/p    l/qUmififyp  =■(*) 


But  it  holds  that 

2 
1  < 


pi/Pg1/*? 
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by  Corollary  13.3,  p.  190,  [185].  Hence  we  find 

2(EM 

=  pl/Pql/q     WrnU,h)p. 

That  is  establishing  (11.13).  ■ 

Next  we  discuss  about  the  derivatives  of  P£(f;  x)  and  Pr^  (/;  x)  and  their 
impact  to  simultaneous  global  smoothness  preservation  and  convergence  of 
these  operators. 

For  the  following  differentiation  result  we  use  Theorem  24.5,  pp.  193-194 
of  [9]  and  then  the  proof  is  easy. 

Theorem  11.3.  Let  f  G  C"-1^),  such  that  /(")  exists,  neN.  Further- 
more suppose  that  /«)(t)e-'*'  G  Li(R)  for  all  j  =  0, 1, . . .  ,n  —  1.  Assume 
that  there  exist  gj  >  0,  j  =  1, 2, . . . ,  n,  gj  G  Li(M)  such  that  for  each  x  G  R 
we  have 

\f®{x  +  t)\e-W<gj{t),  (11.14) 

/or  almost  all  i  £  1,  all  j  =  1,2, ...  ,n.  Then  f^'(x  +  £)e-'*'  defines  a 
Lebesgue  integrable  function  with  respect  to  t  for  each  x  G  R,  a//  j  = 
1, . . . ,  n,  and 

/    /■oo  \  (j)  (-oo 

/      f(x  +  t)e-^dt)       =   /      fV\x  +  t)e~wdt,  (11.15) 

\J  —  oo  /  J —  oo 

for  all  i£l,  a//  j  =  1, . . . ,  n. 

We  apply  the  last  theorem  to  our  case.  First  comes  the  related  differen- 
tiation result  about  operator  P£. 

Theorem  11.4.  Let  /  G  C'-^R),  such  that  /(")  eiisfe,  n  G  N.  Further- 
more suppose  that  /W(i)e_|t|/^  G  £i(R)  /or  a/Jj  =  0, 1,  2, . . . ,  n-  1,  £  >  0. 
Suppose  that  there  exist  gj^  >0,j  =  l,2,...,n,  gj.£  G  Li(R)  such  that  for 
each  x  G  R  we  have 

\fVHx  +  t)\e-W*<gM(t),  (11.16) 

/or  almost  a^Z  f  G  R,  aZZ  j  =  l,2,...,n.  Then  fW>(x  +  i)e_|t|/l  de/ines 
a  Lebesgue  integrable  function  with  respect  to  t  for  each  x  G  R,  a//  j  = 
1, . . .  ,n,  and 

{Pt(f;x))U)=Pdf{j);x),  (11.17) 

/or  a/Z  i£l,  all  j  —  1, . . .  ,n. 
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Proof.  As  in  Theorem  11.3.  ■. 

It  follows  the  related  differentiation  result  about  Pr^  operator. 

Theorem  11.5.  Let  f  G  Cn_1(K)  such  that  /W  exists,  n  G  N,  r  G  N. 
Furthermore  suppose  that  /W(£)e~'*'/r^  G  Li(R)  for  alii  =  0,1,2, ... , n—1, 
£  >  0.  Suppose  that  there  exist  5i,r£  >  0,  i  —  1,2, . . .  ,n,  gi_r(,  G  £i(R)  such 
that  for  each  x  G  R  we  /lave 

|/W(a;  +  i)|e-l*IA«<5.rS(i),  (n.18) 

/or  almost  all  t  G  M,  a/Ji  =  1,2,..., n.  Then  f^\x  +  i)e_|t|/^  de/ines 
a  Lebesgue  integrable  function  with  respect  to  t  for  each  x  G  K,  all  i  = 
l,...,n;  j  =  l,...,r,  and 

(Pr,*(/;aO)(<)=Pr,e(/(<),aO,  (H-19) 

/or  a/?  x  G  M,  all  i  =  1, . . .  ,n. 

Proof.  By  Theorem  11.4  and  (11.10).  ■ 

Using  Theorems  11.1  and  11.4  we  obtain  the  following  simultaneous 
global  smoothness  result. 

Theorem  11.6.  Let  h  >  0  and  assumptions  of  Theorem,  11. 4  valid. 
i)   Suppose  that  ujm{f^',  h)  <  oo,  all  i  =  0,1, ...  ,n,  then 

wm((P*/)«  ft)  <wm(/«  ft),  (11.20) 

/or  a/H  =  0, 1, . . .  ,n. 

ii)  Let  /W  eLi(R),  8  =  0,l,...,n  i/ien 

Wn,((^/)(0.'»)i<«m(/(,').'»)i.  (H-21) 

/or  a/2  i  =  0, 1, . . .  ,n. 

,4nd 

iii)   Let  /W  G  Lp(WL),  i  —  0,1, ...  ,n,  p,q  >  1  such  that  -  +  -  =  1,  then 

wm({Ptf)V,h)p  <  ^^(/W  ft)p,  (11.22) 

/or  a//  i  =  0, 1, . . .  ,n. 

Using  Theorems  11.2  and  11.5  we  get  the  more  general  simultaneous 
global  smoothness  result. 

Theorem  11.7.  Let  h  >  0  and  assumptions  of  Theorem  11.5  valid. 
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i)   Assume  that  com(f^',  h)  <  oo,  all  i  =  0, 1, . . . ,  n,  then 

um{(Pr,d)(i\h)  <  j]TK-|Um(.f(4U),  (11.23) 

for  all  i  —  0, 1, . . . ,  n. 
ii)  Let  /W  e  Li(R),  i  =  0, 1, . . .  ,n  iften 

wro((Pr,$/)W,/l)1  <  I  ^>,|  j  wro(/W,ft)i,  (11-24) 

/or  a/H  =  0, 1, . . .  ,n. 

And 

iii)   Let  /W  g  Lp(R),  i  =  0, 1, . . . ,  n,  p,  q  >  1  such  that  ^  +  |  =  1,  i/ien 

2(EI«il) 
^((^/)(0.'>)p  <      Jv°  1/g   "m(/(<U)i»  (11-25) 

/or  a/H  =  0, 1, . . .  ,  n. 


11.3     Convergence  Results 

Here  let  /  £  C"(R)  with  wi(/(n\ft)  <  oo,  ft  >  0,  n  G  N.  Suppose 
Pu{,f\x)  e  R  for  j  =  l,...,r  e  N,  £  >  0,  all  x  G  R.  From  (11.10)  we 
obtain 

r 

PrAf-,*)  -  /»  =  X>i(pei(/;*)  -  /(*))'        (n-26) 

and 

r 

liv,^/;*)  -  m\  <  E  m  \pMx)  -  m\.         (n.27) 

Here  we  have 

1       f°° 


We  set 


L«/2j 

Au(f;x)  :=  Pe,-(/;x)  -  /(*)  -  ]T  /(2ro)(*)(tf)2m,  (11.29) 


rri— 1 
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j  =  1, . . . ,  r,  where  [-J  is  the  integral  part  of  the  number,  x  G 
In  (11.29)  the  sum  collapses  when  n  —  1.  Clearly  we  have 

L«/2J 

A€(/;x)  =  Pt(f;x)  -  f{x)  -  ]T  /(2m>(x)£2"\      x  G  R. 

m— 1 

We  call  also 

r 


(11.30) 


(11.31) 


and 


L»/2j 


Br>C(/;x)  :=  PrAfi*)  -  /(*)  -  E  /(2m)(^)^me2m,      *  G  R.     (11.32) 

m— 1 

We  observe  that 


Er,df;x)  =  J2aiAa(f; 


3  =  1 


and 


(11.33) 


(11.34) 


We  study  here  the  convergence  of  operators  Pr^  to  the  unit  operator  / 
with  rates,  r  G  N.  We  give  first 


Theorem  11.8.  It  holds 

\Aa(.f;x)\<(Zj) 

and 


1        1 

J  +  2  +  87 


Wi(/(n),0>      ,?  =  l,...,r,  C>0 


13 


A£(/;a;)i<-r«i(/(n),o- 


T7ia£  is  we  /iaue 

l|A?j(/)|U  <  (07 

and 


1        1 


13 


wi(/w,0. 


IIA^/Jlloo^-s-fwi^.O- 


(11.35) 
(11.36) 

(11.37) 
(11.38) 


Proof.  Here  let  /  G  C"(R),  n  G  N.  By  Taylor's  formula,  see  Lemma  2,  (2), 
p.  2  of  [24]  we  have 

/(*  + 1)  =  J2  'LTT^tk  +  Kn(f; x,x  +  t),  (11.39) 


fe=0 
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where 
Hn(f;x,x+t) 


(n-l)\Jx 


x+t 


{f(n\s)-f{n\x)){x+t-s)n-1ds,  (11.40) 


for  all  x,  t  €  R. 

Applying  Theorem  6,  (14),  p.  4  of  [24]  we  get 


\Rn (/;  X,  x  +  t)  |  <Wl (/<»>,  0 


I* 


ln+1 


1*1"     ,       £1*1' 


_(n  +  l)!£       2n!       8(n  -  1)! 
all  t  €  R,  £  >  0,  j  =  1, . . . ,  r.  From  (11.39)  we  find 

/(fc)W+fe 


/(*  +  t)  -  Y,  L1Tltk  =  nn{f\  X,X  +  t) 


fc=0 


/v! 


(11.41) 


(11.42) 


and 


££>♦*— -Sqf^/ 


ifce-l*l/«dt 


1  Z*00 

20 


fc=0 

7e„(/;x,x  +  t)e-|*l/^dt. 


(11.43) 


\2m 


That  is 

L«/2J 

ifc(/;*) -/(*)-  E  /(2ro)(*)(tf)2 

rri— 1 

=    7^  /       ^(/;x,x  +  t)e-l*l^dt.  (11.44) 

I.e.  by  (11.29)  we  obtain 


i     r°° 
AM*)  =  77T  /      ^n(/;*,a;  +  *)e-|t|/fo'dt, 

*W  J-oo 


(11.45) 


all  x  e  R. 

Furthermore  we  have 


1      f°° 
|Ac,(/;x)|       <       —  y       \nn(f,x,x  +  t)\e-^jdt 


(11  Al)    Wl  (/(»),£)    Z"00   " 

so  y_oo[ 

i*r+1   . 

*r  ,  ciii"-1 

2n!  +  8(n-  1)!_ 

(11.46) 

(n  +  l)!£ 
1        1  " 

J+2  +  87_ 

Thus  we  have  obtained  (11.35). 
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The  more  general  result  follows. 
Theorem  11.9.  It  holds 


\Er,df;x)\<    E    ■ 


J=1 


1      1 


r«(/w,a       (n.47) 


all  x  G  R,  £  >  0,  and  furthermore 


\Er,if\\oo  <    (  £  . 


1        1 


Cui(f(n),0,    C>0,  neN. 


Proof.  From  (11.7),  (11.34)  and  (11.35)  we  get 


E 


1 

1  " 

J 

+ 

2 
1 

+ 

8j. 
1  " 

J 

+ 

2 

+ 

8j. 

(11.48) 

wi(/(n),0 
rwi(/(n),0-    (11-49) 


That  is  proving  (11.47). 

Some  alternative  basic  results  follow. 
Proposition  11.10.  All  assumptions  as  above.  Then 


[n/2] 


\PMx)-f(x)\<  E  l/(2ro)(*)l(0')2m  +  (07 


i     i 

-?  +  2  +  87 


^i(/(n),C), 

(11.50) 


Ln/2j 


13 


|P«(/;x)-/(x)|<  X)  l/(2m)W!C2m  +  ^r^i(/(n),C),    ^K,C>0,«eN 


Assuming  that  \\f^2m'\\oo  <  oo?  to  =  1, ... ,  [n/2\  we  derive 


[n/2] 


\Puf-f\\o*<  E  ll/(2m)IU(£02m  +  (O7 


1  1 


(11.51) 

^i(/("U), 
(11.52) 


L«/2J 


13 


ip€/-/iu<  E  ii/(2m)iu2ro  +  fcwi(/(n),o,  c>o,  neN. 

(11.53) 


m— 1 
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Proof.  By  (11.29)  and  (11.35),  etc. 

We  give 
Corollary  11.11    (n  =  2  case).  It  holds 


\PM*)-m\<(Sjf 


\f"(x)\  + 


i    i 

■?  +  2  +  8? 


wi(/",0 


(11.54) 


in(/^)-/WI<^(l/"(^)l  +  fwi(/"»0))    xeM,  C>0.    (11.55) 


Furthermore  when  ||/"||oo  <  °°  we  9et 


\Paf  -  /Ik  <  (Of 


If"  ll    + 

IJ      Hoc     ' 


1      1 

-?  +  2  +  87 


wi(/",0 


and 


13 


P€/-/ll=o<r     ll/"lloo  +  -5:wi(/,,,0     .      e>0.  (11.57) 


(11.56) 


Proof.  By  Proposition  11.10. 

It  follows 
Corollary  11.12    (n  =  1  case).  It  holds 


\Pa(f;x)-f(x)\<S 


■2         J  1 

7     +  -  +  - 

•y        2       8 


wi(/',0,  (H-58) 


\p^f;x)-f(x)\<^cj1(f,o,  ^R,C>o. 

Furthermore  we  have 


Puf  -  /IU  <  C 


■2         7  1 

7     +  -  +  - 

J        2       8 


wi(/',0. 


(11.59) 


(11.60) 


13 


P«/-/||oo<  t^i (/',0.      e>0. 


(11.61) 


Proof.  By  proof  of  Theorem  11.8  for  n  =  1,  see  also  (11.29). 
More  generally  we  have 
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Proposition  11.13.  All  assumptions  as  above.  Then 


\PrAf;*)-m\  <  EE  i/(2m)wi 


j  —  l   m—  1 


3  J  3' 


(11.62) 


E 


1      1 

■?  +  2  +  87 


r«i(/(n),o. 


all  i  £  M,  (  >  0,  n  £  N.  Furthermore  by  assuming  that  ||/'     ^||oo  <  °°7 
/or  m  =  1, . . . ,  \n/2\  we  derive 


r       L"/2J 

liw-ziu  <  E  E  n/(2m)i 

j  — 1     m— 1 


a  e 


°°  \    j  I    jn-2m 


(11.63) 


HSv 


.    i     i 

J  +  2  +  8j. 


ff>i(/("\0.    C>0,  neN. 


Proof.  From  (11.27)  and  (11.50)  we  obtain 

1^/;  *)-/(*)! 


E 


L«/2J 

El   i?(2m)  /     \  i  j-1m  •2m  —  n     ,     >n 


.     l      l 


wi(/(n),0 


Ln/2j 


E  E  i/(2m)wi 


j  —  1    m  =  1 


r\  e 


3     3' 


+m 


.  i    i 

J+2  +  87 


rwi(/(n),o- 


We  have 
Corollary  11.14    (n  =  2  case).  /£  ZioWs 


1        1 


|Pr,e(/;x)  -  /(*)l  <  e  I  (2r  -  1)|/"  (a0|  +  IE  (A  [j  +  2  +  Vj)  r1^''® 

(11.64) 
all  x  €  M,  £  >  0.  Furthermore  by  assuming  that  ||/"||oo  <  oo  we  derive 

IK./-/IU     <     H2|(2'-l)ll/"ll»  (11.65) 


+  ie(;)G+54.)  )«""■->>■' ■-" 
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Proof.  By  Proposition  11.13. 
We  also  give 

Corollary  11.15    (n  —  1  case).  It  holds 


Pr,e(f;x)-f(x)\<  ^rVj  +  I  +  l)W(/,,0,  (11.66) 


all  X  6  R,  £  >  0.  And  furthermore  we  get 


\\Pr,ef-f\\o0<(£(rA(j  +  l  +  ^)tu>i(f',Z),    £>o.  (11.67) 

Proof.  By  use  of  (11.7),  (11.27)  and  (11.58).  ■ 

Next  we  present  simultaneous  approximation  results  of  P£  to  /  with  rates. 

Theorem  11.16.  Let  f  G  C*n+fc(R),  n  G  N,  k  G  1+   and  u1{f{-n+i) ,  h)  <  oo, 
h  >  0,  for  i  —  0, 1, . . . ,  k.  We  consider  the  assumptions  of  Theorem  11. 4  as  valid 
for  n  —  k  there.  Then 
1) 

|(A?(/;a;))«|<^fV(/(n+l),a  (11-68) 

all  x  €  K,  £  >  0,  i  =  0, 1, . . . ,  k,  n  €  N, 

2) 

L«/2J 

i(^(/;*))w  - /(l)(*)i  <  E  i/(2m+l)wic2m  +  f  rw/(n+l\a   (n.69) 


all  x  €  M,  $  >  0,  i  =  0, 1, . . . ,  k,  n  €  N, 
3)  n  —  2  case, 


|(P5(/;^))W  -  /«(*)!  <  C2  (l/(2+l)WI  +  y^i(/(2+l),C))  ,  (11-70) 


oil  i  €  1,  £  >  0,  i  =  0, 1, . . . ,  k,  and 

4)  n  —  1  case, 

|(Pe(/;aO)w-/(i)(aO|  <  f  Cwi(/(1+i),0>  (H-71) 

ailx  6  1,  $  >  0,  i  =  0,  l,...,fe. 

Proof.  By  using  Theorems  11.4,  11.8  (11.36),  Proposition  11.10  (11.51),  Corol- 
lary 11.11  (11.55)  and  Corollary  11.12  (11.59).  ■ 


150         11.  Global  Smoothness  and  Approximation  by  Picard  Singular  Operators 

We  finish  with  operator  Pr^  simultaneous  approximation  results  to  /  with 
rates. 

Theorem  11.17.  Let  f  G  Cn+fc(R),  n  G  N,  k  G  Z+   and  uj1(f{-n+i\h)  <  oo, 
h  >  0,  for  i  —  0, 1, . . . ,  k.  We  consider  the  assumptions  of  Theorem  11.5  as  valid 
for  n  —  k  there.  Then 
1) 

l(^(/;*))(l)|<  (£n(j  +  I  +  l)Vwi(/("+i\0.  (11-72) 

for  all  x  G  R,  £  >  0,  i  =  0, 1, . . .  ,  k,  n  G  N, 
2) 

\(PrAf;x))(i)-f(i)(x)\    <    E  E  l/(2m+l)Ml(")-fi^  (n-73) 

3=1   m=l  W  J 

+(g(;)(,+l^))^<^"-«- 


a//  x  €  R,  £  >  0,  i  =  0, 1, . . . ,  k,  n  €  N, 

3)  n  —  2  case, 


\(PrAf;x))(i)-f(i)(x)\     <     £2l(2r-l)\f^+i\x)\  (11.74) 


all  x  €  R,  £  >  0,  i  =  0, 1, . . . ,  k,  and 

4)  n  —  1  cose, 


|(Pr,«(/;*))W-/W(s)l<  ^^Vj  +  I  +  l^^^-H)^),      (11.75) 

aiia;  6l,  £  >  0,  i  =  0,  l,...,fe. 

Proof.  By  using  Theorems  11.5,  11.9  (11.47),  Proposition  11.13  (11.62),  Corol- 
lary 11.14  (11.64),  and  Corollary  11.15  (11.66).  ■ 
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Quantitative  Lp  Approximation  by 
Smooth  Picard  Singular  Operators 


In  this  chapter  we  continue  with  the  study  of  smooth  Picard  singular 
integral  operators  on  the  line  regarding  their  convergence  to  the  unit 
operator  with  rates  in  the  Lv  norm,  p  >  1.  The  related  established 
inequalities  involve  the  higher  order  Lp  modulus  of  smoothness  of  the 
engaged  function  or  its  higher  order  derivative.  This  chapter  relies  on 
[36]. 


12.1     Introduction 

The  rate  of  convergence  of  singular  integrals  has  been  studied  in  [163],  [164], 
[231],  [69],  [68],  [16],  [23],  [34]  and  these  articles  motivate  this  chapter.  Here  we 
study  the  Lp,  p  >  1,  convergence  of  smooth  Picard  singular  integral  operators 
over  R  to  the  unit  operator  with  rates  over  smooth  functions  with  higher  order 
derivative  in  LP(R).  These  operators  were  introduced  and  studied  in  [34]  with 
respect  to  ||  ■  ||oo.  We  establish  related  Jackson  type  inequalities  involving  the 
higher  Lp  modulus  of  smoothness  of  the  engaged  function  or  its  higher  order 
derivative.  The  discussed  operators  are  not  in  general  positive.  Other  motivation 
comes  from  [12],  [13]. 
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12.2     Results 

In  the  next  we  deal  with  the  smooth  Picard  singular  integral  operators  Pr,({f',  x) 
defined  as  follows. 

For  r  G  N  and  n  G  Z+  we  set 

(-ir-'Qr",  j  =  i,...,r, 

r 

that  is  J^  aj  =  1. 
j=o 

Let  /£C"  (R)  with  /(n)  G  LP(R),  1  <  p  <  oo,  we  define  for  a;  G  R,  £  >  0  the 

Lebesgue  integral 

PrAf;*)  =  ^l°°   (X>i/(*+J*))  e~Widt.  (12.2) 

Pr>£  operators  are  not  positive  operators,  see  [34]. 

We  notice  by  i  f^°    e~'t''^dt  =  1,  that  Pr^(c,x)  =  c,  c  constant,  and 

Pr*(J;x)  -  f{x)  =  ^   (E  <**  J^  {f(X  +  ^  '  KX»e~W€dt)   •  (12-3) 

We  use  also  that 

+fc   -1*1/0+       /    0.  k  odd>  nn  a\ 

te  dt=\2k\e+1,  fcevcn.  {UA) 

We  need  the  rth  Lp-modulus  of  smoothness 

0Jr(f(n),h)p  :=  sup  \\Artf^(x)\\p,x,    h>0,  (12.5) 

|t|<h 

where 

&u(n)(x)  :=^{-iy-j(yjfM(x+jt),  (12.6) 

see  [143],  p.  44.  Here  we  have  that  wr(/(n),  h)p  <  oo,  h>  0. 
We  need  to  introduce 

r 

Sk~J2aJJk'      fe  =  l,...,nGN,  (12.7) 
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and  denote  by  |_-J  the  integral  part.  Call 

r 

r(w,x)  :=^2airfin){x  +  jw)-6nfin'i{x).  (12.8) 

3=0 

Notice  also  that 

-D-ir'Q  =(-i)-Q-  (i2.9) 

According  to  [16],  p.  306,  [12],  we  get 

T(w,x)  =  Ar„fw(x).  (12.10) 

Thus 

\\T(w,x)\\p,x<LUr(f(n\\w\)p,         WeR.  (12.11) 

Using  Taylor's  formula  one  has 

$>,■[/(*  +  #)  -  f{x)]  =  J2  L1f1Sktk+TZn(0,t,x),  (12.12) 

3=0  fc=l 

where 

TZn{0,t,x)~   f    (-t~W\„    r{w,x)dw,      nGN.  (12.13) 

Jo       (^-!)! 

Using  the  above  terminology  we  derive 

L«/2J 
A(x)  :=  PP,e(/;x)  -  /(*)  -  Yl  f(2m)(x)52mem  =  -Kix),  (12.14) 

rn=l 

where 

n*n(x)  ~  ~   /       ft„(0,£,a;)eH'IAcft,      nGN.  (12.15) 

In  A(x),  see  (12.14),  the  sum  collapses  when  n  —  1. 
We  present  the  first  result. 

Theorem  12.1.  Let  p,  q  >  1  such  that  i  +  i  =  1,  nGN  and  the  rest  as  above. 
Then 

»^*>»"  *  (,P+l)VP(XVl)+,)^(n-l)!^^)'^'  <12"16> 

where 

\rp+l     np-l     -(p/2)«   .  /    ^ 


(1  +  u)rp+1unp-1e-wz,udu  -[-)      F(np) 


<  oo.  (12.17) 
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Hence  as  £  — >  0  we  obtain  ||A(a;)||p  — >  0. 

If  additionally,  /(2m)  G  Lp  (R)  ,  m  =  1, ...,  [_f  J  ,  then  \\Pr^  (/)  -  /||p  -►  0,  as 


Proof.  We  observe  that 
1 


|A(z)|p     = 


i 

(2CJF 


ft„(0,i,a;)eHt|/edi 

-OO 


ij  (I™  |R„(0,t„T)|e-|,|«dty  (12.18) 


Hence  we  have 

/CO  -|  /     /*oo     /     /*oo  \P 

\A(x)\pdx  <  j^  [J      (J      j(t,x)e-W(dtj  dx).        (12.10) 


where 


j(t,x):=   f     ^—^—\T{sign(t)w,x)\dw>0.  (12.20) 


Therefore 

R.H.S.(12.19)      =      ^  f£°  f£°  7(i^)e-|i|/2Ce-'tl/2^Pda;) 


/OO       /        f-  OO  \  \ 

(/       7p(i,:r)e-|pt|/2«d£jd:r) 


1      /4^p/9 


(2C)P  V  Q 

-2  s-  —  1     /     /'oo    /     foo 


2p-2^ 


S"  U°°SJZY{t,x)e~lptW2idt)dx) 


I.e. 


R.H.S.(12.19)  <  2"  - ^      (  [°°  (  [°°  7P(*>  a;)e_bt|/2edi]  cte)  .  (12.21) 

But  we  need  to  treat 

/  /•'"  \1/V/,|V(iti-wr-1\9    \1/q 

■y(t,x)      <      I  J      \T(sign(t)w,x)\pdw\        I  J      f  vl  '     _  '        j   dw  \ 

(J,]'1  |r(si5n(i)w,a;)|pd«;)1/p        \t\(«-i+i/g) 

(n-l)\  (q(n~  1)  +  1)1/?  ' 
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I.e. 


lP(t,x)< 


(/d*1  \r{sign(t)w,x)\pdw)  \t\np^ 


((n-l)!)p  (q(n-l)  +  l)p/" 


(12.22) 


Consequently  we  have 


R.H.S.(12.21)    <      *J^±U~^£ 
(calling 


(J(\tl\r(stgn(t)w,x)\''dw)\tr'-1    _]pt 


((n  -  l)\)P(q(n  -  1)  +  1)p/i 


^'^dt]dx 


(*), 


2P- 


Ci  := 


ZqP-idn  -  l)\)p{q(n  -  1)  +  1)p/s 


(12.23) 


and 

(*)       =      Cl 


f'l 


f'l 


f'i 


(  [°°  (  [      ^{sign^w^^dwXt^^e-^'^d^dt 

(7°°  (7'"  |AiaJ,(t)u,/W(x)|,'d«;)(fa)|tr-1e-|'rt|/a«)«ft 
(j^/"  |Aifl„Ww/(")(a')r<te)dtt;)|tr-1e-|,rt|/a«)* 
(/"'  wr(/(n),«;)^w')jtjnp-1e-|pt|/2^dtj.  (12.24) 


<      Cl 
So  far  we  have  proved 

J<  Cl 

By  [143],  p.  45  we  have 

(R.H.S.(12.25))      <     ci(wP(/w,Oi») 


|°°  f^'Vc/^^™)  |ir-vp"^  dt\ 


(12.25) 


-n  w  /V7V1  +  |W 


But  we  see  that 


•  |t|np-1e-|pt|/2|>jdt  j  =:  (**).  (12.26) 

(**)  =  (^fl)  K(/(n).Op)PJ,  (12.27) 
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where 


3 


=      2 


1  + 


1  + 


rp-\-l 


i  I  \t\^p-ie-\pt\m  \dt 


rp-\-l 


-  1    rp_1e-p*/2€rfi.  (12.28) 


Here  we  find 


J     =     2CP  I      ((1  + 

=      2CP 
=     2CP 


srp+l  _  j\     np-1    -0/2) 


Jd« 


/■oo  /•  c 

/    (i  +  M)rp+Vp-V(p/2)udu-  / 

J()  JO 


^ip-ig-tp/2)"" 


(1  +  u)rp+Vp-V(p/2)udu  -  (  -  )      F(np) 


Thus  by  (12.17)  and  (12.29)  we  obtain 

J  =  2Cpt. 
Using  (12.27)  and  (12.30)  we  find 


du 


(12.29) 


(12.30) 


(12.31) 


Z        T^ I    ,    (f(n)    t\    \P 

(rP+i){q2{n-i)  +  q)P/"((n-l)l)P{    rU       ^)p>    ' 


I.e.  we  have  established  that 


I  < 


2P/"rCPMf(n\0PP 


{rp+l)(q2{n-  1)  +  q)p/i((n  -  1)\)p  ' 
That  is  finishing  the  proof  of  the  theorem. 

The  counterpart  of  Theorem  12.1  follows,  case  of  p  —  1. 

Theorem  12.2.  Let  f  £  Cn  (R)  with  /(n)  G  Li(R),  n  G  N.  Then 

iiAWii.<^£'(%|^llr^(/'"',o. 


(12.32) 


(12.33) 


Hence  as  £  — »  0  we  obtain  ||A(cc)||i  — »  0. 

If  additionally,  /(2m)  G  Li  (R)  ,  m  =  1, ...,  [f  J  ,  then  ||Pr,c  (/)  -  /||j  -►  0,  as 

e^o. 
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Proof.  It  follows 


|A(aO| 


1 
2? 


TZn(0,t,x)e'W/idt 


1  f°° 

<       ~    \        \TZn(0,t,x)\e-W/lidt 

^S     i-OO 
1  /'OO        /        p\t\      /III     QiAn~  1  \ 

-      2£j        [J  (n~-  1)!     lr(s^nWw'  z)lrfw )  e~'t|/€^ 


(12.34) 


Thus 


/OO  -i  /"OO     /      /■«>      /      /*|t| 

_JA(^<-  J     If JJ 


(12.35) 


(n-l)! 


Ir^^xJI^e-W/^cfc^W. 


But  we  see  that 


/ 


|f|dti-wr 


o  («-!)! 


|r(sign(i)w,x)|dw  < 


-i      rl*l 


(n-l)iy0 


r(si<;n(t)«;,2:)|dw.   (12.36) 


Therefore  it  holds 


*       < 


XJ- 


oo     /     yoo     /     |.|n  — 1  f-\t\ 


oc  \  •/  — oc 


(n- 


^f'-~ ).--^* 


2^ 


oo     /     yoo     /      i.in  — 1  r\t\ 


oo  \  •/  — oo 


(n- 


ifK^*.)^- 


W  /"  (/°°  (/."'  lT("»n(t)tl,'a;)ldw)<fa)l*l""lc""l/€)«ft 


2C(n-l)!j 

'-.^j 

i 

—  oc    \ 

Jo 

1         ( 

X( 

c 

f     roo 

2£(n-l)l\ 

\J-oo 

1         / 

'rv 

rM 

.,  i  Hr 

\r(sign(t)w,x)\dx  )dw  )  \t\n     e   '  "    \dt 


2?(r 


That  is,  we  get 


\dt 


(12.37) 


IIAWHr  <  ^-^  (/_"  (f  «*(/<»>, «)ldW)  |*r  V'«><)*)  .    ( 


12.38) 
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Consequently  we  have 


2(n-iy.(r  +  l)\J_00\\        £ 


(n-l)!(r  +  l)  Vio     VV     '   ■' 


=  g^F^(r((i+y+i-i)r"v^)-    (i2-39) 

We  have  gotten  so  far 
where 

/>OC 

A—/     ((H-t)T'+1-l)t""1e"tdt.  (12.41) 

Jo 
One  easily  finds  that 

A  =  E  ( r  t x )  (n + *  - 1)!  - (n  - 1)!-  (12-42) 


fc=0    \ 


But  then  one  sees  that 


7-  +  1 


A        _^/r  +  lUn  +  ife-l) 


We  have  proved  (12.33). 

The  case  n  =  0  is  met  next. 

Proposition  12.3.  Let  p,q  >  1  sue/a  i/iai  -  +  -  —  1  ami  i/ie  resi  as  above.  Then 

\\Pr,df)  ~  fh  <    (f)       "  O^MLOv,  (12-44) 

(1  +  aO^e^^da:  <  oo.  (12.45) 


Hence  as  £  — ►  0  we  obtain  Pr^  — »  unii  operator  I  in  the  Lp  norm,  p  >  1. 
Proof.  With  some  work  we  notice  that,  see  also  [34], 

*,€(/;*)  ~  /(*)  =  ^  (|°°  ((Ar/)(^))e-|t|/5dt)  .  (12.46) 
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And  then 


\Prti(f;X)-f(x)\<-J       \Artf(x)\e-^dt.  (12.47) 


We  next  estimate 


/CO 
\Pr,df\x)-f{x)\*dx 
-co 

KC(/>r/,*H'l,fd')v> 
V  (/"!(/ jA;/(i,|eH"/!£eH"'"<")"<'1) 

-i  /     foo    /     /'co  \     /     foo  \  P/q 

T'  ( /  „  (/  » lA^(-)l'«H""2!<")  (/  _  e-1*"'"*)    •** 

J(f)",(/10C|AI«""''-M"*)* 


< 

-  2p£ 


2P^! 

1 

2p£p 


1_    [4^r 
2r>Z 


^(¥)"(£(£|WW|''-M'"*)* 

/CO       /        /'CO  \ 

(/    iAr/(x-)ipdxJe-|pt|/2«dt 


1     /4CXP/9 


2p£p  \  q 


vl'i 


1       I  4£  \  /     /  .    it   ui\?>    Hp'I/2£, 


^#V7'     1/    "-(/.I'l)^-"*"** 


1        /4^P/9 


2p-1£p  I    g 


(J°°  u>r(f,type-ptmdt 


=    Q)P  '^(/.^(/"(l  +  ^W^).  (12.48) 

Clearly  we  have  established  (12.44). 
We  also  give 

Proposition  12.4.  It  holds 

\\Pr,if  -  f\\i  <  Ler!JwP(/,Oi-  (12-49) 

Hence  as  £  — >  0  we  ge£  Pr.£  — >  /  in  the  L\  norm. 

Proof.  We  do  have  again 

\PrAf;x)-f(x)\  <±j       \Artf(x)\e-^dt. 
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We  estimate 

poo 

\Pr,df;n>)-f(x)\dx 

-  hr  (r  wx*)^"*) dx 

1  pOO       /      poo  \ 

■i/,(/,H'HM' 

<  t^7  /      wr(/,  \t\)ie~w/idt 

^r(/,t)ie_t/?di 


i  '       ,..,  ,-«/«, 


<^/7u!Ve-!% 


=  cur(f,0iJ^(l  +  x)re-xdx  =  cur(f,0i  rt  ( Jfc! 

=  «r(/,0i  (r!E^)  =«r(/,0iLer!J.  (12.50) 


We  have  proved  (12.49). 

In  the  next  we  consider  /  G  Cn(R)  with  /(n)  G  LP(R),  n  =  0  or  n  >  2  even, 
1  <  p  <  co  and  the  similar  smooth  singular  operator  of  symmetric  convolution 
type 

pdfm>x)=n  f(x  +  y)e~M/idy,    for  all  x  G  K,  £  >  0.  (12.51) 

2?   J-oo 


That  is 

pdf;*)=2£j     {f(x  +  y)  +  f(x-y))e-y/tdy,  (12.51)* 

for  all  x  G  R,  £  >  0.  Notice  that  Pi^  =  P^.  Let  the  central  second  order  difference 

(A2yf)(x)  :=  f{x  +  y)  +  f(x  -y)-  2f(x).  (12.52) 

Notice  that 

(A%/)(x)  =  (A*/)(x). 

When  n  >  2  even  using  Taylor's  formula  with  Cauchy  remainder  we  eventually 
find 

iA2yf)ix)  =  2^Lj^1y2p+Ki(x),  (12.53) 
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where 

Tl^x)  :=  J\A2tf(n))(x){y{~^dt.  (12.54) 

Notice  that 

Pi(f;x)-f(x)  =  -Jo     (A2yf(x))e-y^dy.  (12.55) 

Furthermore  by  (12.4),  (12.53)  and  (12.55)  we  easily  see  that 

n/2 

K{x):=  Pdf;x)-f(x)-i2f(2P)(xK2P  (12-56) 

P=i 


l  r ( rrA?f(">w^fo-*)"  \u\ ..  ■  i. 


2U0  \Jo{Atf  ){x) -%^wdt]e    dy- 


,2f(n)(,Ay-t)r-  ,.\-y/e 


Therefore  we  have 

]K{x)]-kh  {J0lAtr>{x)l"^rrdt)e^dv-      (12-57) 

Here  we  estimate  in  Lp  norm,  p  >  1,  the  error  function  K(x).  Notice  that  we 
have  u>2(f  ,h)p  <  oo,  h  >  0,  n  =  0  or  n  >  2  even.  Operators  P^  are  positive 
operators. 


Theorem  12.5.  Let  p,  a  >  1  suc/i  i/iai  1  +  1  =  1    n  >  2  even  and  the  rest  as 
above.  Then 

"^  *  ((4P  +  2)i/p(ga(n-/l)  +  g)^(n-l)l)  ^^'^       <12-M> 
w/iere 


r  := 


(  l°0{l  +  xfp+1xnp-1e-(p/2)xdx-  (-)   Pr(np))<oo.  (12.59) 

Hence  as  £  — ►  0  we  get  ||.K"(a:)||p  — »  0. 

If  additionally,  /(2p)  £  Lp  (R)  ,  p  =  1, ...,  f ,  then  ||P£  (/)  -  /||p  ->  0,  as  £  ->  0. 

Proof.  We  observe  that 

ijw -  ^  (rcr'^^^'^^r*)6"^*)'-  (i2-6o) 

Call 

j(y,x)  :=  I"  |A?/^(x)|^-i^di  >  0,  (12.61) 
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then  we  have 

l*W  ^  &p  (J°°  i(v,x)e-y/idyy '.  (12.62) 


And  hence 


1  poo      /    yoo  \  p 

K(x)\pdx<—j       I J      y(y,x)e~v/%j    dx 


2p£: 

(by  Holder's  inequality) 


< 

-      2p£ 


-t  f         POO       /       POO  \      /       f°°  \    P/Q  \ 

=pU      [Jo     my,x)Te-py^dy)[Jo     e-™/2idy)       dx 

2^  (/~  (J"wv>x)y'e~"'"'dv)da)  =■■  (*)■      (i2-63) 


By  applying  again  Holder's  inequality  we  see  that 

,       N       (frfjA?/^(^)|pdi)1/p        v("-1+i) 
*"*>  *   —      (n-l)l  (g(n-l) +  !)*/.  •  (12-64) 

Therefore  it  holds 


•  /"-^-ra/^j^^  j  =.  („)_  (12.65) 

We  call 

C2  :=  2£gP/8((n  -  l)!)P(g(n  -  1)  +  1)p/?  '  {^M) 
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And  thus 


1**1        =        C2 


=        C2 


C-2 


(■2 


<        C2 


|  At.^  {x)\pdt\  dxj  yp^e-py/^j  dy 

£  (J™    |  A?/'"5  (x)\»<to)  dtj  y^-\-™/A  dy 

jf  "  (J°°  |  A?/W  (x  -  t)\pdx\  d?j  j^-V™/2^  dy 


0      V-ro 


A^/W(x)r«fa!   d*  /"-1e"'""i,t    dy 


jm-1    —  j>2//2£ 


£u2(/l"',()f<il)»»"-'e-™'M)*j 

<  «-tfw.«(/."OC(i+|),'*)» 


(12.67) 


That  is,  so  far  we  proved  that 


ASW'.OJ  f  (f  (i  +  |)"<« 


pn-lg-pv/2*    |dy 


^n-le-Py/25|dj/|  (12j 


However 

R.H.S.(12.68)  =  ^iTy^(/("),^N00((l  +  |)2P      -l)//""    '<    '";2;''/// 


Call 


Thus 


M 


r(H) 


2p+l 


1  I  y^-^-^^dy. 


r  /  (( 


M      =     e"  I      {{l  +  x)2p+1 -l)xpn-le-{p/2)xdx 

C"  [  I     {l  +  xfp+1xpn-le-W2)xdx-(-\     T{np) 


(12.69) 
(12.70) 

(12.71) 


I.e.  we  get 
Therefore  it  holds 


A< 


M  =  enr  ■ 


2(2p  +  l)((n  -  l)!)p(q2(n  -  1)  +  g)p/« 


(12.72) 


(12.73) 
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We  have  established  (12.58).  ■ 

The  counterpart  of  Theorem  12.5  follows,  p  —  1  case. 
Theorem  12.6.  Let  f  G  Cn(R)  with  /(n)  G  Li(R),  n  >  2  even.   TTiera 

ll*(*)IU  <  n  ((n+1)6(n  +  2)  +  ^  +  i)  fWU),  (12-74) 

Hence  as  £  — >  0  we  obtain  \\K(x)\\i  — >  0. 

If  additionally  /(2p)  G  ii  (R) ,  p  =  1, ...,  f ,  then  ||P<,  (/)  -  /^  -*■  0,  as  £  -»  0. 

Proof.  Notice  that 

A?/(")(^)  =  A?/(")(x-t),  (12.75) 

all  x,  t  €  R.  Also  it  holds 

/OO  /'OO 

|At2/(n)(x-i)|dx     =      /      \A2tfin)(w)\dw 
-oo  •/  — OO 

<     w2(/(n),t)i,      allteR+.  (12.76) 

Here  we  obtain 


/DO 
|tf(a:)|<fa: 
-OO 


■^An)(,,iv-^r-  -_M\0-v/li, 


-i         /'oo    /     z1  oo    /  n— 1 

<  I     I  I    I    y 


*(f(£or*'rtw*)*)<£r-,/*)*) 
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CMf(n),0 

6(n-l)!      v,„ 

6(n 

C?(n-iy]l  ((n  +  2)!  +  3(n  + 1)!  +  3n!) 

(n  +  l)(n  +  2)    t    (n  +  1)    ,    1^  „„,,_,,(„) 


1  '    '      ((1  + z)3  -  ^""V^a: 


-4f^-(  /*~(a:™+2+3a:n+1+3:E™)e-x<te) 


+  v^_v  +  -     rWa(/W)0l_  (12.77) 


We  have  proved  (12.74). 

The  related  case  here  of  n  =  0  comes  next. 


Proposition  12.7.  Let  p,  q  >  1  stic/i  i/iai  i  +  i  =  1  anrf  i/ie  rest  as  above.  Then 


pi/P 


lln(/)-/llp<^T7^(/,e)p,  (12.78) 


where 


p:=   /      (H-a02pe-{p/2)a,da:<oo. 

Hence  as  £  — »  0  we  obtain  P^  —*  I  in  the  Lp  norm,  p  >  1. 
Proof.  From  (12.55)  we  find 


(12.79) 


|Pe(/;  x) -/(*)!*<  ^  Q^  \A2yf(x)\e-v/idyJ  .  (12.80) 
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We  then  estimate 


/oo 
\Ps(f;x)-f(x)\pdx 
-OO 


^oo      /     /*oo  \  P 


1  /'OO        /       /'CO  \    P 

TfJ^d     \Alm\e-yMe-^dyj    dx 

-1         /     /-oo    /     ^oo  \     /     r-oo  \  p/q        \ 

s  ML(l  ««■>!••-«*)  (j[  •— *)  *) 


2^^  \  g 

=  <m[m  ( r 

2qp/"      \Jo 


l  +  x)2pe-(p/2)xdx).  (12.81) 


The  proof  of  (12.78)  is  now  evident. 

Also  we  give 
Proposition  12.8.  It  holds 


IIA/-/lli<|^(/,£)i.  (12.82) 


Hence  as  £  — *  0  we  get  P^  —>  I  in  the  L\  norm. 
Proof.  From  (12.55)  we  have 


\P,(f;  x)  -  f(x)\  <  ^  J      \A2yf(x)\e-y^dy.  (12.83) 
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Hence  wc  obtain 

oo 

\Pi(f;x)-f(x)\dx 


-i         poo/     poo  \ 

<   -J       ^J      \Alf(x)\e-y/idyjdx 

-t  POO      /       POO  \ 

LJ      (J      \A2yf(x)\dxj  e-*'*dy 


2Uo 
1 


OO      /       POO 


\Alf(x-y)\dx  )e-y/idy 

ZS   J()         \J-oo  J 

-I  p  OO       /       pOO  \ 


1      '  -     -    ,-v/(. 


<  —J     U2{f,y)ie-v/tdy 


i 


«2(/,oi  r/i ,  jm  .-«/«, 


=   ^^(l+^Vcf^^a^.       (12.84) 
We  have  established  (12.82).  ■ 


13 

Approximation  with  Rates  by 
Fractional  Smooth  Picard  Singular 
Operators 


In  this  chapter  we  study  the  very  general  fractional  smooth  Picard  singular  inte- 
gral operators  on  the  real  line,  regarding  their  convergence  to  the  unit  operator 
with  fractional  rates  in  the  uniform  norm.  The  related  established  inequalities 
involve  the  higher  order  moduli  of  smoothness  of  the  associated  right  and  left 
Caputo  fractional  derivatives  of  the  involved  function.  Furthermore  we  present  a 
fractional  Voronovskaya  type  of  result  giving  the  fractional  asymptotic  expansion 
of  the  basic  error  of  our  approximation. 

We  finish  with  applications.  The  operators  are  not  in  general  positive.  This 
chapter  relies  on  [60]. 


13.1     Background 

We  mention 

Definition  13.1.  Let  v  >  0,n  =  \v\  ([*•]  is  the  ceiling  of  the  number,  |_-J  is 
the  integral  part),  /  6  Cn  (R)  .  We  call  left  Caputo  fractional  derivative  ([145], 
[160],  [179])  the  function 


DL0f(x)  =  r(    _        /     (x  - 1)"-"-1  f{n){t)dt,  (13.1) 

Vx  >  Xo  £  R  fixed,  where  F  is  the  gamma  function  F  (y)  —  J0°°  e_'i"_1iit,  v  >  0. 
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We  set  D°xJ(x)  =  f{x),Vx  >  x0- 
We  suppose  D%xof(x)  =  0,  for  x  <  xo- 

We  need 

Lemma  13.2.  Let  v  >  0,  v  $  N,n  =  \v\  ,  f  G  C"  (R) ,  ||/(n)||      <  oo,  x0  G  R 

il  II  OO 

fixed.  Then  DXxof(x0)  =  0. 

Proof.  By  Definition  13.1  we  obtain 

\d:xj(x)\  <   —L—["(X-t)n-''-1\fin\t)\dt 

f(n)\ 

f(nJ 

V  lloo^-^o) 


T(n  —  v)      (n  —  v) 

f(n)\\ 


r(n-i/  +  i; 

The  claim  is  now  clear. 


(a;  —  X{))n   "  ,  V;r  >  xo- 


We  need  the  following  left  Caputo  fractional  Taylor  formula. 
Theorem  13.3.  ([44,145])  Let  /  G  Cm  (R)  ,m  =  \a\  ,  a  >  0.  Then 

/(*)  =  E  i-TT1  (*  -  *<>)*  +  rh  Ft*-  O"'1  DZvoMW,       (13.2) 

fc=0  w  Ja;o 

Vx  G  R  :  X  >  Xo. 

We  also  mention 

Definition  13.4.  ([160],  [179])  Let  /  G  Cm  (R)  ,  a  >  0,  m  =  \a]  .  The  right 
Caputo  fractional  derivative  of  order  a  >  0  is  given  by 

D"0-f(x)  =  p        j     ,    /      (C  -  ^)m— '  /(m)(C)dC,  (13.3) 

r(m  -  a)  yx 

Vi<i06R  fixed. 

We  suppose  DXQ_f(x)  —  0,Wx  >  xo- 

We  need 

Lemma  13.5.  Let  a  >  0,  a  g  N,  m  =   [a]  ,  /  €  Cm  (R) ,  ||/(m)||       <  oo, 

i  !  I  I  OO 

xo  G  R  fixed.  Then  D^0_f(x0)  =  0. 
Proof. 

i^0-/(x)i  <  — J— ^  r°(c-*r-a-1|/(m)(ok 


r(rn  —  a) 


fx°  1 

/   (c-xr-o-'dt 


13.1  Background         171 

r(m)| 


r(m  —  a)       (m  —  a) 
f(m) 


r(m-  a  +  1] 
proving  the  claim. 


■  (Xo  —  x)m    a  ,  Vx  <  Xo, 


We  need  the  following  right  Caputo  fractional  Taylor  formula. 
Theorem  13.6.  ([44], [155])  Let  /  G  C"m  (R)  ,m  =  \a]  ,  a  >  0.  Then 

f{x)  =  j^  i^ipl  (X  -  xo)k  +  -J-  f  °  (c  -  xy-1  D:0_f(0dc    (is.4) 


fc!  y        T(a) 


Vx  <  Xq. 


We  further  need 

Theorem  13.7.  Let  g  £  Ct  (R)  (continuous  and  bounded),  0  <  c  <  1,  x,Xo  G 
R.  Define 

/■re 

L(x,  xo)  =  /     (x  —  t)c~   g(t)dt,  for  x  >  xo, 
and  L(x,xo)  =  0,  for  x  <  xo- 


Then  L  is  jointly  continuous  in  (x,  Xo)  G 


;^ 


Proof.  We  notice  that  L(xo,xo)  =  0.  Assume  x  >  xo-  Let  xjv  — >  x,xon  — * 
Xo,N  G  N  and  assume  without  loss  of  generality  that  xjv  >  xojv.  We  have 
xjv  —  xojv  |  <  | xjv  |  +  |xojv|  <  bi  +  &2  =:  d,  where  bi,  &2  the  bounds  of  the  conver- 
gent sequences  xjv,xojv-  Clearly  also  x  —  xo  <  |x|  +  |xo|  <  d.  Then  we  have 

px  —  xq  rd 

L(x,x0)=/  zc~1g(x-  z)dz=    /     X[o,x-zo]  (z)  Z°~XQ  (x  -  z)  dz, 

Jo  Jo 

where  x  is  the  characteristic  function. 
So  we  have  again 

rxN-x0N 

L(xjv,  xojv)      —       I  zc     g  (xn  —  z)dz 

Jo 
rd 

=      /     X[o,xN-xON](z)zc   1g(xN  -  z)dz. 
Jo 

We  observe  that 

X[o,xN-xON](z)  -*  X[o,x-x0](z),  a.e., 
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and 

X{o,xN-xON](z)zc~1g(xN  -  z)  -»  X{o,x-x0]{z)zc~1g(x-  z) ,  a.e. 
Notice  that 

X[o,xN-xQN](z)zc'1  \g(xN  -  z)\  <  z^1  Hffll^, 

which  is  an  integrable  function. 

Thus  by  Dominated  Convergence  theorem  we  derive 

L  (xn,xon)  —*  L  (x,  xo)  ,  as  N  — >  oo. 

Clearly  now  L  (x,  xo)  is  jointly  continuous  on  R2.  ■ 

We  also  mention 

Theorem  13.8.  Let  g  G  Cb  (R)  ,  0  <  c  <  1,  £,:ro  €  R.  Define 


if(:r,:ro)=    /       (C,  -  x)c      g{C,)dC,,  iorx<x0, 

J  X 

and  K  (x,xo)  —  0,  for  x  >  £o- 

Then  K  (x,  xq)  is  jointly  continuous  from  R2  into  R. 

Proof.  Let  xn  — *  x,xon  — *  xq,N  £  N  and  without  loss  of  generality  we 
may  assume  that  xn  <  xon-  Here  as  in  the  proof  of  Theorem  13.7:  xon  ~  xn  < 
bi  +  b-2  —:  d,  and  xo  —  x  <  d.  We  have 

rx0-x 

K(x,xo)      —       /  zc~  g  (z  +  x)  dz 

Jo 

=       I     X[o,x0-x](z)zc   1g(z  +  x)dz, 
Jo 

and 

rxaN-xN 

K(xn,xon)      =       /  zc~  g  (z  +  xN)  dz 

Jo 

fd 

=       /     X[o,xON~xN](z)zc   1g(z  +  xN)dz. 
Jo 

We  have 

X[o,xON-xN]{z)  -»  X[o,x0-x]{z),  a.e., 

and 

X{o,xON~xN](z)zc~1g  (z  +  xn)  ->  X{o,x0~x]{z)zc~1g  (z  +  x) ,  a.e. 
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Notice  that 

X[0,a:ON-a:N](z)zC'1  \g  (Z  +  XN)\   <   Z^1  Halloo  ' 

which  is  integrable. 

Thus  by  Dominated  Convergence  theorem  we  obtain 

K(xn,xon)  ~*  K(x,xo),  as  N  —*  oo. 

Clearly  now  K{x,Xo)  is  jointly  continuous  on  R2.  ■ 

Based  on  Theorems  13.7,13.8  we  get 

Proposition  13.9.  Let  /  G  Cm  (R) ,  with  ||/(m)||      <  oo,  m  =  \a]  ,  a  £  N, 

a  >  0,  x, xo  G  R.  Then  D*x  f(x),DXQ_f(x)  are  jointly  continuous  functions  in 
(x,  Xo)  from  R2  into  R. 

We  need 

Definition  13.10.  Let  /  G  Cm  (R)  ,  ||/(m)||      <  oo,  m  =  [a]  ,  a  £  N,  a  >  0, 

II  I  I  OO 

r  G  N,  x,xo  G  R.  We  define  the  difference 

(Arw  (D:XJ))  (x)  :=  £  (-if  r  j  (£>?„„/)  (*  +  ,«,) ,  (13.5) 

Vw  G  R, 

and  the  rth  modulus  of  smoothness, 


ur(D?xof,h)  :=  sup  \\(Art(D?xJ))(x)\\ooxm.  (13.6) 

|t|<h 


Notice  that 


|(A^  (£>?„„/))  (*„)|     <     ||(AS,  (£>?„„/))  (xJII^,, 

<     wP  (£>?„„/,  N).  (13.7) 

Similarly,  we  define  the  difference 

(A;  (£?„_/))  (x)  :=  J2  (-l)""j  n)  (^o-/)  (*  +  3V>)  ,  (13.8) 

Vw  G  R,  and  the  rth  modulus  of  smoothness, 


uv  (££„_/,  A)  :=  sup  ||(AT(i?S0_/))  (*)!!„,  ...  (13.9) 

|t|<h 


See  again  that 


\(Al(D:o_f))(x0)\     <      ||(AL  (££„_/))  (aOU^,. 

<     WrWo-Z.H).  (13.10) 
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As  a  related  result  we  mention 

Proposition  13.11.  Let  /  :  R2  — +  R  be  jointly  continuous. 
Consider 

G(x)=ur(J(;x),S)[ai+oo),  8>0,xeR. 

(Here  u)r  is  defined  over  [x,  +oo)  instead  of  R.) 
Then  G  is  continuous  on  R. 

Proof.  Let  xn  — >  x,xn  <  x,S  >  0. 
(The  case  xn  — >  x,  xn  >  x  is  similar.) 
Then  we  can  write 

G  (xn)  =  wr  (/  (•,  x„) ,  S)[xn+oo) , 

which  is 

G(xn)  -  max{A0,  Ai, . . .  ,Ar+1}  . 

The  Ao,A\, . . . ,  Ar+i  are  described  as  follows. 

(Here  AJ/  («,  Xn)  =  E^o  Q  ("1)^  /  («  +  J*.  *»)  ■) 

Ao     =     sup{|Aj/  (u, xn)\  '■  u  +  jt  €E  [a;,  +oo)  for  all  j  =  0, 1, . . .  r;  \t\  <  5}  , 
A\     =     sup{|Aj/  (u, xn)\  '■  u  +  jt  £  [a;,  +oo)  for  all  j  =  0,1,  ...r  —  1,  and 

u  +  rt  e  \x„,x) ;  i   <  5}  , 
Ai     =     sup{|Aj/  (u, xn)\  '■  u  +  jt  £  [a;,  +oo)  for  all  j  —  0, 1, . .  .r  —  2,  and 

u  +  jt  €  [xn,  x)  for  j  —  r  —  l,r;\t\  <  8}  , 

A, —  i      =     sup  {\ At  f  (u,xn)\  :  u,u  +  t  £  [x,+oo)  ,  and 

u  +  jt  G  [a;n,  a;)  for  j  =  2, . . . ,  r;  |t|  <  5}  , 
Ar     =     sup{|A(/  (u,  Xn)\  '■  u  €  [x,+oo) ,  and 

u  +  jt  e  [x„,  x)  for  j  =  1,  .  .  .  ,  r;  |t|  <  5}  , 
Ar+1      =      sup{|A(/(u,x„)|  :  u  +  jt  e  [x„,x)   for  j  -  0, .  .  .  ,r;  |i|  <  5}  . 

Now,  when  xn  — >  x,  then  Ao  — ►  G  (a;) ;  Ai  —*  Ki  (x)  <  G  (x) ,  I  —  1, . . .  ,  r;  and 
^4r+i  — »  0  (since  £n  — >  x). 

In  conclusion,  G  (x„)  — »  max{G  (a;) ,  ^  (a;) ,  0}(;=1      r)  =  G  (x) .  ■ 

Proposition  13.12.  Let  /  :  R2  — >  R  be  jointly  continuous. 
Consider 

ff(l)=Wr(/(-,l),*)(.„,,],    5>0,^GR. 

(Here  u)r  is  defined  over  (— oo,a:]  instead  of  R.) 
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Then  H  is  continuous  on  R. 

Proof.  Let  xn  >  x,xn  — >  x,  (similarly  is  done  xn  <  x),S  >  0. 
Then  we  can  write 

H  (X„)   =  UJr  (/  (',  Xn)  ,  S)(_XiXn]  , 

which  is 

H  (xn)  -  max  {S0,  Si,. . .  ,Br+1}  . 
The  So,  Si, ... ,  Sr+i  are  described  as  follows: 

So     =     sup{|A(/  (u,  xn)\  '■  u  +  jt  e  (— oo,*] ;  for  all  j  =  0, 1, . .  .  r;  |t|  <  5}  , 
Si     =     sup{|Aj/  (u,  xn)\  '■  u  +  jt  £  (— co, a;]  for  j  —  0, 1,. .  .  r  —  1,  and 

u  +  rt  e  [x,Xn]  ;  |i|  <  5}  , 
S2      =     sup{|At/  (u,a;„)|  :  u  +  jt  G  (— 00, x]   for  j  —  0, 1, . . .  r  —  2,  and 

u  +  jt  £  (x,  xn]  ,  for  j  =  r  —  1,  r;  |i|  <  5}  , 

Br_i     =     sup  {|  A^/  (u,  xn)\  '■  u,  u  +  t  G  (— 00,  cc] ,  and 

u  +  jt  e  (x,  xn]  for  j  =  2, . . . ,  r;  |i|  <  S}  , 
Br      =     sup{|A£/  (u,xn)\  '■  U  G  (— 00, a;]  ,  and 

u  +  jt  £  (x,  xn]  for  J '  =  1,  •  •  • ,  T";  |t|  <  5}  ,    and 
Sr+i     =     sup{\Alf  (u,xn)\ -u+jt  G  (x,xn]  tor  j —  0,...,r;\t\<  5}  . 

Now,  when  xn  — >  x,  then  So  — *  H  (x) ;  Bi  —*Ti  (x)  <  H  (x) ,  I  —  1, . . . ,  r;  and 
Sr+i  — >  0  (since  xn  — >  x). 

HenceS(a;„)-»max{S(a;),r((a;),0}((=li    r)  =  H (x) .  ■ 

From  Propositions  13.9,  13.11,  13.12  we  obtain 

Proposition   13.13.  Let  /  G   Cm  (R) ,   ||/(m)||       <  00,  m  =   \a]  ,  a  <£  N, 

a  >  0,  r  G  N,  x  G  R.  Then  wr  (D"xf,  h),    +    ,  ,  cjr  (D"_f,  h),^  x,  are  continuous 
functions  of  x  G  R,  ft  >  0  fixed. 

We  make 

Remark  13.14.  Let  g  continuous  and  bounded  from  R  to  R.  Then  we  know 
that 

u>r(g,t)  <  2r\\g\\oo  <co. 

Assuming  that  (D"xf)  (t)  ,  (£)"_/)  (t)  ,  are  both  continuous  and  bounded  in  (x,  i)G 


I2,  i.e. 


IP?«/IL      ^     ^i,Va-GR; 
l-D«-/ll«,      <     ^2,Va-GR, 
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where  K\,K<z  >  0,  we  obtain 

o>r  {D5-f,Z)     <     2rK2,\J£>0, 

for  each  x  G  R. 

Therefore,  for  any  £  >  0, 

sup  [max  (wr(£>"x/,0.Wr  (£>"_/,  0)]  <2rmax(A:1,A'2)  <  oo.  (13.11) 


So  in  our  setting  for  /  G  Cm  (R)  ,     /(m)         <  oo,  m  =  [q]  ,  a  <£  N,  a  >  0,  by 

Proposition  13.9,  both  (D*xf)  (t)  ,  (Dx_f)  (t)  are  jointly  continuous  in  (t,x)  on 
R2.  Assuming  further  that  they  are  both  bounded  on  R2  we  get  (13.11)  valid.  In 
particular,  each  of  u>r  (D"xf,£)  ,u)r  (-D™_/,  £)  is  finite  for  any  £  >  0. 

We  need 

Remark  13.15.  Again  let  /  G  C*m  (R) ,  m  =  \a\  ,  a  <£  N,  a  >  0;  /(m)  (a;)  = 
1,  Vx  G  R;  x0  G  R.  Notice  0  <  m  -  a  <  1.  Then 

/  \m-a 

D?.0/(,)  =  i|=MTIJ>Vx>xo. 
Let  us  consider  x,y  >  xo,  then 
\D"xof  (x)  -  D"xof  (y)\     =      r,m_a  +  1j  I  fo  ~  so)"1"  "  -  (y  -  x0)m~"  | 

I  im  — ct 


T  (m  -  a  +  1) ' 
So  it  is  not  strange  to  suppose  that 

\D:XJ  (xi)  -  D:xJ{x2)\  <K\xi-  x2f  ,  (13.12) 

K  >  0,  0  <  f3  <  1,  Vxi,x2  G  R,  any  xo  G  R,  here  more  generally    /(m)        <  oo- 

I  I  I  I  OO 

In  general,  one  may  assume 

Wr(^-/,«      <      Mrr-1+/3l;  and 

«r  (£>?«/,  0      <      M2C~1+fe,  (13.13) 

where  0  <  /?i,/32  <  1,  V£  >  0,  r  G  N;  Mi,M2  >  0;  any  x  G  R. 

Setting  /?  =  min  (/?i,  /32)  and  M  =  max  (Mi ,  M2)  ,  in  that  case  we  get 

sup  {max  (u>r(.D"_/,£).Wr  (-D^/.  0)}  <  M£r-1+/3  ^  0,  as  £  ->  0  +  .     (13.14) 


13.2  Main  Results         177 

13.2     Main  Results 

We  need 

Definition  13.16.  Let  r  G  N,  a  >  0.  We  introduce  the  numbers 

(-r'Or8,  i  =  i,...,r, 

%  i-E;=i(-i)p_,G)ra,  i  =  o,  l     j 

that  is  5Zj=o  <*j  =  1- 
Also  denote 

r 

<5fe  =  NJ  Oj -.j  ,  k  =  1, . . .  ,m  —  1,  (13.16) 

where  m  =  \a]  . 

We  give 

Theorem  13.17.  Let  /  G  Cm  (R)  ,  m  =  \a\  ,  a  >  0,  ||/(m)||      <  oo,  a;0  G  R 

II  I  I  OO 

fixed,  £  >  0.  Then 
i)  if  i  >  0  we  have 

r  m— 1     ,.(fc)   /        \ 

A      :      =  A  (t,  ao)  ==  E  a,-  [/  (xo  +  jt)  -  /  (so)]  -  E        fci       **** 

3=0  fc=l 

=     rT^rC-^r'^^o^W^  (13-17) 

and 

W  *  <*  (^/.«  fe  T^T^tTtSW)  (13-18) 


ii)  if  £  <  0  we  obtain 


(  Kr  -  k)\  £T  (a  +  k  +  1) 


m —  1 


B      :      =  B  (t,  so)  ==  Y,  ai  If  (^  +  J*)  -  /  (g°)l  -  E  /(fcfc!3;'))  **** 

3=0  fc=l 

i       r° 

'        '  -\ol—  1  /  \  r    /  T-\a 


r(«)7t 

and 


(w  -  t)"-1  (Arw  (D°0_f))  (x0)  dw,  (13.19) 


\B\<^(D:0_m[E{rJk)[^la+k+1))-  (13-2°) 


fe=0 
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Proof. 

i)  Let  t  >  0,  we  obtain 


i=o  j=i 


r 

E< 
j=i 


E 

k—l 

m  —  1 

E 


/(fc)  (*o)  „.fc+*    ,      1 


/,:! 


J  *     + 


rfa) 


/(fc)  (ceo)  .fe+fc    ,       1 


/,•! 


J  *     + 


r  a 


f°  '  ((«o+jt)-C)a_1^0/(c)dC 

rjt 

/       O't-M)"-    I>?xo/(xo+M)rfM 

Jo 


=  E- 
j=i 

r 

=  E- 

3  =  1 
m—1 

=  E 


m-l    „(fc) 
fc  =  l 


E/          (#o)    .fe.fc      .  1  [     i  ..  .      NCt-l    r-,a        r/  .      •      \      j 
fri 3        +f7^Y  /    Ut~3w>        D,xof(xQ+jw)jdw 


r  (a)  y0 


'""'/^M.^  ,  r    '•' 


r  (a)  y0 


E  J—p±jktk  +=l-  /  (t-wr-^s.o/^o+j^dw 


f^(x0)X4k  ,   E;=i«iJ° 


/v! 


-for  + 


r  a 


(i  -  w)a      £>?*(,/  (ceo  +  jw)  dw 


E/(fc)  (xo)  c   .fc    .    Zjj=l  (     !)         (j)     /"*  ,,  ,a-l  n„      »,        .     .     ,, 
^ — -<M    H 777^; —  /    (*-w)        ^/(%+jti))(to 


fc! 


r(a) 


E^W 


/,■! 


+  - 


^/;  (,-„,- {|(-ir^  (;:)(«, 


/(^o+jto))     dw 


"»-i   »(fc) 


=  E 


/W(*oh+fc|       1 


/,■! 


4r  + 


r» 


[\t-wy 

■Jo 


E)(-ir_J  ^. )  (ir,,,/t.r,1  +  j«-))  +  {-i)'-(iX',l)/c.r„))  ^/«- 
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E^W 


k\ 


+  Tja)JQ   {t-w)a^  \  E  (-1)""'  [j )D**°  (/(^  +»)  |  dw 
171-1  r(fc)  c     \  i        ft 


We  have  proved  that 


X)«i[/(*o+it)-/(*o)]  -  E 

J=0 


/,:! 


+ 


r  (a)  A 


(t-t«r(A;(DL  f))(x0)dv>, 


that  is  (13.17)  is  true. 
Next  we  observe  that 


\A\     < 


r( 

r  (a)      70 


(f-u/r-ifi  +  l)  </,<■ 


T(a) 

=       WP  (£>?„„/,  O 

proving  inequality  (13.18). 
ii)  Let  t  <  0.  Then  we  get 


EllU/c-")-1^-1*.. 


fc/eio 


E 


r\  k\  t 


a-\-k 


k£kT(a  +  k  +  l) 


E  a*  if  (*« + j*)  - 1  (*o)i  =  E  ^  [/  (^ + j*)  -  /  (*«>)] 

3=0  3=1 
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EaJ 
i=i 

V 

3  =  1 


m-1    „(fe) 


E 


/(fe)(^o)  .k.k    ,_1 
'3  z     +  w. 


k\ 


(c-xo-jtr-1^"  /(Ode 


m-i     r(fc) 


/w  (xo)  .fe+fc     ,       1 


E  ^pjV  +f^y/  («-J*)a_1^0-/ (■'■'■ J  »"'" 


=    E< 


3=i 


m-i     r(fc) 


E 


/w  (x0)  .fe+fc     ,       1 


/,•! 


i«   + 


r  fa 


=    E' 


3=i 


m-i     r(fc) 


E 


/W  (*<>).»,*      ,       j 


A:! 


j"t"  + 


/     (jw  -  jt)™'1  D"0_f  (xo  +  jw)  jdw 
■I    (w-t)a     D"0_f(xQ+jw)dw 


m —  1     r(k)  i       \  \^r        rv    i'a       /*0 

E/          (^Oj  j     ,fc     .     l-ij  =  l  aJ J  /       ,  ,\a-l    na         /•  /  ,      •      \  J 
m — ^    H T77^ /     (w_i)        Dxo_f(xi)+jw)dw 


IA 


r(a)     7t 


2^  M^5fei    + F7^ /    (w-*)        Dxo_f(x0+3w)dw 


/,■! 


r(a) 


"»-!    j?(fc) 


E 


r>  (x0) ,  +fc ,    i 


IA 


sktK  + 


I» 


It    {W  ~  tr 


Ec-1: 

U=i 


'    !  '  ^.  ]  (D:o_f(x0  +  jw))  +  (-l)r  (D:o_f(x0)) 


dw 


m-l     r(k) 

=  E 


'W<*°V 


/,■! 


r(«)A 


i)c 


E(-1)P"MJ)£,-o-/(*o+Ju;) 


riu; 


m-!    f(fc) 


r>(xQ)x+kj    i 


/,■! 


r  a 


=      E  '—g21^  +  F7IT  /     (w  -  *)a_1  (A-  (^o-/))  (*o)  dw. 


We  have  proved  (i  <  0) 


m-l    „(fc) 


/w  (xo)  r  ifc 


^  0i  [/  (xo + jt)  -  f  (xo)}  =  y,  j  kr'Skt" 


3  =  0 


+ 


^  J°  (w  -  t)-1  (Al  (D«  _/))  (xo)  dw. 


The  last  proves  (13.19). 
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Next  we  notice  that 


\B\     <     - 
i    i     _     r 


^  [°  (w  -  t)"-1  \Arw  {Daxo_f)  (x0)|  dw 
(a)  Jt 

(w-tr-'uJrfD^f^^dw 


r(«)      I  {w-t]      l1  +  T»  ""• 


=      :(*)■ 


We  observe  that 


'  (« -  o-1  (i  -  f ) r  *» = Jt°  (« - 1)-1  (g  (l)  (-^  i? )  -"'• 


Consequently  we  obtain 


(*)=«rW0-/,0(E- 

\fc=0 


r-l 


(r-fc)!£fc  r(a  +  /c+l) 
proving  (13.20) 


In  the  next,  let  £   >   0,  x,x0   G   R,  /   G   Cm  (R)  ,  m  =    \a\  ,  a   >   0,  with 

||/(m)||      <oo. 
! !  1 1  oo 

Consider  the  Lebesgue  integral 

Pr,df,*)  =  ^J°°   (i2a3f(x  +  jt)je-W^dt.  (13.21) 

We  assume  Pr,e  (/,  x)  G  R,  Va;  G  R. 
Notice  that 

1         ~Wndt=\,  (13.22) 


Pr:£  (c,x)  —  c,c  constant,  (13.23) 


182  13.  Approximation  with  Rates  by  Fractional  Picard  Singular  Operators 


and 


Pr,i  (f,X0)  ~  f(Xo) 


We  have 


XJ- 


^2aj(f(xo+jt)-f(xo)))e-Widt 


j  =  0 


+^  /°°  (E  ^  (/  (*° + j'*)  -  /  (*°)))  e""dt 

:  A. 


tfce-'*l/«*: 


0, 


k  odd, 


2fc!£K+i,     fc  even. 


(13.24) 
(13.25) 


We  present 

Theorem  13.18.  Let  /  €  C*m  (R)  ,  m  =  [a]  ,  a  >  0,  with  ||/(m)||       <  oo, 

N  I  I  OO 

£  >  0,  x0  G  R.  Then 
1) 


^(/,*o)-/(zo)-    ]T    /(2p)  (x0)  52PC 
p=i 


■2f> 


(13.26) 


<  Ler!J  -C  •max{u,r(C«0_/,£),uv(.D?X0/,£)}. 


(Above  if  m  =  1,2  the  sum  disappears). 

2) 


^  (/,•)-/(•)-  E  /(2p)(-)<s2P?2p 

p=l 


(13.27) 


<  |er!J  -C  ■  sup{ma,x(ujr  (D™_f,£)  ,ujr  (D™xf,£))}  . 

i61t 


We  further  give 

Theorem  13.19.  All  as  in  Theorem  13.18.  Additionally  suppose  that  ||/(2p)| 
Then 


<  oo,  p  —  1, 


■,L^. 


L^J 


1^ (/,•)- /(OIL    <     E  |/ 

p=l 


(2p) 


i&pie 


-'p 


(13.28) 


+  [er\\  •  C"  •  sup  {max  K  (££_/,£)  ,«r  (!>?»/,  0)}  • 

i61 
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Assuming  further  that  both  (D"xf)  (t)  ,  (D"_f)  (t)  are  bounded  in  (t,x)  G  R2, 
we  get,  as  £  — >  0+,  that  Pr^  — >  /  (uniformly),  see  (13.11). 

Or,  by  assuming  (13.13)  we  get  (13.14),  that  is  from  (13.28)  we  obtain  again 
Pr  ^  — >  I  (unit  operator),  as  £  — >  0  +  . 

Proof  of  Theorem  13.18.  We  use  here  heavily  Theorem  13.17.  We  see  that 
(see  (13.24)) 


A     =      I 


2£J- 


"T—l      f(k) 

k  =  l 


E 


/W(»o)wfc 


P-l*l/« 


l*l/«    r° 


I» 


^    (u;-*)0-1^  (!£„_/))  (zo)dw  }dt 


+ 


1 
2C7o 


'""1/W(xo)A,fc 

dkt 


E 


A'! 


-*/« 


I» 


jT   (i  -  u;)-1  (A;  (D:xJ))  (xo)  dw   J  dt 


1 

2?J 

+ 


v/W(a'--; 


k  =  l 
•0 


/,■! 


-<M 


-|*l/€ 


fit 


2£r  (o) 


/        eH"/?  /    (w  -  ty1  (A;  (££„_/))  (*o)  ^ 

I  /«+oo  r  /«t 

=        £    /(2")(x-0)52p^+». 


p=i 


Hence 


0(so):=i>r,e(/,so)-/(*o)-     E     / 

p=l 


(2p) 


£o)  <52pC 


-V 


So  that 


2? 
+ 

6>(xo) 


,-|t|/S 


r» 


(to -i)0"1^  (£>«/))(*,,)*(; 


rff 


2^ 


f  J-7  f  (*  -  f)a_1  (AL  (^0/))  (*o)  dw 

r  (a)  Jo 

/•+oo 

e"|t|/€B(t,a;o)dt+  /         e~t/€A  (t,xo)  dt 

o  JO 


(// 
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Consequently  we  derive 


\9(xo)\     < 


1 
2? 


e-W/i\B(t,x0)\dt+    /         e~t/l;\A(t,x0)\dt 

-oo  JO 


2£ 


-  k)<  £kT(a  +  k  +  1) 


it  r*  KK-/-0 


(/leHf|"(^- 


(Call  X  (ceo)       :       =  max  V  (i£0_/,  £) ,  Wr  (D?B0/,  £)}  •) 


X  (go) 

2? 

M  (xp) 
2? 

m  (^o>r 

CM  (so) 


-l*l/« 


E 


i*r 


(r-fc)!£fcr(a  +  fc  +  l) 


rVf 


E 


(r-fc)!r(a  +  fc+l)£* 


-|t|/5iir+fcdt 


2^  <V_ 


(r-fc)!r(a  +  fc  +  l)  J0 


,-*/£ 


t\a+k     t 


u      c 


E  fr_ 


(r-k)\T(a  +  k  +  l)  J0 


-u     (a+fc+l)-l 


e     u 


du 


^(«o)(E(^i 


We  found  that 


=      (r!£l)rA<(*o) 
\     fc=o    '  / 


Ler!J  CM  (so) 


that  is  proving  (13.26). 


Next  we  give  a  fractional  Voronovskaya  type  result  regarding  singular  integral 
operators. 

Theorem  13.20.  Here  /  G  Cm  (R)  ,  m  G  N,  m  =  \a]  ,  a  >  0,  ||/(m)||      <  oo, 

and  ||^_/(y)IL  <  Mi,  11^^/(^)11^  <  M2,  where  M1,M2  >  0,  for  any  x,y  G 


Then 
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Pr,i(f,x)-f(x)-     J2     f<2p)(x)S2PeP  =  o(t-f3),  (13.29) 

p=\ 

0</3<a,  as£^0+. 
I.e. 

L        2        J  /     r  \ 

PP,e  (/.*)-/(*)=     E    /(2p)WC2p    Ea^'2p    +°(r^)'       (13-30) 

where  0  <  j3  <  a. 

(Above  if  m  =  1,  2  the  sum  disappears.) 

Proof.  Since  f  £  Cm  (R)  ,  m  =  \a]  ,  a  >  0,  by  (13.2)  and  (13.4)  we  obtain 

,/     X  ^    fk)   (»0)    ,  ,fe     ,      Profit),  v, 

fe=0  '  v  ' 

Vx  >  xo,  here  xo  <  ("  <  x  and 

f{  ,      ^  /W  (go)  ,  >k  ,    DSo-fiO  ,  >. 

fc=0  '  v  ' 

Vx  <  xo,  here  x  <  C  <  xo- 
So  we  find  (j  =  1, . . . ,  r) 

/  (x + #)  -  /  (x)  =  e  ^p1  (i*)fc  +  £g^§  (?*)a . 


fc=i 


for  x  <  C,  <  x  -\-  jt,  here  £  >  0. 
Also  it  holds 


/  (X  +  Jt)  -  f  (X)  =    £    ^^  (?*)*  +  ^P^j  O'i)"  : 


for  x  -\-  jt  <  (^  <  x,  here  £  <  0. 
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Notice  that 


^ 


Pr,,  (/,  *)-/(*)      =      ^  (J2  a,  [°°  (/  (x  +  jt)  -  f  (x))  e-^dt 


3=0 


i(X>[/0    V(*  +  3t)-f(x))e-wedt 
s  \j=o       lJ-°° 


+         (f(x+jt)-f(x))e-t/sdt 

■Jo 


*(£" 


/,•! 


r(a  +  l) 


+/  l£/^w. +«=/%,«>.  ],-«„ 


A:! 


r  (a  +  1) 


*(&" 


^        fc! 


/  /      tV"^ 


+ 


r(a  + 


yy^l"    ta(DS_f(C))e-W/edt  +  J™ta(D?xf(C))e-t/e<tt)    ) 


*l£a' 


2    E    /(2p)(*)j2p£2p+1 


V 


p=l 


+ 


:r 


J°    ta  (D%_f  (C))e-|t|/edt  +  jH V  (D?B/  (C))e-4/^    ) 


r(a  +  l) 

E  /(2p)(*)(E^2ph2p 


+ 


2^r(a+l) 
We  derive  that 


-\t\/S, 


ta(DZ_f(0)e-m'idt+  /      ia(D?;c/(C))e-I/^i 
.  Jo 


-*/«, 


E-^i  (-i)r'J  Q 

2^r  (a  +  1) 


/u  /*oo 

ta  {D*_f  (<))  e-l*l/«*  +  /      ta  (£>?„/  (0)  e-*/«* 
-oo  JO 
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We  consider 


Then  we  have 


A5  :=  —  T. 


1 


tQ  {Di-f  «))  e-l«l/«*+  /      t"  (U?B/  (0)  e-«/«* 


2£«+1r(a+l 

/•  oo  /      r 


"  ( Z) (-1)'"'"  (^  1  c^--/ (0) )  c~ "  ''/> 


'    )rj)(DU(0))e-t/sdt 


Set 


and 


:(x,t)   =  ^(-irJ'^.](i/;      /(O). 


^(.,t)^(-ir^  i  (ir, /(.)). 


Therefore 


Af  = 


1 


2r(a+l)£«+1 
By  theorem's  assumptions  we  derive 


/()  /"OO 

*"(£„(*.  *)e_l'l/£d*  +   /      taipa(x,t)e~t/Sdt 
-oo  ./() 


|*«(M)|        <         (E(j)Ml 

=      (2r-l)Mi, 

|Va(*,t)|        <        (2r-l)M2, 


Vx,t€R. 

Call  M3  =  max  (Mi,  M2)  . 
Thus 


,(M)|,IV'«(M)|<(2,'-l)Ms, 


Va;,£  G 
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Consequently  we  obtain 


(2r  -  1)  M3 
2r(a  +  l)£«+! 

(2r  -  1)  M3 
r(a+l)Ca+1 


\t\ae-wsdt 


uae   "'    du 


(i 


(2r- 

1)M3 

r(c 

(2r- 

1)M3 

r(c 

t+1) 

;i  e-/^ 


(2r-l)M3. 


oo 

-to      (a+1)— 1  , 
e        UT         '       AM) 

0 


That  is 
and 


|A€|<(2p-l)Afs, 

|T|<(2r-l)M3r, 


resulting  into  T  =  O  {£,a)  ■ 

However,  let  0  <  j3  <  a,  then  easily  we  get 


£ 


a-0 


<  (2r  -  1)  Mzifi  -tO,  as  £  ->  0  + 


I.e.  |T|  =  o  (£a      )  ,  proving  the  claim. 


13.3     Applications 


Let  a 


W\  =1,  /GC1(R),||/'||oo<oo,e>0,  x0G 


Then  by  Theorem  13.18,  (13.26),  we  derive 


\Pr,i  (f,x0)  -f(xo)\  <  [erl\  ■  yft ■  max{o;r  (d^A  ,uv  (dIj,^  } 


Consequently  it  holds 


(13.31) 


\\Pr,i(f)-f\L<ler\]-^l-Sup 


max  <  u)r  I  D*_/,  £  1  ,  wr  I  D?xf,  £ 

(13.32) 

Above  we  suppose  I  D^_f  I  (y)  ,  I  D*xf  I  (y)  are  bounded  in  (a;, y)  €  R2,  for 

the  convergence  of  Pr^  — >  /,  as  £  — >  0  +  . 

By  fractional  Voronovskaya  type  Theorem  13.20,   (13.29),  under  the  above 
assumptions  we  get 

Pr,£  (/,*)-/(*)  =  <>  ($*-"),  (13.33) 
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where  0  <  j3  <  \ . 

Note  13.21.  The  integrals  Pr^  are  not  in  general  positive  operators. 
Take  /  (t)  =  t2  >  0,  r  =  2,  a  =  2.5,  x  =  0.  Then  ai  =  -2,  a2  =  2-2-5. 
We  find 

■P2,e  (t2,  0)  =  2£2  (-2  +  4  ■  2~2'5)  <  0, 

proving  the  claim.  ■ 


14 

Multivariate  Generalized  Picard 
Singular  Integral  Operators 


In  this  chapter,  we  study  the  type  of  Picard  singular  integral  operators  on  R"  con- 
structed by  means  of  the  nonisotropic  /3-distance  and  the  g-exponential  functions. 
The  central  role  here  is  played  by  the  concept  of  nonisotropic  /3-distance,  which 
allows  us  to  improve  and  generalize  the  results  given  for  classical  Picard  and 
g-Picard  singular  integral  operators.  In  order  to  obtain  the  rate  of  convergence 
we  introduce  a  modulus  of  continuity  depending  on  the  nonisotropic  /3-distance 
with  respect  to  the  uniform  norm.  Then  we  give  the  definition  of  /3-Lebesgue 
points  depending  on  nonisotropic  /3-distance  and  a  pointwise  approxinration  re- 
sult shown  at  these  points.  Futhermore,  we  present  the  global  smoothness  preser- 
vation property  of  these  type  of  Picard  singular  integral  operators  and  prove  a 
sharp  inequality.  This  chapter  relies  on  [61]. 


14.1     Background 


The  q-analysis  is  extensively  used  in  approximation  theory,  especially  in 
the  study  of  various  sequences  of  linear  positive  operators  such  as 
Bernstein  [248],  Szasz  Mirakyan  [98],  Meyer,  Konig  and  Zeller  operators  [276], 
Bleimann,  Butzer  and  Hahn  operators  [100]  and  singular  integral  operators 
such  as  the  Picard  and  Gauss- Weierstrass  operators  (see  [99],  [97]  and 
[101]).  In  [97]  we  introduced  a  generalization  of  the  well  known  Picard 
singular   integral   operators    (see    [67])    by  using   the   g-analogue   of  the   Euler 
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Gamma  integral,  and  called  the  operators  as  q— the  Picard  singular  integral  oper- 
ators. We  have  shown  that  these  generalized  operators  have  a  more  flexible  rate 
of  convergence  than  the  classical  Picard  singular  integral  operators.  Also  these 
operators  retain  some  approximation  properties  regarding,  direct  and  pointwise 
approximation  results  in  Lp  (R)  and  weighted  —Lp  (R)  spaces,  global  smoothness 
preservation  properties  and  a  Voronovskaya  type  theorem  (see  [99],  [100],  [97], 
[96],  [95],  [101]). 

In  this  chapter,  we  introduce  the  multivariate  variant  of  the  g-Picard  singular 
integral  defined  by  (14.1)  depending  on  the  nonisotropic  /3-distance.  Then  we 
show  that  from  the  rate  of  convergence  point  of  view  these  operators  with  this 
construction  are  more  flexible  than  both  of  the  classical  Picard  and  g-Picard 
singular  integral  operators.  That  is,  depending  on  our  selection  of  the  parameter 
q  and  the  parameter  j3  (which  is  defined  below)  the  rate  of  convergence  can  be 
refined.  Also  we  define  a  modulus  of  continuity  which  is  harmonious  with  these 
operators.  Finally  for  these  operators  a  pointwise  approximation  result  is  shown 
and  the  global  smoothness  preservation  property  is  given. 

Recall  that,  the  generalization  of  the  Picard  singular  integral  in  the  multivari- 
ate case  given  [67]  and  some  approximation  properties  of  them  have  been  studied 
initially  (see  [17],  [67],  [69],  [164]  and  [163]).  Also  the  generalization  of  the  clas- 
sical Picard  and  Gauss- Weierstrass  operators  depending  on  /3-distance  and  some 
pointwise  approximation  results  have  been  presented  in  [96]  and  [95]. 

Now  we  give  the  concept  of  the  nonisotropic  /3-distance.  Let  n  £  N  and  /3i, 
/?2,  •  •  •  ,  Pn  be  positive  numbers  with  |/3|  =  /3i  +  fo  +  •  •  •  +  /3n  and 

11*11,3  =  (Ja5i|"i +---  +  M"n J      ,   xei". 

The  expression  ||x|L  is  called  the  nonisotropic  /3-distance  between  x  and  0.  Note 
that  this  distance  has  the  following  properties  of  homogeneity  for  positive  t  : 


^iP  +  ^  +  k^F) "  =t^iixi 


Also,  nonisotropic  /3-distance  has  following  properties. 

1.  Ixll^  —  0  <=>  x  =  0, 

2.  ||t*»x||fl  =  ^11x11^, 


p- 


3.   \\x  +  y\\0<M0 

where /3min  =  min{/3i,/32, .  -  ./?„}  and  Mp  =  2V1+^)~,  (see  [193]). 
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It  can  be  seen  that  nonisotropic  /3-distance  becomes  the  ordinary  Euclidean 
distance  |x|  for  f3i  =  |,  i  —  1,2, ...  ,n.  Also,  this  distance  does  not  satisfy  the 
triangle  inequality. 

Now  we  recall  that  the  q— generalizations  of  Picard  singular  integrals  given  in 
[97].  Let  /  :  R  — »  R  be  a  function.  For  A  >  0  and  0  <  q  <  1,  the  q— generalizations 
of  Picard  singular  integrals  of  /  arc 


PX  (/;  q,  x)  =  PX  (/;  x)  :=  -£      *>        /       f ^M,  dt,  (14.1) 


where  the  q— extension  of  exponential  function  ex  is 


with  (a;  g)n  =   [1   (1  "  a1k)  and  ("^  9)oo  =   II   (1  +  xqk 

fc=0  fc=0 

For  g  >  0,  q— number  is 


[a]  H  ^'      a/1 

9        I     A,  g  =  l 


for  all  nonnegative  A.  If  A  is  an  integer,  i.e.  A  =  n  for  some  n,  we  write  [n]    and 
call  it  q— integer.  Also,  we  define  a  q— factorial  as 


M,  [n  -  1],  •  •  •  [1],  .     »=1,2, 

1  Tl  =  0. 


For  integers  0  <  k  <  n,  the  g— binomial  coefficients  are  given  by 


[fc] q\[n-k]  '■ 


For  details  see  [170]. 

Another  needed  formula  is  q— extension  of  Euler  integral  representation  for 
the  gamma  function  given  in  [102]  and  [10]  for  0  <  q  <  1 

^WM^^/^^,^,       Re*>0  (14.3) 

o 

where  Tg  (x)  is  the  q— gamma  function  defined  by 

r«  (*)  =  T^T2"  C1  "  9)1_X  ■    0<g<l 
and  Cq  (x)  satisfies  the  following  conditions: 
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1.  cq  (x  +  1)  =  cq  (x) 

2.  cq(n)  =  1,  n  =  0,  1,  2,... 

3.  lim  cq  (x)  =  1. 

9-»l- 

When  x  —  n  +  1  with  n  a  nonnegative  integer,  we  obtain 

r,(n  +  l)  =  [n],!.  (14.4) 

14.2     Construction  of  a  Family  of  Singular  Integral 
Operators 

In  order  to  introduce  the  new  singular  integral  operators,  we  start  with  the  fol- 
lowing elementary  lemma. 

Lemma  14.1.  For  all  A  >  0,  n  G  Nand/3j  G  (0,  oo)    (i  =  1,  2, . . .  n)  with 

|/3|  =  /3i  +  /32  H h  /3n  we  have 

where 

Px(/3,t)  =  l/Eq[y- qJ±M      ,  (14.5) 

V    w,-    / 

and 

c(n,  fi,  q)       =  — -u>!3,n-iTq  (n) — -— 

2|/3|  (i-g)g-^-^ 

Proof.  The  t  =  [AF  x  change  of  variable  gives  that 
C^^q)   h,{P,t)dt  =  c(n,p,  q)( 


(14.6) 


Hm   I  UJ<i-q)\\x 


We  use  generalized  /3-spherical  coordinates  ([193])  and  consider  the  transforma- 
tion 

xi      =      (u  cos  8\) 

X2      =      (wsin^i  cos  02 ) 


xn-i      =      (wsin  #i  sin#2  ■  ■  ■  sin#n_2  cos#n_i)         x 
:rn      =      (wsin^i  sin6l2  •  •  •  sin0n_i)        , 
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where  0  <  61,82,  ■  ■  ■  ,0n-2  <  7r,  0  <  9„-i  <  2n,  u  >  0.  Denoting  the  Jacobian  of 
this  transformation  by  J/3  (u,  61, ... ,  9n-i)  we  get 

jp(u,  Oi,...,on-i)  =  um-1np{0), 

n-l  £   2/3fc-l 

where  Q,g  (0)  =  2n/3i  . . .  pn  []   (cosflj)2^1  (sin0j-)*=J  .  We  can  easily  see 

that  the  integral 

w/j,„-i=     /  ^(9)d9  (14.7) 

Sn-1 

is  finite,  where  Sn~1  is  the  unit  sphere  in  Rn. 
Thus  we  have 

00 

c(n,  P,  1)  /  — 7 r  =  c(n,  P,  Q)       /    — 7 jj^rV 

(nEq  ((1-5)11x11,)  J0sJn_1Eq((l-q)u^1) 

Using  (14.7),  we  derive 

00 

/dx                       ,              .     n                   /"       un~1du 
? r-  =  c(n,  (3,  q)7rr^7^f3,n-i  /  -7777; rT 
&nEq((l-q)\\x\\0)                          2|/3|              7^((l-g)u) 

If  we  use  (14.3)  and  choose 

/       a      n-1  "  ^    /    n  lng-1 

2  Pi  (l-g)g^-^ 

then  we  have  the  desired  result.  ■ 

Definition  14.2.  Let  /  :  Rn  ->  R  be  a  function.  For  0  <  q  <  1,  A  >  0,  n  £  N 

and  Pi  e   (0,    00)  (i  =  1,  2, . . . ,  n)  with  |/?|   =  p\+  P2  +  ■■■  +  Pn,  the  g-Picard 
integral  depending  on  /3-distance  of  /  is 


Pxtfi{f;q,x)     =     *\/j(/;x) 
_  c(n,  /3,  g) 


w, 


fli 


/(x  +  t)PA(/3,t)dt,  (14.; 


where  Pa  (/3,  t)  and  c(n,  /3,  g)  defined  as  in  (14.5)  and  (14.6),  respectively. 

Note  that,  if  we  take  Pi  —  i,  i  —  1,  2, ...  ,n,  it  appears  PA  1  (/;  g,  x)  operators 
introduced  in  [97].  If  we  take  g  — »  l,then  PA  1  (/;  1,  x)  operators  are  classical 
Picard  singular  integral  (see  [67]). 
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14.3     Approximation  Properties  of  the  Operator 

Px,p  (/;  •) 

In  this  section,  we  first  introduce  a  nonisotropic  modulus  of  continuity  reflecting 
the  nonisotropic  ftdistance  and  the  operator  P\,p  (/;  •)  •  Then  we  estimate  the 
rate  of  convergence.  Secondly,  we  introduce  ftLebesgue  points  of  /  and  give  a 
pointwise  approximation  theorem  on  these  points. 

Definition  14.3.  Let  f  e  C  (Rn) ,  n  <E  N  and  ft  G  (0,  oo)    (i  =  1,  2, . . .  n)  with 
|ft  =  ft  +  ft  +  •  •  •  +  fti-  For  every  8  >  0,  nonisotropic  moduli  of  continuity  of  / 

is 

wpU;  8)  =     sup     |/(x  +  h)-/(x)|. 

xgl™ 
llhllo^* 

Lemma  14.4.   Let  /  G   C(Rn)  and  ft   G   (0,   1]   (i  =  1,2,  ...,n)  with  |ft   = 
ft  H h  ft .  For  8  >  0  and  C  >  0,  then 

w/j(/;C^  <(1  +  C)W/J  (/;*). 

Proof.  For  positive  integer  k,  we  can  write 

LuJf-k^s)         =  SUp        |/(X  +  fcV)-/(x)| 


l|h||^<<5 


=         sup 

xGK™ 
l|h||^<* 


^/(x  +  A)-/(x+(«-l)3h 


<  sup  ^|/(x  +  A)-/(x  +  (s-l)% 


x£R™  s=l 

||s'3h-(s-l)'3h||     <5 

<      kup  (/;  5)  , 

where  I  U^h  —  (s-l)/3h||     <    Ih^  ,  by  sft  -  (s  -  if'  <  1  for  i  =  1,2,  ...,n. 
Since  oj/3  (/;  5)  is  a  nondecreasing  function  of  8,  we  have 

wJf;C^s)  <(l  +  C)cu0(f;S). 


Theorem  14.5  Let  0  <  q  <  1,  A  >  0,  n  S  N  and  ftG(0,  1]  (i  =  1,  2, . .  .  n)  with 
|ft|  =  ft  +  ft  +  •  •  •  +  /3n.  If  /  €  C  (Rn),  ojfi  (/;  5)  <  oo  for  S  >  0,  then  we  have 
for  every  x  G  Rn 

\Px,0(f;q,x)-f(x)\<K(q,{3)u;Jf;    [X]f 
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where 


jf(g,/3)  =  l  +  l^rlIr*("+wH("+W 


("+ft)("+w-T 

rg(n)g  2 

Proof.  From  Lemma  14.1  and  definition  of  nonisotropic  modulus  of  continuity, 
we  can  write 


Since 


PA,/3(/;g,x)-/(x) 

c{n:xLq)  J  (/  (x + 1)  -  /  (x))  r,  09,  t)  a 

C^^q)-j^{f;    ||t||„)*>*(At)dt. 


[A] 


W/3  (/;     ||t||sj   =  W/3 


[AL 


Itll IPI 
using  Lemma  14.4  with  C  =     ,,f —  for  t  GRn ,  we  have 


;(n,  /3,  g) 


|PA,/3(/;g,x)-/(x)|<^(/;    [A]"  )   |  l+^'ml^'  I  \\M\f1  Vx(f3,t)  dt 


Wf1  W, 


We  apply  change  of  variable  with 


t     =     [A]?y 


dt     =      [AF'dy, 


where  y  GRn  such  that  [\]p  y  =    [A]ft  j/i, . . . ,  [A]fln  yn  )   and  then  by  using  the 


generalized  /3-spherical  coordinates  as  in  Lemma  14.1,  for  x  £  Rn  given  we  have 

\ 


\Px,f)(f;q,  x)-/(x)|        <        W/3      /;     [A],"  1  +  c(n,  0,    q) 


llyll 


a 


dy 


s,  ((i-9)l|ylU)      J 


-ll\  I  :;    ■■   u2^-1u2n0(e)dedv) 


(f;    [A]„™   J       l  +  c(n,/3,  «)/     / 


o  s„_i    -E,      (1  -  g)u 


H_L 
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By  (14.7)  we  get 

/  M\   /  n  r  u  +W\      du 

|^(/;«,x)-/(x)|<W/,(/i      Wqn^1  +  c(n,M_  u^____ 

(14.9) 
Also,  using  (14.3),  we  derive 

J  Eq((l-q)u)  -  ("+w)("+W-1)~" 

0  (1-9)9  2 

Substituting  this  equality  into  (14.9)  and  using  (14.6),  we  have  desired  result.    ■ 


Remark  14.6.  Let  X  :—  G'u  (Rn)  ,  n  >  1,  be  the  space  of  uniformly  continu- 
ous functions  from  Rn  into  R.  For  /  £  X,  we  consider  the  first  order  modulus  of 
continuity  of  /  by 

w  (/;*):=      sup      |/(x)-/(y)|,      S  >  0. 

x.ygl" 
||t-x||<« 

Here    ■     is  an  arbitrary  norm  in  Rn.  We  know  that  u  (/;  5)  is  finite  for  all  S  >  0 
(see  [67,  pp.  297-298])  and  trivially  we  see  that 

limu  (/;  5)  =  0,  iff  /  £  X.  (14.10) 

Also  the  above  properties  true  for  the  Euclidean  norm  and  its  equivalent,  the 

maximum  norm. 

If  /  £  X,  where  Rn  is  equipped  with  maximum  norm,  we  observe  the  following: 

Let  S  >  0  small  enough,  x  =  (xi,  ■■■,xn)  £  Rn,  and  llxll         the  maximum  norm. 

Let  A  =  [x,  y  £  Rn  :  ||x  -  y\\f3  <  sX  .  For  x,  y  £  Rn  and  i  =  l,...,n,  we  have 


l^-y,|<l|x-y||fft 


and  for  x,  y  £  A  we  find 


\xi-yi\  <5~^Pi  <5^P   ,    i=  l,...,n, 
where  j3*  =  min  {/3i, ...,  /3n}  .  Thus  we  get 


l|x-y||max<<5W'3*. 
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That  is  Ac  B,  where  B  :=  [x,y  G  Rn  :  ||x-y||max  <  <SFT/3*  j  .  Hence 


Uf,{f;S)     =  sup       |/(x)-/(y)| 

x,yeK" 
||t-x||s<5 


<  sup  |/(x)-/(y)|=:^(/;^*) 


x,y£ 
|t-x||max<«M/3 


Using  above  inequality  and  (14.10),  for  /  G  X, 


limwflf/;  <5)  =  0.  (14.11) 

54.0 


Using  Theorem  14.5  and  (14.11),  we  can  give  following  result. 


Corollary   14.7.   Let  P\„a  (/,  •)   be  a  positive  linear  operators,  defined  by 

(14.8).  If /GX,  nGN,  ft  G  (0,   1]    (i  =  1,  2, . . .  n)  with  |ft  =  ft  +/32  +  ■  ■  ■  +/3„, 
A  >  0  and  0  <  q  <  1,  then 

lim||P^(/;g,x)-/(x)  11^  =  0. 

Now  we  introduce  an  analogy  of  the  classical  Lipschitz  space  LipM  (a). 

Definition  14.8.  For  a  given  M  >  0,  n  G  N,  ft  £  (0,  oo)  (i  =  1,  2, . . . ,  n) 
with  | ft  =  ft+  ft  +  ■  ■  ■  +  ft  and  0  <  a  <  1,  we  denote  by  LipM,p  (a)  the  subset 
of  all  functions  /  G  C  (Kn)  such  that 

|/(t)-/(x)|  <  M||t-x||£,     for  every  x,  t  G  Rn. 

Remark  14.9.  Call  |t»  —  x*|  =  max{|ti  —  Xi\  , . . . ,  \tn  —  xn\}  .  We  have 

|t-x||J^    =    \ti-xi\^i  + . . .  +  \tn  -  xn\~ft 

<  \t*  -x*\^  +  ...  +  |£*  -a>*|<^ 

<  n\U-x*\^, 

where  4-  =  min  I  -k-, . . . ,  J-  >  same  as  ft  =  max  {ft , ...,  /3n}  if  \t*  —  x*\  <  1,  and 
<  4-, . . . ,  J-  >  same  as  ft  =  min  {ft, ...,  ft}  if  \t*  —  x*\  >  1.  Therefore, 


-j-  =  max 
we  have 


and 


It  -  xILT1"  <  n*3*  \U  -  xJ  <  n?»  It  -  xl 


101 

|t  —  x|L  <  n  ™      |t  —  x 
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If  /  £  LipM,@  (a)  then  we  have 

|/(t)-/(x)|<Mn^"|t-x|^a. 
For  small  8  >  0  the  last  implies 

Euclidean  /  r      r\     --    *  r     *^-ct  c      J    ct 

w  (/;  o)  <  Mn  «     d"!3*    , 

where  f3,  —  max{/3i,  ...,/3n}  ,  that  is  /  is  uniformly  continuous. 
Using  Definition  14.3  and  Definition  14.8,  we  have 

Ufi  (/;  8)  <  MSa  (14.12) 

for  any  function  /  G  LipM,0  (ct) . 

Using  Theorem  14.5  and  (14.12),  we  can  give  following  result. 

Corollary   14.10.   Let  P\,/3  (/,  •)  be  a  positive  linear  operators,  defined  by 
(14.8).  If  /  £  LipMjj  (a)  for  some  0  <  a  <  1,  n  £  N,  f3i  G  (0,   1]    (i  =  1,  2, . . .  n) 
with   j/3|  —  /3i  +  fc  +  •  ■  ■  +  (in,  A  >  0  and  0  <  q  <  1,  then  we  have  for  every 

xel" 

\Px,p  (/;  q,  x)  -  /  (x)|  <  MA"  (g,/3)  [A]f a  , 

where  M  is  a  positive  constant  independent  of  A  and  K  (q,  (3)  is  defined  as  in 
Theorem  14.5. 

Remark  14.11.  As  a  consequence  of  Corollary  14.10  we  can  say  that  the 
convergence  rate  of  the  operators  (14.8)  to  /  is  CM  [A]~")  ,  which  can  be  made 
better  depending  on  not  only  the  chosen  q  but  also  the  choice  of  /3.  Also,  for 
suitable  q  and  f3  this  rate  coincides  with  the  rates  of  convergence  of  the  g-Picard 
and  classical  Picard  singular  integral  operators,  respectively,  to  the  identity. 

Now  we  present  a  result  which  is  a  pointwise  version  of  the  theorem  of  approx- 
imation to  the  identity  (see  [275]).  For  this  purpose  we  first  give  the  following 
definition. 

Definition  14.12.  Let  /  G  Lp  (Rn)  ,  p  >  1  and  (i%  G  (0,  oo)  [i  =  1,  2, . . .  ,n) 
with  \/3\  —  /3i  +  /?2  +  •  •  •  +  /3n-  We  say  that  x  is  /3-Lebesgue  point  of  /,  if  the 
condition 


^(^l,^^^^^^^^ 


holds. 
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Theorem  14.13.   Let  n  G  N  and  f3i  G   (0,    oo)   (i  =  1,  2, . . . ,  n)  with  \j3\  = 
/3i  +  fh  +  ■  ■  ■  +  fin,  A  >  0  and  0  <  q  <  1.  If  /  £  Lp  (Rn) ,  1  <  p  <  oo,  then 

\JmPxtfi{f;q,  x)  =  /  (x) 

whenever  x  is  a  Lebesgue  point  of  /. 

Proof.  Let  x  be  a  Lebesgue  point  of  /.  This  means  that  for  any  e  >  0  one  can 

find  r)  >  0  such  that  rj  >  h  implies  that 


1 


|/(x  +  y)-/(x)|'4y        <e 


\\y\\^'<h 


Changing  to  generalized  /3-polar  coordinates  we  can  reinterpret  the  former  con- 
dition as:  if  rj  >  h  then 


Gp{h)=   f    sm-1g{s)ds<h2me 
Jo 


where 


</(«)=  j  |/(x+(«<)-/(x)|"n^  (e)de. 

s„-i 

On  the  other  hand,  for  all  ?)  >  0  we  obtain 

l^,/j(/;«,x)-/(x)|      <      C(^fi  9)        /        |/(x  +  y)-/(x)|^(/3,y)dy 


I  |y  I  !?*<.» 


c(rt,  /3,  g) 


I        |/(x  +  y)-/(x)|PA(/3,y)dy 


llylll"31^ 
:       =/i+/a. 

To  estimate  7i  first  we  use  Holder's  inequality  and  later  the  generalized  /?- 
spherical  coordinates,  so  we  get 


h     < 


''("--'-'y)        |         |/(x  +  y)-/(x)|pPA(/3,y)dy 


w 


V 


llyllj^ 


/ 


^"J  j  \f(x+(sef)-f(x)\Pn0(e)de\s2W-1r°x(f3,s)ds 


g(s)s^-1Vux((3,s)ds 
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where 

[Air1  ^     ^^TE^ 
\     M," 

Using  integration  by  parts  twice  and  the  above  observations  we  have 


h     <  (g0(s)V°x(P,s)\1-  J^Gp{a)d{Vl{P,8)) 

<  e^Vl{(3,s)\l-  j\Wd{Vl{(3,s))y 

<  e(«(A^p2Mrf(PS(AS)))' 

<  e  L2W-Px  (/?,  n)  +  2  |/3|  j°°  s^-'Tl  (f3,  s)  ds 
Because 


2\)\   J       aW-lVi  09,  S)  ds=  2  l/31  C(n'^'  f  /  1\  i  I.  y)  ,/y . 

W/3,„-l  [A]9 


there  exist  a  constant  ^4  such  that  7i  <  eA 

To  estimate  I2,  using  Holder's  inequality  for  -  +  -V  =  1  we  have 


cK /3,  g)  ,,  ...    ,,      _    ,fl    ,,,  en,  j3,  q) 


/a  <  H^i^z  ^^  hXi)Pa  (/3j  .)||p,  +  h>  ,  ^ ;»  j;  (x)|  ||xi)Pa  (/?j  .}||i 


where  x?j  is  the  characteristic  lunction  of  the  set  of  y  such  that  |  |y| |  «l/3    >  i).  We 
observe  that 


c(n,  13,  q)  ,,      _    ,„    >„        _      c(n,  /3,  g) 


IIx^aC9,-)IIi     =     C("Afi 9)       /       Vx{fi,y)dy 


[<'  [A], 


llyllF^^ 


c(n,  (3,  q)  /  -. -dy. 

S,((l-«)||y|| 


,,,,1^,-T^ 
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We  notice  that  second  summand  tends  to  zero  as  A  — >  0.  For  the  first  summand 
we  have 


c(rc,  /3,  q)  ,,  ,      ...  c(n,  (3,  q) 

-j^llx^CAOII,     =     -j^- 


l/3| 


\* 


h(Ay)pA(fty)]'  dy 


VllyllJ"">i 


/ 


c(n,  /3,   (?) 


[<' 


\ 


IIx^a(/3,-)||. 


PA(/3,y)rfy 


V 


llyllj^ 


/ 


^\\Xr,Vx{M\\^\^^\\Xr,Vx{M\\)^ 


[A] 


But  by  (14.2)  we  derive 
c(n,  P,  q) 


[Af1 


I  X^A  (/?,-)  II, 


c(n,(3,   q)  (0--Q)\\M\p 

SUP     1/     £<, 


im: 


s(n,  /3,  g) 


\K 


H»+i) 


r\i \p\       n   r      \p\  21/31  \ 

[A]*     n  ([A],»+(i -«)?fcr, ^ ) 


<      c(n,  /?,  g) 


w; 


n(wf  +  (!-,)  <^ 


<     c(n,  /?,  g)  [A]"^"  -»  0   as     A  ->  0. 


Thus  the  proof  is  completed. 
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In  this  section,  we  show  that  the  g-Picard  integral  operators  depending  on  the  /3- 
distance  given  by  (14.8)  satisfy  the  global  smoothness  preservation  property.  The 
global  smoothness  inequalities  involve  a  different  modulus  of  continuity  given  in 
[17]  and  [67]. 

Theorem  14.14.  Let  the  function  /  :  Rn  — »  R  with  u)p  (/;  S)  <  CO,  for  any 

8  >  0  and  Pi  e  (0,  oo)  (i  =  1,  2, . . .  ,n)  with  |/?|  =  /3i+  ft  H +  /?«,  such  that 

Pa,/3  (/;  g,  x)  G  R  for  0  <  q  <  1.  Then  we  have 


uf>{l\,t>(f;q,-);6)<u>f>(f;6). 


(14.13) 
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Proof.  Notice  that 
PKf3  (/;  q,  x)  -  PKfJ  (/;  q,  y)  =  °{n'  f'  g)  /  (/  (x  +  t)  -  /  (y  +  t))  PA  (/3,  t)  dt. 

W"  In 

By  Lemma  14.1,  we  get 

\Px,0(f;q,*)-Px,f3(f;q,y)\     =     c(n'J;}9)  f  \f(*  +  t)- f(y  +  t)\vx(p,t)dt 


<     up  (/;  S) . 

■ 
We  finish  with 

Theorem  14.15.  Inequality  (14.13)  is  sharp,  namely  it  is  attained  by  the 
projection  /»  (x)  =  Xj,  where  x  =  (xi, . . . ,  Xj, . .  . ,  x„)  £  Kn  and  j  £  {1, . . .  n}  is 
fixed. 
Proof.  We  see  that 


P\, 0  (/*;?,  x)  -  P\,p(f*;q,  y) 
c(n,  /?,  g) 


w. 


a  I 


[(*i+*i)-(to-+ti)]^A09,t)dt 


=     xj  -  yj 

=     /.(x)-/.(y). 

Hence  for  any  x,  y  £  Rn  with  ||x  —  y||  „  <  S,  8  >  0  we  get 

\Px,0  (f*;q,  x)  -  PK0  (f,;q,  y)|  =  \f.  (x)  -  /,  (y)| 
and 

W/3  (Pa,/3  (/.;  9,  •) ;  8)  =  up  (/. ;  <S) ,  for  any  (5  >  0. 
Further  notice  that 

1W 


\xi-yi\    =     (V*-^)  '  <\\*-y\Q 


n0j 

<      8^T  <oo, 
and 

top  (/»;  <5)  <  oo. 
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At  the  and  we  observe  that 


'1 

fOO  {■  oo 


Xj  +  |i|  I  ■■■    I  1—11 ~<H  !  ■■■<ltl...<ltll 


J1   I  Mi 


That  is  Px,/3  (/*;</,  x)  =  Xj  6  R.  So  /»  fulfills  all  the  assumptions  of  Theorem 
14.14.  ■ 


15 

Approximation  by  q- Gauss- Weierstr ass 
Singular  Integral  Operators 


In  this  chapter,  we  present  a  generalization  of  Gauss- Weierstrass  operators  based 
on  g-integers  using  the  g-integral  and  we  call  them  g-Gauss-  Weierstrass  integral 
operators.  For  these  operators,  we  obtain  a  convergence  property  in  a  weighted 
function  space  using  Korovkin  theory.  Then  we  estimate  the  rate  of  convergence 
of  these  operators  in  terms  of  a  weighted  modulus  of  continuity.  We  also  give 
optimal  global  smoothness  preservation  property  of  these  operators.  This  chapter 
is  based  on  [62]. 


15.1     Introduction 

Recently,  in  [97]  a  g-generalization  of  Gauss- Weierstrass  and  Picard  singular  in- 
tegral operators  was  introduced  by  using  the  g-analogue  of  the  Euler  Gamma 
integral.  In  [61],  was  given  a  different  generalization  of  g-Picard  singular  integral 
operators  by  using  the  nonisotropic  /3-distance. 

In  this  chapter,  we  introduce  a  g-generalization  of  Gauss- Weierstrass  singular 
integral  operators  by  using  the  g-integral.  In  1910,  Jackson  [195]  defined  and 
studied  the  g-integral.  He  also  was  the  first  to  develop  g-calculus  in  a  systematic 
way.  Nowadays  there  is  a  significant  increase  of  activity  in  the  area  of  the  q- 
calculus  due  to  its  applications  in  mathematics  and  physics. 

The  aim  of  this  chapter  is  to  derive  the  weighted  approximation  error  of  the 
q-type  Gauss- Weierstrass  singular  integral  operators  for  functions  of 
polynomial   growth.    This   estimate   will   be   in   terms   of  a  weighted   modulus 
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of  continuity  that  we  give  below.  Also  we  give  a  direct  approximation  result  for 
these  functions.  We  finally  prove  the  optimal  global  smoothness  of  these  operators 
by  using  the  usual  modulus  of  continuity. 

Next  we  provide  a  summary  of  the  mathematical  notations  and  definitions  used 
in  this  chapter.  All  of  the  results  can  be  found  in  [170]  and  [201].  Throughout 
this  chapter,  we  fix  q  £  (0, 1) . 

For  aelnGN, 

-.  n  n—  1  oo 

Wq  =  T=T>  (<*;«)„  =11   (l  "««*).      n  =  l,2,...,   (-x;q)00  =  l[  (l  +  xqk), 

r  ,  ,       (   [n]    [n-1]   ■■■[1]   ,     n=l,  2,... 
[rV      \   1  n  =  0. 

The  (/-derivative  -D9/  of  a  real  valued  function  /  is  given  by 

(Dqf)(x)=f{f-fiqx),     iix^O,  (15.1) 

and  (Dqf)  (0)  =  /'  (0)  provided  /'  (0)  exists. 

The  q- Jackson  integrals  and  the  g-improper  integrals  of  a  real  valued  function 
are  defined  as  (see  [195]  and  [211]) 

oo 

/  (a:)  dqx  =  (l-q)  aV^/  (aqn)  qn,  a  G  R, 

and 

A  f(x)dqx  =  (l-q)    £    /(^)T'       ^>0'  (15-2) 


/, 


n— —  oo 


provided  the  sums  converge  absolutely. 

One  can  define  the  Jackson  integral  in  a  generic  interval  [a,  b]  as 

/b  f-b  ra 

f{x)dqx  =    I    f(x)dqx-   /     f(x)dqx. 
Jo  Jo 

There  are  two  important  q-analogues  of  the  exponential  function: 

oo  _ 

Eq  (x)  =  y^^-1''2^  =  (-(!-  «)  *;  5)oo 

n=0  ^V 


(15.3) 


and 

00  n  -1 

t^Mi-     ((1-?)^;g)oo 

Note  that  for  q  £  (0, 1)  the  series  expansion  of  eq  (x)  has  radius  of  convergence 
Y^— .  To  the  opposite,  the  series  expansion  of  Eq  (x)  converges  for  every  real  x. 
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The  g-gamma   integral  is  defined  by  [211] 


Tq  (t)  =   /  x1    ~lEq  (-qx)  dqx,       t  >  0 

Jo 

which  satisfies  the  following  functional  equation: 

Mt  +  i)  =  [t]„r,(t), 

where  [t]q  =  ±£    and  Tq  (1)  =  1. 

The  change  of  variable  formula  (see  [201])  for  u  (x)  —  ^x"  is 


(15.5) 


pu(b)  pb 

\         f{u)dqU=        f(u(x))Dql/fiu(x)dql//ix.  (15.6) 

J u(a)  J  a 


15.2     Description  of  the  Operators 

Definition  15.1.  Let  /  :  R  —>  R  be  a  function.  For  n  G  N,  q  G  (0,   1)  and  x  G 
the  g-Gauss-Weierstrass  integral  of  /  is 


VM/;«,  x) 


«]„(«  +  !) 


2I>  (i) 


HoV1-?- 


/(•'  +  ')^V  ( -«*  [«],  J  )  <V- 


(15.7) 


Lemma  15.2.  The  operator  Wn  satisfies,  for  every  fc  G  N, 


^  /A  *I>  (i±i) 


js—j 


q    r92    (I) 


Proof.  From  (15.7)  we  obtain 
JK(?+1) 


W„(tk;«,x) 


2r„ 


(t  +  :r)feBq2(-92Nq-)^*    (15.1 


0«],(9  +  l)     *    ,jk 


2IV  If  J      ~o  ^' 


Y.Q*-'  l^1-*2  ^-^KiK' 


Using  (15.1)  we  can  write  the  g-derivative  of  the  equality  t  =  2    ^=     as 


Dq2  (t)      =      — = 


2     V^-v/g2t 


^[n],    (!-92)« 


(9  +  l)i/N> 


(15.9) 
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Also,  using  the  change  of  variable  formula  (15.6)  for  g-integral  with  /3  =  |,  then 
from  (15.9)  and  (15.5)  we  derive 

2J+1i>(^ 

for  j  =  0,...,fc.  From  (15.8)  we  have  desired  result.  ■ 

Remark  15.3.  Note  that  g-Gauss- Weierstrass  operators  W„  given  by  (15.7) 
can  be  rewritten  via  an  improper  integral  by  using  definition  (15.2).  From  (15.3) 

we  can  easily  see  that  Eq  I  —  j^- )  =  0  for  n  <  0  .  Thus  we  can  write 


W„  (/;  q,  x)  =   V  2r  -     i         ^  5  /  (x  +  t)  Eq2  i^-q2  [n]q  jj  dqt. 


15.3     Approximation  Properties  in  a  Weighted 
Space 

In  this  section,  by  using  a  Bohman-Korovkin  type  theorem  proved  in  [162],  we 
present  the  direct  approximation  property  of  the  operator  W„  given  by  (15.7). 

Let  us  denote  by  B2  (R)  the  weighted  space  of  real- valued  functions  /  defined 
on  R  with  the  property  |/(x)|  <  Mf  (l  +  x2)  for  all  x  G  R,  where  Mf  is  a 
constant  depending  on  the  function  /.  We  consider  the  weighted  subspace  C2  (R) 
of  B2  (R)  given  by 

C"2  (R)  =  {/  £  B2  (R)  :  /  continuous  on  R}  . 

We  also  consider  the  space  of  functions  C%  (R)  =  {/  e  C2  (R)  :  limx^00  J^z  =  kU-mX 
equipped  with  the  norm  ||/||2  =  sup^gg  {_tJa  ■ 

Theorem  15.4.  Let  T„  be  a  sequence  of  linear  positive  operators  mapping 
C2  (R)  into  B2  (R)  and  satisfying  the  conditions 

lim  sup  |T"  (t";  ^7  ^  =0,      fori.  =  0,1,  2. 


Then,  for  any  /  €  Cf  I 


limsup|T.(/;a;)-/(x)|=0 

n^ca  xem  1  +  X2 
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and  there  exists  a  function  /*  G  C2  (R)  \C\  (R)  such  that 

lim    sup   I**  (A*) -/-Wl  >  l 
"^"xe^  1  +  a; 

For  /  £  Cf  (R)  ,  we  consider  the  weighted  modulus  of  continuity  defined  in  [286] 
given  by 

*</,*)=  sup  wfsfcm. 

xeR,  \h\<6       1  +  (tl  +  x) 
This  function  has  the  following  properties: 

i.  n2(f,  <5)<2||/||2, 

2.  n2  (/,  m<5)  <  mSJ2  (/,  8),rn£  N, 

3.  lim^o  «2  (/,  <5)  =  0. 

Note  that,  we  can  not  find  a  rate  of  convergence  in  terms  of  usual  first  modulus  of 
continuity  wi  (/,  8)  of  the  function  /  because  the  modulus  of  continuity  wi  (/;  5) 
on  the  infinite  interval  does  not  tend  to  zero  as  8  — >  0.  For  this  reason  we  consider 
the  weighted  modulus  of  continuity  Q.2  (/,  <5)  . 

Remark  15.5.  Since  any  linear  and  positive  operator  is  monotone,  Lemma 

15.2  guarantee  that  W„  (/)  G  C2  (R)  for  each  /  G  C"2  (R)  . 

Notice  that,  if  we  choose  q  —  1  i/ien  i/ie  operators  W„  torn  out  to  fee  the  classical 

Gauss- Weierstrass  singular  integral  operators. 

Since  for  a  fixed  value  of  q  with  0  <  q  <  1, 


lim  H  =  i — "' 

n — >oo  ^  1  —  q 

to  ensure  the  convergence  properties  of  W„  we  will  assume  q  —  qn  as  a  sequence 

such  that  qn  — »  1  as  n  — *  00  for  0  <  q„  <  1  and  so  that  [n]       — >  oo  as  n  — >  oo. 
An  example  of  such  a  sequence  is  qn  =  1  —  l/nan ,  where  a  >  3  (see  [247]). 

Theorem  15.6.  Let  q  =  qn  satisfies  0  <  q„  <  1  and  let  qn  — *  1  as  n  ^  oo. 
For  each  /  G  Cf  (R)  we  have 

]imrop|W.(/;fr,»)-/(«)l=a 

»^=°ia  1  +  ar 

Proof.  Clearly,  linin^oo  sup^gg  - — "  i?^    ~     =  0.  From  Lemma  15.2  we  obtain 

,.  \Wn(t;q„,x)-x\ 

km  sup  J — -^ L  =  0. 

»^°°ia  1  +  x2 
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Also,  using  Lemma  15.2  again,  we  can  write 


\Wn(t2;qn,x)  ~x2\  \x\  4  4r 


il  (I) 


which  implies  that 


\W„(t2;qn,x)  -x2 
lim  sup  - — 


'" rtK  t  T"  X 

Since  the  conditions  of  Theorem  15.4  are  satisfied,  we  get  for  any  /  G  Cf  (K) 


]tomp|Wn(/;?.,»)-/(«)|=0. 

n^oo  x€R  I  +  X-* 


Theorem  15.7.  For  /  G  Cf  (R)  ,  n  G  N  we  have 

sup  |W,  (/;  g,  x)-  /  (»)l  <  A  +       12  8^)  fl2  f  1 

Proof.  From  the  properties  of  fi2  it  is  obvious  that  for  any  A  >  0, 

^2  (/,  \S)  <  (A  + 1)  fi2  (/,  8) . 

For  8  >  0,  if  we  use  the  definition  of   Q.2  and  the  last  inequality  with  A  =  |  we 
have 

\f(x  +  t)-f(x)\      <      (l  +  (t  +  x)2)Q2(f,t) 

<      (l  +  (t  +  xf)  fl  +  i^Q^f,   S). 

By  the  linearity  and  monotonicity  of  Wn  applied  to  last  inequality  we  get 

\Wn{f;q,x)-f(x)\ 

<  ^/o^(1+(t+If)(1+;)^H,^t.(u). 

We  can  use  the  identity  (l  +  (x  +  tf)  (l  +  |)  =  (l  -  f)  (l  +  (t  +  x)2)  +  j  (t  +  x)  + 
i  (t  +  x)    ,  to  rewrite  the  RHS  above  as  follows 

((l  -  f)  (1  + Wn  {t2;q,  x))  +  iw„  (t;q,  x)  +  ±Wn  {tS;q,  x)\  «2  (/,   S)  . 
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Using  Lemma  15.2  and  simple  algebraic  manipulations,  the  above  expression 
becomes 


2  \        .     f  1  2IY';i 


(1  +  X2)    I   1  +  — ^ r   |    +    Lr   '  '  <  -  "-  '  ' 


V^Ms)/         WW,  Ms)     s[n]qrq2(±: 


41>(f)  8 

Putting  together  the  above  inequalities,  we  obtain,  after  dividing  by  (l  +  i2) 
and  choosing  8  —     y=     , 

\Wn(f;q,x)-f(x)\ 


1  +  x2 


i>  (I)      y[n]9r,2  (i) 


4    ^ m^u / i 


This  completes  the  proof.  ■ 

Remark  15.8.  If  /  £  Cf  (R)  ,  n  £  N,  then  the  weighted  convergence  rate  of 
the  operators  of  (15.7)  to  /  is      . ^       for  0  <  qn  <  1  and  g„  -»  1  as  n  -»  oo.  Also 

this  convergence  rate  can  be  made  better  depending  on  the  choice  of  q„  and  is 
at  least  as  fast  as  -4=. 

Remark  15.9.  We  define  the  usual  modulus  of  continuity 
wi  (/;*)=      sup      |/ (a:  +  ft) -/(*)!, 

x£M.,\h\<S 

where  /:K-»R. 

Then  for  /  (x)  =  x  we  get  trivially  that 

wi  (x;  <5)  =  8. 
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Here  we  consider  /  :  R  — >  R  with  wi  (/;  8)  <  oo,  for  any  5  >  0,  and  such  that 
Wn  (/;  q,  x)  exists  for  any  i£l.  We  notice  that 


Wn(f;q,x  +  h)-Wn(f;q,x) 

+  1)     ,■     - 2. /  ,2\ 

I  V^V^\f  {x  +  h  +  t)-f  (x  +  t))  Eq2  i^-q2  [n]q  T-J  dqt. 


n]q  (q  +  1) 


2rV  (2 

Thus  it  holds 


\Wn(f;q,  x  +  h)-W„(f;q,  x)\ 

n](q+l)    ,—F=^1 =  /  ,2- 

■    ""  ■  >  '    '    |/  (x  +  h  +  t)-f  (x  +  t)\  EJ  -q2  [n]a  -  I  dqt 


^          2I>(±)       JQ                      '^  '    '   ^     ""     "\    y    L  J<4 

\/M~(9  +  1)     /-     2, /  ,2\ 

<    -  (/;  *)  ^rp  /o  ^^  ^  (  V  H  T)  ** 

=     wi  (/;  5) . 
Therefore 

wi  (W„  (/;  g,  ■) ;  S)  <  wi  (/;  <5) ,    for  any  5  >  0,  (15.10) 

proving  the  global  smoothness  preservation  property  of  Wn  • 
We  know  by  Lemma  15.2  for  k  =  1  that 

2 

Wn(t;q,  x)  =x  +  —= , 

V  W,r,2  (i) 

hence 

wi  (W„  (i;  <?,  x) ;  d)  =  wi  (x;  5)  =  <5, 

proving  that  (15.10)  holds  with  equality.  Hence  (15.10)  is  a  sharp  inequality. 


16 

Quantitative  Approximation  by 
Univariate  Shift-Invariant  Integral 
Operators 


High  order  differentiable  functions  of  one  real  variable  are  approximated  by  uni- 
variate shift-invariant  integral  operators  wavelet-like,  and  their  generalizations. 
The  high  order  of  this  approximation  is  estimated  by  establishing  some  Jackson 
type  inequalities,  involving  the  modulus  of  continuity  of  the  iVth  order  deriva- 
tive of  the  function  under  approximation.  At  the  end  we  give  applications  to 
Probability.  This  chapter  is  based  on  [28]. 


16.1     Background 


Here  we  follow  [67],  p.  281,  see  also  [79].  Let  X  :=  CV(R)  be  the  space  of  uni- 
formly continuous  real  valued  functions  on  R  and  C(R)  the  space  of  continuous 
functions  from  R  into  itself.  CN  (M.),  N  >  1,  denotes  the  space  of  N  times  contin- 
uously differentiable  functions  on  R.  Let  {£k}kez  be  a  sequence  of  positive  linear 
operators  that  map  X  into  C(R)  such  that 

(4/)(z)  :=  (M/(2~fe-)))  (*),      x  G  R.      f^X- 

Let  ip  be  a  real  valued  function  of  compact  support  C  [—a,  a],  a  >  0,  ip  >  0,  <p  is 
Lebesgue  measurable  and  such  that 

if(x  ~  u)  du  —  1,      any  x  £  R, 
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which  is  the  same  as 


Example  16.1.  i) 


ip(u)  du  =  1. 


r-(..-):=\,     ,    .,(■'■)  =  <     ^  "'     *'^' 

1    - ' 2  10,  elsewhere, 


the  characteristic  function; 

Ifi(x) 


1-x,         0<  x<  1, 
1  +  x,         -l<cc<0, 

0,  elsewhere, 


the  hat  function. 

Let  {£k}kez.  be  the  sequence  of  positive  linear  operators  acting  on  X  and 
defined  by 


{Ckf){x)  :=   /      (£kf){u)V{2kx  -  u)  du. 


(*) 


Notice  that 


(£*/)(*) 


(£o(/(2-fc-)))(2**) 


for  any  k  G  Z,  and  a:  G  R.  Clearly  operators  £&  can  also  act  on  C^R). 

Notice  that  ip  is  a  scaling-like  function  and  the  operators  £fc  are  wavelet-like 
integral  operators.  Operators  (*)  under  mild  assumptions  that  are  very  natural 
are  shift  invariant,  possess  the  global  smoothness  preservation  property,  converge 
to  the  unit  operator,  and  preserve  continuous  probability  distribution  functions. 
For  all  these  see  again  [67],  Chapter  10,  and  [79].  Applications  of  operators  (*) 
were  given  in  the  above  mentioned  references.  Namely  there  the  specialized  gen- 
eral operators  were  denoted  by  {Afc}feez,  {Bk}kez,  {Lk}kez,  {rfe}feez.  These  were 
mentioned  and  studied  in  [79] ,  and  fulfill  all  the  above  nice  properties  of  operators 
(*).  For  their  precise  definitions,  see  here  Theorems  16.3,  16.5,  16.7,  16.9,  next. 

In  [67],  Chapter  10,  p.  293,  and  initially  in  [79],  it  was  proved  the  following 
motivating  result. 

Theorem  16.2.  For  any  t£Z,  and  any  x  G  R  it  holds 


\{Akf)(x)-f{x)\<ui(f,£; 

\(Bkf)(x)-f(x)\<co1(f,^) 


\(Lkf)(x)  -  f(x)\  <  ui  If. 


a  +  1 

2k 
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and 

o  +  l 

2fc 

where  wi  «s  i/ie  /irsi  usual  modulus  of  continuity  with  respect  to  the  supremum 
norm,  i.e., 


I(r*/)(x)  - /(x)|  <  «i   / 


Wl(/,«) 


sup 
x,y  £  R 

\x-y\<6 


\f(x)-f(y)\,     8>0. 


In  this  chapter,  see  Theorems  16.3,  16.5,  16.7,  16.9,  we  present  inequalities 
similar  to  (**),  but  more  complicated,  involving  coi(f^N',  •)  for  /  G  CN(M),  N  > 
1.  That  is  studying  the  high  order  approximation  to  the  unit  of  the  particular 
operators  Ak,  Bk,  Lk,  IV  Then  in  several  propositions  we  continue  the  same 
study  for  the  more  general  operators  Akj,  Bkj, 


Lk,j,  rk,j  and  l£q, 


rL 


Ikq.  These  operators  are  naturally  built  on  the  operators  Ak,  Bk,  Lk,  Tk  and 
studied  in  Chapter  14,  pp.  373-389  of  [67],  see  also  [66]  where  first  appeared. 

At  the  end,  see  Corollaries  16.27,  16.28,  16.29,  16.30,  we  give  applications  to 
the  above  mentioned  results  to  F  G  C1(R)  probability  distribution  functions. 
The  resulting  inequalities  involve  u)i(f,  ■),  where  now  /  is  the  probability  density 
function  of  F. 


16.2     Main  Results 

We  give  the  first  result. 

Theorem  16.3.  Let  f  G  CN(M),  N  >  1.  Let  ip  be  a  real  valued  function  of 
compact  support  C  [—a,  a],  a>0,ip>0,ipis  continuous  and  even.  Furthermore 
it  is  supposed  that 


r 


if(x  —  u)  du  =  1,      for  any  x  G 


same  as 


Define 


and 


(fi(u)  du  =  1. 


rl(u)~2kj       f(t)ip(2kt-u)dt,      u£ 


/OO 
rfk(uM2kx-u)du, 
-OO 

for  any  k  €  Z,  and  any  x  €  M. 


(16.1) 


(16.2) 
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Then 

\(Akf)(x)  -  m\  <  Y:  l-L^A  ^ny  +  „£$=»<*  (/(JV)-  afe)  .   (16-3) 

i  —  1 

/or  an?/  k  £  Z,  and  any  i£l.  Inequality  (16.3)  is  attained  when  f  is  a  constant 
function. 


Remark  16.4.  If  f^N'  is  uniformly  continuous  or  bounded  and  continuous 
:n  u;i(f(N',    ka_i )  is  finite,  and  as  k  — »  +oo  we  obtain  that 

(i4fc/)(«)  - /(*)  (16.4) 


pointwise  with  rates.  If  /  is  bounded  then  Ak  is  bounded  too. 

Proof,   of  Theorem  16.3.  Since  /  €  CN(R),  N  >  1  we  have  by  Taylor's  formula 

that 

for  all  t,x€R. 
Thus 


f(tM2kt-u)      =     f(x)v>(2kt-u)  +  ^2i--^l(p(2!'t-u){t-x)i 

+  y(2*t-u)j[  (/W(.)-/WW)^L    dfl. 


Therefore  we  obtain 


f(t)ip(2kt  -  «)  di 


^(2fct  -  n)di  +  ^        .,        /       ^(2fci  -  «)(*  -  x)1  di 

-CO  ■_  i  *'  J  — oo 

Consequently  we  get 

/oo 
/(tM2fct-n)dt 
-oo 

/OO  _        _      f  (*)  f  fr>\         f  °° 

ip{2kt  -  u)2k  dt  +  Y  J    ±   '    /       <p(2kt  -  u)(t  -  x)l2k  dt 
-oo  ■_  i  •/  — oc 

+  J%(2kt-u)^j\f^\s)~f^\X)){10^dsykdt. 
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Hence 

r{{u)  -  f{x)  =  Y,  Lir1  /     v(2*'  -«)(*-  x)%2k  dt 

|~  ^(2fct  -  «)  (£  (/<">  (,)  -  /<">  (*))  ^j^*>)  *kdt- 


+ 
That  is, 


/OO  /*oo 

r{(«M2fc:r  -  u)  du  -  /(a;)   /       <^(2fca;  -  «)  du 
-OO  J  —OO 

V  ^  '  ^   /°°  ^(2fca;  -u)(  [°°  <p(2kt  -  u)(t  -  xY2kdt]  da  +  11, 

,-_i  l-  J—oo  \J-oo  J 


1  =  1 

where 


71  :=  I       ip(2kx-u)(  ip(2kt-u) 


j\f(N)(s)  -  f^(x))  {\NS}N^^)  *kdt)  du 


Here,  <p  is  of  compact  support,  so  that  tp  ^  0  if  —a  <  2kx  —  w  <  a,  that  is  if 
-a  +  2fc:r  <  «  <  a  +  2fc:r.  Thus  <^  /  0  if  |cc  -  £\  <  p-,  and  similarly  <p  ^  0  if 
|i  -  p-|  <  ^r,  fc  G  Z.  But  then 

,1         Mil  u  I  a 

t-X    <   \t-  -r  \  +  \X-  -r\  < 


2k  I       I         2k  I  _  2 


and 

Q 


ii-*r<^T),  i  =  i,...,iv. 

Therefore 


/    /*oo  i  \ 

(/       v(2kt~u)¥^2kdt)du+\Tl\        (16.5) 


v^l/W(z)l        a'  ,^,        r 

E^r^M+l^      for  any  z€ 
i=i 


Next  we  estimate  1Z.  We  derive 


/OO  /      /•  OO  \ 

<p(2kx-u)(  <p(2kt~u)\(t,x)2kdt)du,  (16.6) 

-oo  \«/  —  OO  / 
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where 


X(t,x) 


(r'w-r'w) 


(N), 


(t-sy 


(N-iy. 


■  ds 


But  we  need  to  estimate  first  X(t,x). 
Case  of  X  <t.  Then  t  -  s  >  0.  And 


x(t,x)  -    /  \.r)(s)-.r>(X)\ 

X 


(t-sy 


< 


Wl(/ 


(AQ 


(JV-1)! 

(^-^)JV-1 
(JV-1)! 

(t-s)^1 


-ds 


(Is 


i-z 


"*(/■  ('-*))(;/- 1).    tfa  =  ^(/W  ■(«-«))       .V- 
So  when  i<(we  get 


(t-x) 


X(t,x)<uJl(fN),(t-x))-      v,       . 
Case  of  x>t.  Then  £  -  s  <  0.  And 

/a;  /  ,\JV  — 1 

\fW(s)-f{N)(x)\{a{-t}iy 


ds 


«i(/w,(x-t)) 


(»-*r 


Wl  (/<">,  (*-*)) 


(AT-l)! 
AT!       ' 


■  rfs 


That  is,  when  x  >  t  we  get 


A(M)<wi(/(JV),(x-*)) 
Thus  in  general  we  have 

X(t,X)   <LO-l(f<N),\t-x\) 


{x  -  ty 

Nl 


\t  —  x\ 

Nl 


(16.7) 


for  any  (,i£l.  Hence  by  (16.6)  and  (16.7)  we  observe 


\7Z\      < 


<p(2kx-u)(   /       lp(2kt-u)uJl(f{N),\t-x\)^—^2kdt)du 


\t-x\' 


N\2N 


(^ry^1  U 


f(JV) 


2fe-l 


Nl 


ip{2kx-u)(   I       <p(2kt-u)2kdt)du 


N\2 


;iV(fc-l)Wl    \J 


(jv)       a 
2fe-i 
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So  that 

N 

for  any  k  6  Z. 

Finally  putting  together  (16.5)  and  (16.8)  we  obtain  (16.3).  ■ 

Next  we  present 

Theorem  16.5.   Let  f  £   CN(M),  N  >   1.  iei  ip  be  a  real  valued  Lebesgue 
measurable  function  of  compact  support  C  [—a,  a],  a  >  0,  ip  >  0,  swcft  i/iai 


same  as 


<^(ai  —  u)du  =  1,     /or  any  x  G  R, 

/oo 
<p(w)  dw  =  1. 
-oo 

Define 

(Bkf)(x)  =  f°°  f  (|-)  „(2fcs  -  «)  d«,  (16.9) 

/or  any  k  €  Z,  and  any  i£l.  T/ien 


x 


rN  o*  a"     ..    f,W 


for  any  k  G  Z,  and  any  i£l.  Inequality  (16.10)  is  attained  when  f  is  a  constant 
function. 

Remark  16.6.  If  f^N'  is  uniformly  continuous  or  bounded  and  continuous, 
then  as  k  — >  +oo  we  obtain  that 

(Bkf)(x)  -  /(»)  (16.11) 

pointwise  with  rates.  If  /  is  bounded  then  £?&/  is  bounded  too. 

Proof,     of  Theorem  16.5.  Since  /  €  CN(R),  N  >  1,  by  Taylor's  formula  we 

have 


r^2fc (#-?* 


Then 


j=i 
+  V(2fc*  -  u)  j[         (/<"> (t)  -  /W (*))  ^,1),      <*i. 
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Consequently  we  obtain 

/oo  p  oo 

f(^)v(2kx-u)du  =  f(x)J       y{2kx-u)du 


v-  /w(z)    f00  f  u         y     ,„fe 


where 


u/2fc 


J  —oo 

That  is 


^r-t 


(7V-1)! 


di    dw.   (16.12) 


(Bh/)(aO -/(*)  =  £ 


^p- P  {^-x)\{2kx-u)du  +  1l,        (16.13) 


for  any  fc  G  Z,  and  any  i£l.  Here  again,  ^  7^  0  if  la;  —  ^jU  <  jjr.  Thus 


i(sfc/)(x)  -  f(x)\  <  f;  ^P  £  +  ,«i 


We  put 


I.e. 


r„(x)  := 


i/2fc 


j!        2fcl 


(/w  (*)-/(">(*))!£—! 


(JV-1)! 


■rft 


/oo 
(^(2fca;-M)ru(2;)du. 
-00 


Next  we  need  to  estimate  Tu(x). 


i)  if  a;  <  p-,  then 


r„(x)    < 


u/2fc 


f'tD-f'W^ 


(JV-1)! 


■rft 


u/2*  ('JL_+VV_1 


I  2fc 


a  \   (,5F      • 


(JV-1)! 

'/2fc(^-^)J 


(JV-1)! 


•rft 


(16.14) 


-        J  V        ,2k)  N\  ^-'V        '2k)2kNN\ 


<«(/»',  J) 


(jv)     a  \      a 
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I.e.,  when  x  <  p-,  we  have 


N 

^)<^i{f(N)4) 


ii)  If  x  >  p- ,  then 


rx  (f_     «\M-! 

r»(*)    <    /     \f(N)(t)~fw(x)\[  (J*\V    dt 


,  JV-1 


'\X      2^\)Ju/2k 


1        I      ik\) Ju/*    (N-iy. 


I.e. 


when  a;  >  p-.  That  is 


U_\\  \x-  W)      <  _^ f  f(A0   _a 

2*  1/         N\         ~  N\2kN    1V       '  2k 


N 

(  .(JV)     _^_ 


r»(*)<  jvj^v^1  V        '2* 


always  true  for  any  x  €  M.  Consequently  we  have 


/CO 
y?(2  x  —  zi)A  dt/  =  A, 
-oo 


\1Z\  <  A.  (16.15) 

Clearly  now  (16.14)  and  (16.15)  imply  (16.10).  ■ 

It  follows  the  related 

Theorem  16.7.   Let  f  G   CN(M),  N  >   1.  Let  ip  be  a  real  valued  Lebesgue 
measurable  function  of  compact  support  C  [-—a,  a],  a  >  0,  <p  >  0,  suc/i  i/iai 


99(2  —  w)  du  =  1,      for  any  x  G 

J  —  oo 

Define 


cl(u):=2kJ        f{t+^)dt,      u£l,  (16.16) 
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and 


/oo 
cfk(u)<p(2kx-u)du,  (16.17) 

-oo 


for  any  k  G  Z,  and  any  i£l. 
Then 

\(T     t\M       tl    \\*TT  !/^MJ    (a+1)'    I    (a+1)N         ff(N)^  +  l\       .  . 

|(L*/)(*)-/(*)|<2^ 7j ^7—+    jyiofcjv   ^U     '.-oS-j.  (16-18) 

/or  any  k  G  Z,  and  any  x  G  K.  Inequality  (16.18)  is  attained  when  f  is  a  constant 
function. 

Remark  16.8.  If  f^N'  is  uniformly  continuous  or  bounded  and  continuous, 
then  as  k  — >  +oo  we  obtain  that 

(Lkf)(x)  -»  /(*)  (16.19) 

pointwise  with  rates.  If  /  is  bounded  then  Lkf  is  bounded  too. 

Proof,     of  Theorem  16.7.  Since  /  G  CN(R),  N  >  1,  by  Taylor's  formula  wc 
have 


A? 


/(«+£)  -  /w+E^C'+i- 


i=i 

/•t+Jfc-  [7-1-    " a^-1 

+  /     2    (/W  (a)  -  fW  (*))  [      {%_^        ds. 


Then  it  follows 


,-ie 


<&«)      =      2fc£      /(*+£)* 


/^E^r^?-^ 


i=i 


0 


+  ^    f    h    (/j+^  (f(N)  (»)  -  f(N)  (*))  ^  +(f  _  gf  d3  )   ,lt . 
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So  that 


ck{u)(p{2  x  —  u)  du 


■   f(x)   /       ip(2  x  —  u)du 

J-oo 

+  2^  —i—2   /     <^2  x  -  u) 


+  2 


k 


0 


i  +  —r  —  x  )   dt\du 


jy(2kx-U)U  u  2k fw-fw) 


(*+*- 


(7V-1)! 


ds     d£  I  du 


That  is  we  derive 


(£*/)(*)-/(*)      =     52L1T12k  ^(2kx-u) 


u 


1=1       -"  •y-°° 


<+^-x)    dt\du  +  TZ,       (16.20) 


where 


ft:=  2fc   /       ip(2kx-u) 


t+2k(f{N)(s)-f^(x)) 


(t+Jt-s)"-' 
X £ tt; ds  I  di  I  du. 


(N-iy. 

Again  (p  ^  0,  if  |  p  —  a;|  <  p.  Therefore 


t  +  —r  -  X)     dt 

2k 


\t\  +  \—-x\)    ,11 


_L+__ydi=(_±_)_ 

2k       2k  I  2fc2fci 


Consequently  from  (16.20)  we  obtain 


I(W)<»)-/MISEI^(,'I(^.1)'-H»I 


2fci 


(16.21) 


We  put 


J(X,  «,«):=  £+^  (/ W  (,)  -  / W  (»))  (*  +(f  _  g. 


■  ds. 


(16.22) 
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It  follows  that 

\1l\  <  2k  J       tp{2kx-u)(  J         \6{x,t,u)\dt  J  du.  (16.23) 

Next  we  estimate  S(x,t,u). 
i)  Let  t  +  £  >  x.  Then 


(AT-1)! 


■-       /  wi(.f    'As-x)) (jv_1), ds 

,  ,     U  I,     ,       u  sJV-1 

^"(^('^-)>"t;:,t  j- 
M,r/'"'.^r*"+*-.f  * 


(W-l)l 

»T\     n  4-  1  \     1 1  -+-  — r-  —  i 


AT! 


That  is  when  t  +  p-  >  a;  we  derive 


|<5(M,")I  <  Wi     / 


(JV)    o_Kj_\  ^+ 


2'' 


X 


2k     I  N\ 


ii)  Let  t  +  Jtt  <  x.  Then 


wM,«)i  <  £j/ww-/w(»)i^  i^r  '^ 


<  /^.^(^.o-a))^  (v_a;)f"^ 


*(">,-  -^  (-('+£)) 


*  U^.('-£-0)('T-^ri* 

,(„,  o  +  l\   /"      (■-('  +  »))"•' 


,.v)  g+n  (*-(*  +  #))" 


_  /      r(l\  ) 


That  is,  when  £  +  p-  <  x  we  obtain 
\S(x,t,u)\  <  wi  (/ 


2fc 

AT! 


(JV)    o  +  l\   (*-(*+Jf))J 
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That  is  it  is  always  true  that 

(N)    a+l\  \t+£-x\N 


\S{x,t,u)\      <     Wl(/W°+l) 


-(/(iV)-^%^-A>0.  (16.24) 


AT! 

if 
2k    J     N\2kN 

I.e., 

\6{x,t,u)\  <  X.  (16.25) 

By  (16.23)  and  (16.25)  we  find  that 

\TZ\<2kf      ip(2kx-u){(        \dt\du  =  \. 

That  is 

1^1  ^    N[2kN   "i  [r    ',  -y-j  •  (16-26) 

Finally  from  (16.21)  and  (16.26)  we  get  (16.18).  ■ 

The  last  main  result  follows. 


Theorem  16.9.   Let  f  G   CN(M),  N  >   1.  Let  ip  be  a  real  valued  Lebesgue 
measurable  function  of  compact  support  C  [—a,  a],  a  >  0,  ip  >  0,  swcft  i/ioi 


Define 


ip(x  —  u)du  =  1,      for  any  a;  £ 


7j((«):=  $>,■/     J  +  ^fc )'      neN,Wj>0, 

i=o  v  y 

n 

^Wj      =      1,      uGR     and  (16.27) 

(r*/)(x):=  /       ~,Jk(uM2kx-u)du, 


for  any  k  G  Z,  and  any  a;  G 
TTien 


iovm.)  -  A.,|  <  E  ^M  <£±il  +  !■  +  £«  (r>,  •+•) .  M 

/or  any  fc  G  Z,  and  anj/  i£l.  Inequality  (16.28)  is  attained  when  f  is  a  constant 
function. 
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Remark  16.10.  If  f^N'  is  uniformly  continuous  or  bounded  and  continuous, 
then  as  k  — >  +oo  we  get  that 

(IV)(aO  -  f{x)  (16.29) 

pointwise  with  rates.  If  /  is  bounded,  then  Tkf  is  bounded  too. 

Proof,     of  Theorem  16.9.  Since  /  £  CN{R),  N  >  1,  by  Taylor's  formula  wc 
obtain 


Ei-      u  1 


3=0 


N 


j=0  i=l  j=()  x 


(  2*    "■"    ofcn  / 

!-" 

So  that 


Ar 


/W^)    "         /„  j 


+  E  **  Jfk+2L  (f(N)  (*)  -  /w(*)) (^  +(r_  ^f— *• 

Therefore  we  obtain 

JV        r(i)  /     \       n  f  oo  /  •  \  * 

irkf)ix)-fix)  =  EHr^^Wj       ip{2kx-u){¥  +  ^-x)  du  +  n> 

j=l  '  j=0  •'-oo  \  / 

(16.30) 
where 


ft  :=  ^Wj    /       <^(2  x-w) 

i=o       J-°° 

jx2k  ""(fw-fM)1^;:,)!'    dtjdu. 


Consequently  we  observe 

l/w(*)l 


rkf)ix)-fi*)\    <    E^rIE^r^-^*  + 


„=i        -        j=o       "-°°  Z"" 

i=l 
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We  set 

e(W):=j[*     ^(/W(t)-/W(a!))ilI+|i-iJ  dt.         (16.32) 


It  follows  that 


\K\<Y^wi  l       <p(2kx~u)\e(x,u,j)\du.  (16.33) 

~_n  J —CO 


3=0 

Next  we  estimate  e(x,u,j). 
i)  Case  of  £  +  ^->x.  Then 

,  JV-l 


M«,«,J>I      <     J*    ^|/WW-/WM|lZ±J5L-ii d, 

*  "■(/""•(y  +  ik-))-'***""" 


<       Wl      / 


p(at)    a  +  l\      (o  +  l) 


2fc     /       jv!2fc 


I.e.,  when  p-  +  -A—  >  x  we  derive 


|e(g,«,j)|<     jyj^   ^U     ;,^- 


ii)  Case  o/  £  +  j-  <  x.  Then 


K*,^)|     <     /"       .    \f(N\t)-f(N)(*)\[       %+_^)}         dt 

2k         2kn 

(N)   a+l\   {x~{^  +  ^-))N 


<  <oi{f      ■    2k    J 

<  (a  +  1)\-,  (fW  9±1 

—        jY'2fcJV  \  '     2fc 


I.e.,  when  ^  +  -^  <  x,  we  get  again 


i    /  .1,    .-  (a+  1)  /%(iv) 

|g(g,«,j)|<     j^fc77   ^[f       , 


2k 
So  always  it  holds 


kw)i<*^«*(/w,^).  (16-34) 
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Therefore  we  obtain 


j=0  J-°° 


{a+1)N^(f^,a-±±):=X. 


a+1 
2k 

)  du 

(16.35) 

(16.36) 

N\2kN         V  '     2fe 

I.e., 

\K\  <  A. 

Finally  from  (16.31)  and  (16.36)  we  establish  (16.28).  ■ 

Remark  16.11.  Here  we  define  the  following  operators  (see  [67],  p.  375  and 
[66]) 

/CO 
4(/,  2kx  -  ju)<p(u)  du,      j  £  N,  x  e  R,   k  e  Z. 
-oo 

Notice  that  Ck,\  =  Ck,  any  k  £  Z.  As  in  [67],  p.  381  and  [66]  we  see  that 

£k,j(f;x)=   /       ek(f,u)-ip  (  -(2fc:r-  «)  ]  d«, 
J-oo  J       \J  J 


and 


By  calling 


—  ip  I  —  (x  —  u)  )  du  —  1,      all  j  £  N,  any  a;  £ 


rf<->:=Mf),      J£N 


we  observe  that     swpp  ip*  C   [— ja,  ja]  and  £.kj(ip)  =  Cki'fi'j),  furthermore  i^* 
inherits  all  the  properties  of  ip.  Denote  here  /?&(/,  u)  :—  f  (p-) ,  k  €  Z. 
Based  on  the  above  comments  and  as  in  [67],  p.  383  and  [66],  we  define 

/oo 
rfk(2kx-juMu)du,  (16.37) 

-co 
/oo 
/9fc(/,2*a!-jtiM«)d«,  (16.38) 

-co 

/CO 
c{(2fc;r-»^(u)dM,  (16.39) 

-CO 

and 

/oo 
7fc/(2fcx-jM)^(M)dM.  (16.40) 

-oo 

Clearly  Ak  —  AkA,  Bk  =  Bkil,  Lk  —  LM  and  Tk  =  I\i. 
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Furthermore  one  can  rewrite  the  above  operators  as  follows  (j  £  N) 

/oo 
r{{u)<p*{2kx-u)du,  (16.41) 

-OO 
/OO 
f3k(f,u)tp*(2kx~u)du,  (16.42) 

-OO 
/OO 
c{{u)^{2kx~u)du,  (16.43) 

-oo 

and 

/oo 
1{{u)^{2kx-u)du.  (16.44) 

-oo 

We  present 

Proposition  16.12.  Same  assumptions  as  in  Theorem  16.3.  Then 

i(^ww-/(«)i  *  EL^^iy 

i  — 1 

/or  any  fceZ,  and  any  a:  £  R. 

Proposition  16.13.  Same  assumptions  as  in  Theorem  16.5.  TTien 

l(Bw/)(*)-/(*)|     <    E^f^^ 

i  — 1 

■N     N  /  •      \ 

+  ^-(/(JV)'F)'  (16-46) 

/or  any  fceZ,  and  any  i£l. 

Proposition  16.14.  Same  assumptions  as  in  Theorem  16.7.  Then 

1=1 

\JV 


iV!2fcJV  I '       '      2fc     J  '        Vlb.47) 


+ 
/or  any  k  £  Z,  and  any  i£l. 

Proposition  16.15.  Same  assumptions  as  in  Theorem  16.9.  Then 

ldW)(*)-/(*)|      <     E^1^  (16-48) 

,    (ja  +  l)^       /,w  ja+l\ 
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Note  16.16.  Inequalities  (16.45)-(16.48)  are  attained  when  /  is  a  constant 
function. 


Remark  16.17.  We  mention  the  generalized  Jackson's  like  operators  moti- 
vated from  classical  Approximation  Theory,  see  [67],  p.  377,  and  [66], 


(/*,,/)(*)  :=  -£M)J  [*  )  (Ck,,f)(x),      q  £  N. 


(16.49) 


We  apply 


■E<-tf  !  =i 


3=i 


Applications  of  the  above  general  operator  are  (see  [67],  p.  384  and  [66]), 


(#,/)(*):=  -EHF'  )(Akljf)(x), 


3  =  1 

'1 


(/£,/)(*):=  "^(-1)J 'r)(BkJf)(x), 


3  =  1 
1 


{i£,qf)(*)  ■■=     -,E,{-iy[qj)(Lk,Jm 


(16.50) 
(16.51) 
(16.52) 


and 


(/£,,/)(*)  :=-£(-!)'' ^)(rw/)(*) 


any  k  £  Z,  and  any  a;  £  M. 

From  [67],  p.  378,  and  [66],  we  get  that 


(16.53) 


\(h,qf)(x)  -  f(x)\  <  J2  f  qA  l(£w/)W  -  /(*)!■ 


(16.54) 


Inequality  (16.54)  is  attained  when  /  is  a  constant.  Notice  also  that  X!?=i  (*) 


2"  -  1. 


Applying  the  above  we  obtain: 

Proposition  16.18.  Same  assumptions  as  in  Theorem  16.3.  Then 


\{l£j){x)-f{x)\     <     (2«-l) 


|/(0(s)|aV 


Z_/     i!2*(fc_1 


aff9" 


W!2JV( 


(16.55) 


any  k  £  Z,  and  any  x  £  R,  q  £  N  /txea!. 
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Proof.  We  have  that 


!(#,/)(*)  -  f(x)\  <  E  (j )  w*jf)(x)  -  m\ 


(16^45)  ,  g 

s(5v 

=  (29  -  1) 


N     .     {i) 


y-  Ir^OfOj    fa1     d  _L_±__  ...  I  r  x '  J!L 


i\        2i(fe-1>  +  iV!2 


Ttfe^ry^i  I  / 


Z^        ,;l        oUK-i)  ~t~  \r\oN(k-i)     1  [J 


2fe-i 


yl/(i)(*)l     gV  ^ 


j!        2l(fe-1)       iV!2JV( 


; (AN)      qa 

■^^{■J     '2~k~I 


Proposition  16.19.  Same  assumptions  as  in  Theorem  16.5.  Then 

l/W(*)l 


m,qf){x)-s{x)\  <  (29-i) 


E 


2ki        j^\2kN       V         '  2fc 


any  k  £  Z,  and  any  i  £  1,  9  €  N  /tied. 
Proof.  We  observe  that 


(16.56) 


i(0)(*)  -  /(*)i  <  E  (j )  i^w*) "  /WI 


ss; 


<    (29  -  1) 


y  |/(i)(^)lJV  x  J^a-      „  /  f,  v,    7^ 


i         2fci     '    N\2kN    1  \  '  2fe 


/!  2"' 


i!         2fci        iV!2feJV 


2*' 


Proposition  16.20.  Same  assumptions  as  in  Theorem  16.7.  Then 


!(#,,/)(*) -/(*)!     <     (29-i) 


y  l/w(*)l 
^       i! 

(ga+1)1    ,    foa+l)" 


(16.57) 


+ 


iV!2fcJV 


wi    / 


f(jv)    ga+  1 
2fc 


any  fe  €  Z,  and  any  x  £  R,  g  £  N  fixed. 
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Proof.  We  see  that 


\{iLf){x)  -  f(x)\  <  E  (j )  i(£w/x*)  -  /(*)i 


:\m 


f  \f(l)(x)\(qa+iy       (qa+l)N       (   {N)    ga  +  1 
2^        i\  2fcl  AM2fcJV  1/       '      2fc 


Proposition  16.21.  Same  assumptions  as  in  Theorem  16.9.  Tftera 


M,qf)(x)  -  f{x)\     <      (2*-l) 


y  l/w(*)l 

Z^  ,'! 


(16.58) 


(ga+l)'        (go+1)^       /    (iv)    qa+l\ 
2fei  N^2kN  \  J       '      2fe      / 


any  k  £  Z,  any  £  £  R,  and  q  £  N  fixed. 

Proof.  Similar  to  Proposition  16.20,  using  Proposition  16.15.  ■ 

Note  16.22.  Inequalities  (16.55)-(16.58)  are  attained  when  /  is  a  constant 
function. 


Inequalities  (16.55)-(16.58)  improve  a  lot  in  the  case  of  N  —  1.  We  use  that 

E?=iO)j  =  «2'-1- 

We  give 

Proposition  16.23.  Here  f  G  C1(R).  Same  assumptions  as  in  Theorem  16.3. 
Then 

\(l£j){x)  -  f(x)\  <  ^L  (j/'(x.)|  +  Wl  (/',  _|L) )  ,  (i6.59) 

any  fc  €  Z,  ana"  any  x  G  R,  a  £  N  /txed. 
Proof.  We  have  again 

,  (16.54)  «      /„\ 

kO)w-/wi     <    £(jji(^/)(z)-/(*)i 

(16.45)  9 


~~         2-/  \  7  /  2fc- 

.7  =  1    W 


<?\    ja 


rO/'WH--^/'^)) 


2^ 


Ml/>)l +-(/',;£))    £ 


2^ 
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Proposition  16.24.  Let  f  G  C1(R).  Same  assumptions  as  in  Theorem  16.5. 
Then 

l(0)(*)  -  f{x)\  <  ^t  (|/'(*)|  +  «i  (/',  |£))  ,  (16.60) 

any  fc  G  Z,  and  any  i  6  I,  9  £  N  /srred. 
Proof.  We  have  again 

„  (16.54)  «      /„\ 

kO)(«)  - /(*)i     <     EL  iwx1)-^)! 


(16.46)        ^   ^  j£ 


aq2 


9 


9-1 


|/»|+Wl(/',f)) 


Proposition  16.25.  Let  /  G  C1(R).  Same  assumptions  as  in  Theorem  16.7. 
Then 


i(4vx*)-/(*)i  <  (ag29'12:29-i) 


(l/'WI+-i(/',£^i)),  (16.61) 


any  fc  G  Z,  ami  any  a;  G  R,  g  G  N  /srred. 
Proof.  We  observe  again 


K4V)(x)  - /(*)i  (1<4)  £  nW,;/x*)  - /(*)i 

(16  47)       «    /g\   /ja  +  l\  /    ,  /   ,   ga  +  1 


(im+^,W)(tts(^+s(; 
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Finally  we  give 

Proposition  16.26.  Let  /  G  C1(R).  Same  assumptions  as  in  Theorem  16.9. 
Then 

!(/£,/)(«)  -  fix)\  <  (^'1  +  2'-1)  (|/'(z)l  +  <*  (f,  *£!))  ,    (16.62) 

any  k  G  Z,  and  any  x  G  R,  g  G  N  /srred. 
Proof.  Similar  to  Proposition  16.25.  ■ 

16.3     Applications 

Next  we  present  applications  to  Probability.  Let  F  £  C1  (R)  be  a  probability  dis- 
tribution function  and  /  =  F'  be  the  corresponding  probability  density  function. 
Here  we  assume  additionally  that  <p  is  a  continuous  function  on  [—a,  a]. 

By  Remark  14.2.3(111),  p.  389  of  [67]  and  [66],  we  have  that  Akj,  Bkj,  Lk,j, 
Pfej  operators  map  continuous  probabilistic  distribution  functions  to  continuous 
probabilistic  distribution  functions,  for  any  k  G  Z,  j  G  N. 

Corollary  16.27.  (to  Theorem  16.3  and  Proposition  16.12).  It  holds  that 

\(AktjF)(x)-F(x)\  <  J±z  (/(*)+ wi  (/,^t))  ■  (16-63) 

any  k  G  Z,  x  G  R,  j  G  N. 

Corollary  16.28.  (to  Theorem  16.5  and  Proposition  16.13).  It  holds  that 

\(BktjF)(x)  -  F(x)\  <  g  (f(x)  +  ui  (/,§))  ,  (16-64) 

any  fc  G  Z,  x  G  R,  j  G  N. 

Corollary  16.29.  (to  Theorem  16.7  and  Proposition  16.14).  It  holds  that 

\{LkJF)(x)-F(x)\<3-?±±  (/(*)+ wi  (/-^t1))  .  (16-65) 

any  k  €  Z,  x  €  R,  j  €  N. 
Finally, 
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Corollary  16.30.  (to  Theorem  16.9  and  Proposition  16.15).  It  holds  that 

\(TK3F)(x)-F(x)\<J^±±  (f(x)+Ui  (V,^1))  ,  (16-66) 

any  k  6  Z,  x  €  R,  j  G  N. 


17 

Quantitative  Approximation  by 
Multivariate  Shift-Invariant 
Convolution  Operators 


High  order  differentiated  functions  of  several  variables  are  approximated  by  mul- 
tivariate shift-invariant  convolution  type  operators  and  their  generalizations.  The 
high  order  of  this  approximation  is  determined  by  giving  some  multivariate 
Jackson-type  inequalities,  involving  the  first  multivariate  usual  modulus  of  con- 
tinuity of  the  iVth  order  partial  derivatives  of  the  multivariate  function  to  be 
approximated.  This  chapter  follows  [30]. 


17.1     Background 


Here  we  use  [67,  p.  297],  see  also  [78].  Let  X  :=  CV(Rr),  r  >  1,  be  the  space 
of  uniformly  continuous  real  valued  functions  on  Rr,  and  C(Rr)  the  space  of 
continuous  functions  from  Rr  into  R.  CJV(Rr),  N  >  1,  denotes  the  space  of  N 
times  continuously  differentiable  functions  from  Rr  into  R.  Let  {£k}kez  be  a 
sequence  of  positive  linear  operators  that  map  X  into  C(Rr)  with  the  property 

(4/)(x)  :=  {£0(f(2-k-)))  (£),      xeRr,  feX. 

Let  ip  be  a  real  valued  function  of  compact  support  C   x^=1[— en,  o»],  at  >  0, 
tp  >  0,  tp  is  Lebesgue  measurable  and  such  that 

ip(x  —  u)du  =  1,      any  i£lr, 
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which  is  the  same  as 


ip(u)du  =  1. 
Examples,  i)  For  i  —  1, . . . ,  r  consider  the  characteristic  function 


<*{*)■■=  Xi-wfr)     ,  elge 


1,  (6[-{,i) 


Define 


p*{x)  :—  Y\  <pi{xi),    all  x  :—  (xi,. .  . ,  av)  G  Rr. 
»=i 
Then  <p*  fulfills  above  requirements  for  ip. 
ii)  For  i  =  1, . . . ,  r  consider  the  hat  function 

,    .         f    1  +  Xi,         —l<Xi<0, 
<^):=(  i-Xi,        0  <*<<!. 

Define 

r 

(p(xi,x2,-  ■  ■  ,xr)  :=  TTv'tfai)  >  0,    for  all  (xi,. . . , xr)  G  Rr- 
»=i 

Then  y>  fulfills  above  requirements  for  ip. 

Let  {£k}kez  be  the  sequence  of  positive  linear  operators  acting  on  X  and 
defined  by 

(Ckf)(x):=    f   (£kf)(uM2kx-u)du.  (*) 

Notice  that 

{Ckf)(x)  =  (£o(/(2"fc-)))(2fcf),      for  any  k  G  Z,  and  £  G  Rr. 

Clearly  operators  Ck  can  also  act  on  CJV(Rr).  See  that  ip  is  a  multivariate  scaling- 
like  function  and  the  operators  £fc  are  convolution  type  or  wavelet-like  multivari- 
ate integral  operators. 

Operators  (*)  under  mild  natural  assumptions  are  shift  invariant,  possess 
the  global  smoothness  preservation  property,  converge  to  the  unit  operator,  and 
preserve  continuous  probability  distribution  functions.  For  these  see  again  [67], 
Chapter  11  and  [78].  Applications  of  operators  (*)  were  presented  in  the  above 
mentioned  references.  In  fact  there  the  general  specialized  operators  were  denoted 
by  {Ak}kex,  {Bk}kez,  {Lk}kez,  {rfe}fc6Z.  These  were  first  mentioned  and  studied 
in  [78],  and  fulfill  all  the  above  nice  properties  of  operators  (*).  For  their  precise 
definition,  see  Theorems  17.3,  17.5,  17.7,  17.9,  next. 
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In  [67,  Chapter  11,  p.  318],  and  initially  in  [78],  it  was  established  the  following 
motivating  result. 

Theorem  17.1.  For  any  k  G  Z,  a  :—  max(ai, . .  . ,  ar),  x  G  Rr,  it  holds 

\(Akf)(x)  -  f(x)\     <     ^(j,^), 
\(Bkf)(x)  -  f(x)\     <     wi  (/,£), 

\(Lkf)(x)  -  m\  <  wi(/,^ 

\(Tkf)(x)  -  f(x)\     <     uJf,!*^,     feX,  (**) 

where  uii  is  the  first  usual  multivariate  modulus  of  continuity  defined  as  follows. 
Definition  17.2.  Let  /  G  C(Rr)  which  is  bounded  or  uniformly  continuous, 
we  define  (h  >  0) 

wi(/,/i):=  sup  \f(xi,...,Xr)-f{x'u...,x'r)\.{***) 

all  Xj  ,x^  GIR|a:j  —  x^  |  </i,   for  i=l,...,r 

From  (**)  we  get  pointwise  and  uniform  convergence  to  unit  operator  of  operators 

Ak,  Bk,  i/fc,  Tk. 

In  this  chapter,  see  Theorems  17.3,  17.5,  17.7,  17.9,  we  present  inequalities 
similar  to  (**),  but  much  more  complicated,  involving  wi(/a,-)i  a:  \a\  —  N. 
Here  /a  denotes  an  iVth  order  partial  derivative  of  /  G  C^R7"),  N  >  1.  That 
is  studying  the  high  order  approximation  to  the  unit  of  the  particular  general 
multivariate  operators  Ak,  Bk,  Lk,  Tk.  Then  in  several  propositions  we  continue 
the  same  study  for  the  more  general  multivariate  operators  Akj,  Bk,j,  Lkj,  Fk.j 
and  Ik>q,  Ik,q,  Ik,q,  Ik,q-  These  operators  are  naturally  built  on  the  multivariate 
operators  Ak,  Bk,  Lk,  Tk  and  were  studied  in  Chapter  15,  pp.  399-400  of  [67], 
see  also  [72]  where  first  appeared. 


17.2     Main  Results 


We  give  the  first  result: 


Theorem  17.3.  Let  f  G  C"JV(Rr),  N  and  r  >  1.  Let  ip  be  a  real  valued  function 
of  compact  support  C  x[=1[— ai,  a»],  a;  >  0,  ip  >  0,  <p  is  continuous  and  even, 
(p(—x)  =  f(x),  Vx  G  Rr.  Furthermore  it  is  supposed  that 

/  +  oo       Z'  +  OO  /"  +  oo 

/  •••    /  <p(Xl  —  Ml,  .  .  .  ,  Xr  ~  Ur)dlll  •  •  •  dtlr  —  1, 

-oo     <J  —  oo  <J —  oo 
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for  any  x  :—  (xi,  ■  ■  ■ ,  xr)  £  Rr,  which  is  the  same  as 

/  +  oo      />  +  oo  /•-(-oo 

/  •••    /  <fi(Ul,  .  .  .  ,  Ur)d,Ul  •  •  •  dtlr  —  1, 

-oo     J—oo  -J  —  oo 

in  s/iori 


Define 


for  any  u  £  Rr,  and 


/     (p(u)du  =  1. 
rl(u):=2kr  [    /(i>(2fcf-u) 


(17.1) 


(Akf)(x)~   [    r{{u)V{2kx~u)du,  (17.2) 

/or  any  fc  €  Z,  and  any  5?  £  Rr. 

/fere  we  further  assume  that  all  of  the  partial  derivatives  of  f  of  order  N , 
denoted  by 


fa  ■—  -~-g     a  :=  (ai, . . .  ,ar),al  £  Z+,i  =  1, . . .  ,r:  \a\  :—  £  a%  —  N 


are     uniformly     continuous     or     bounded     and     continuous     on    Rr.     Denote 
a  :=  max(ai , . . . ,  ar) .  Then 


\(Akf)(x)-m\  <  ^-^j[(j: 


0 


dxi 


m 


m2(k-1)N _:  |aNJV 


max    wi  I  /a 


(17.3) 


for  any  k  6  Z,  and  any  x  £  Rr.  Inequality  (17.3)  is  attained  when  f  ts  a  constant 
function. 

Remark  17.4.  (i)  If  the  iVth  order  partials  fa  are  uniformly  continuous  or 
bounded  and  continuous  then  u>i(/g,  2l^_1 )  are  finite,  and  as  k  — >  +oo  we  get 
that 

(Afc/)(x)  -  /(f), 

pointwise  with  rates.  If  /  is  bounded  then  (Akf)  is  bounded  too. 
(ii)  When  N  =  1,  inequality  (17.3)  becomes 


l(^/)(2)-/(*)l<2i£H(£ 

any  fc  £  Z,  x  £  Rr. 


om 


dxi 


+  r     max     wi 


»e{i,...,r}       V^*'2*1-1 


a/      a 


(17.4) 
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Proof  of  Theorem  17.3.  We  observe  that 


where 


Put 


(Akf)(x)  -  f(x)  =   /    {r{{u)~f(x))V(2kx~u)du 


flji;)-m)<p(y-Z)dy- 


9^{t)^f[x  +  t[^-x)),     0<i<l. 


Thus  for  j  =  1, . . . ,  N  we  have 


,ti) 


£<•>=   r  § 


$-*)£;}  /K»+«(S-")      ■■■+' 


/Vi- 


and 


Si  (0)  =  /(*). 


Through  Taylor's  formula  we  get 


»<?(«) 


'(i)-.*o-g-V+«-'" 


'    I   7Jfc>°  I  i 


where 


ft*      ^-,0      := 


2t 
Consequently 


9%)(tN)-9%\o))dtN 

0  \     2*  2^ 


S(^(0) 


where 


/  ( £ )  -  /(*) )  *(?- «)  =  E  -J7i—^- ff) + ^ 


y 


k--=k*[  7^,o)<p(y-u). 


Since  <£>  has  a  compact  support  it  holds 

\Vi_  I  ^  _ 

I  2*       Xt\S  2 

Therefore  we  derive 


Ki  -    I  <■    ai       ■  -  i 

ok      Xi\  —  ok-i '     i—  I,---, r. 


S(^(0) 


2fc-i 


E 


fix,; 


/(*) 


dti. 
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Hence 


where 


That  is, 


1     r 
\rl(u)  -  f(x)\  <  E  7T  /    \9Uh®My-  u)dy  +  TV 
J=1  3-  Jw     W 


TV 


^1^.0 


ip(y-u)dy. 


<w-m\<Eji&H=»\[E 


f(x)]+1Z*.  (17.5) 


Let  0  <  tN  <  1,  then 


pT'^i-sTw 


E(£-)£    ' 


,    2/1  \  /J/r 

Xl  +  tN  [  -j:  -  Xl  J  , . . . ,  Xr  +  tN  (^  -  X, 


E  S—  her    '  < 


1^1 5  •  •  ■  5  ^-r, 


-      2l^Wa;^Jv^l/a'2^ 


Consequently  we  find 


?M£>° 


^     witnw.g^i  / 


7V!2(fe-i)Jv  -a.  |aNJV       VJ   '  2fe-x 


ffV  (*jv)  -  g\  '(0) 

2k  2k 


=:  A. 


(//^ 


17.6) 


That  is 


Therefore 


That  is 


tt"l£.° 


<  A. 


1Z*  <  \         tp(y  —  u)dy  —  A. 


ft*  <  A. 


(17.7) 
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We  have  established  that 


H(u)-f(s)\ 


2^  j!2J'(fc-1)   1  I  ^ 


dx, 


m 


aNrN  (  a    \ 

+  AT!2(*-D"  a^iv"1  l/a' 2^)  =:  7'  (17'8) 


It  follows 


I  (Afc/)  (*)-/(*)  |      (T       /    \ri(u)-f(x)M2kx-u)du 

<        7  /     <p(2  x  —  u)du  —  7, 
Jv 

proving  (17.3).  ■ 

Next  we  give 

Theorem  17.5.  Let  f  £  C"JV(Rr),  N  and  r  >  1.  Lei  ip  be  a  real  valued  function 
of  compact  support  C  Xi=i[— a»,o»],  a;  >  0,  (p  >  0,  (p  is  Lebesgue  measurable  and 


The  last  is  the  same  as 


if(x  —  u)du  =  1,      for  any  x  £ 


/     (p(u)du  =  1. 


Define 


and 


Pk{f,u)  =  f     -fc     ,      an2/M€Rr, 


(Bkf)(x)--    I     /3k(f,u)ip(2  x-u)du, 


(17.9) 


(17.10) 

/or  anj/  k  €  Z,  and  any  lei'. 

_ffere  u>e  further  assume  that  all  partials  fa,  \a\  —  N ,  are  uniformly  continuous 
or  bounded  and  continuous  on  W .  Denote  a  :=  max(ai, . . . ,  ar).  Then 


\(Bkf)(x)-m\  <  EjikllE 


dx, 


m 


ft  a 

+  m2^a^Nu^h'^ 


2k 


(17.11) 


any  k  £  Z,  i£lr,  which  is  attained  by  constant  functions. 
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Remark  17.6.  (i)  Since  the  iVth  order  partials  /a  are  uniformly  continuous 
or  bounded  and  continuous  and  k  — >  +oo  we  find  that 

(Bkf)(x)-f(x), 

pointwise  with  rates.  If  /  is  bounded  then  (Bkf)  is  bounded  too. 
(ii)  When  TV  =  1,  inequality  (17.11)  becomes 


\(Bkf)(x)-f(x)\<^\[J2 


df(x) 


dxi 


,    df     a 
+  r      max     wi      t~  , -tt 
ie{i,...,r}        \oxi    2k 


(17.12) 


any  k  G  Z,  x  G  Rr. 

Proof  of  Theorem  17.5.  Put 


fljj.(i)  :=/(*  +  *(  2*-i?)  )  .     a!10<t<l. 


Then  for  j  =  1,  2, . . . ,  N  we  get  that 


<*"HI£(£-«)k)/X'+«(J- 


».(0)  =  /(2). 


By  Taylor's  formula  we  derive 


/  -  x  "    5^  (0) 

/(3t)-»*c>-E-V+«-(i.« 


where 


u 

2k- 


i         /   rzN-i 


o    Wo  Vo  \  i^  2*= 


^(^,0)==/     (/        ■■(/  lfll«;M-fll«;(0)     dt^ 


■      dti. 


Thus 


n   5^(0) 
/  (  £  )  ^(2^  -  u)  =  J2  ^-^(2kX-  u)  +  V(2kx-  u)K, 


j  =  0 


2k' 


Consequently  we  observe  that 


(Bkf)(x)-f(x)  =  J2        ^^^(2kx-u)du  +  TZ, 


3  =  1 


r- 
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where 


11:^  j^9{2hx-u)1lN(^,Q\ 


(hi. 


Since  ip  is  of  compact  support  we  have 


I  2fe  I  ~  2fc 


Furthermore  we  get 


5(^(0) 


--■£)' Kg 


fir, 


/(*) 


and 


E 


5(^(0) 


=1  Jv      J- 


-ifi(2  x  —  u)du 


N 

<E 

.7  =  1 


1^(0)1 


-ip(2  x  —  u)dC 


JV 


i=i 


9a:  i 


Z^  2feJj!  I  1  ^ 


dx  i 


f(x)  I    /     ip(2  x  —  u)du 


fix) 


That  is, 


!(**/)(*) -/(*)i<Ej£«  I  IE 


f).T,: 


/(f)     +  1-72-1-  (17.13) 


Next  we  estimate  |72.|,  0  <  tjv  <  1.  We  observe  that 


9  a    (in)  -  fl_s_  (0) 

2k  2k 


±($->)&)  '  M£ 


E(Ui_  _ 


"'       x^^-1     f}(x) 


i=l 


cfoi 
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Thus 


^[^,0 


0     wo 

1 


dtp 


dti 


ft     a  \ 


2k  2k 

max    wi  (  fa,  —r )  dtN  )■  ■  ■)  dti 

a:   |S|  =  JV  V  ZK  I  J       J 

(17.14) 


\R\  —Pi     ^(2  x  —  u)du  =  p, 


Consequently  we  have 


that  is, 

\n\  <  P. 

Finally  combining  (17.13),  (17.14),  (17.15)  we  produce  (17.11) 

It  follows  the  related 

Theorem  17.7.  Let  f ,  ip,  a  as  in  Theorem  17.5.  Define 


(17.15) 


Jf.-n 


2-fc(S+l) 


and 


f(F)dt  =  2kr  I         /(*+£)  dt,   any  u  €  Rr,    (17.16) 

(17.17) 


(Lkf){x)  :=    /     c{(u)ip(2k x  -  u)du 

JtLT 

for  any  k  G  Z,  and  any  x  £  Rr.  T/ien 


iV 


\(Lkf)(x)~f(x)\<J2 


(a  +  1)J 
'     i\2ki 

(a+l)¥ 


E 


cte; 


/(*) 


An2fc 


max    wi     /a 


5:   |a|=JV 


0  +  1 

2fe 


(17.18) 


which  is  attained  by  constant  functions. 

Remark  17.8.  (i)  Since  the  iVth  order  partials  fa  are  uniformly  continuous 

or  bounded  and  continuous  and  k  — »  +oo  we  obtain  that 

(Lkf)(x)  -  f(x), 

pointwise  with  rates.  If  /  is  bounded  then  (Lkf)  is  bounded  too. 
(ii)  When  N  —  1,  inequality  (17.18)  becomes 


|(Lfc/)(c?)-/(a?)|< 


a+  1 

2k 


E 


9/(5) 


9:e; 


0/     a+1 


+  r     max     wi 


(17.19) 
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any  k  G  Z,  x  6lr. 

Proof  of  Theorem  17.7.  We  see  that 


We  set 


Thus 


(Lkf)(x)  -/(£)=    /   (cfk(u)-f(x)M2kx-u)di 


9t+^{T):=f[x  +  T[t+--x)),      0<t<1. 


,0) 


**£<-)  =  Ugl***     ~Vft* 


"■    ^^-]  /Uf  +  T(r+«_, 


2fc 


and 


3f+*(0)  =  /(<?)• 


By  Taylor's  formula  we  obtain 


/  r+S )=^*(i)  =  E^+,*(o)  +  ^(*-+5.o J. 


j'=o    — jf 


where 


n"\  *+2fc.°)  - 


,W 


,W 


^(^-^(O)]*^ 


dti 


Then 


efts)- /(*)  =  £  2* 

3  =  1 


^  if    9<ilA0)dt 


+  2'"    /         7i,   !(  +  ^0t./f 


Here  0  <  U  <  Tk ,  and 


Mi  I      .    »i  n 


Furthermore  we  have  (j  =  1, . . . ,  AT) 

'  a  +  1 x  J 


< 


2* 


E 


&ri 


/(*) 


Thus 


W      r,kr       1-2" 
3=1     J"     J° 


4+^(0) 


3  =  1        J' 


E 


C*.T, 


/(f)     .       (17.20) 
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Let  0  <  tjv  <  1,  then 


(N)       I         \  (N)       fn\ 

gl,  $  (tn)  -  gl  'a  (0) 


E^  +  I-^)^:  f 


S  +  TN    \    t  +  — X 


£(*+S-0£   /  (■ 


(a  +  llV  /         o  +  l 

<       rrr max     ui      /a-  — ; — 

2feJV  5:    |5|  =  N  I  2fc 


Moreover  it  holds 


Rjv    t+-7,0  < 


2k  ' 


JN) 


JN) 


0      \JQ  \J0 


9K"'a  (tN)-gl"'    (0) 

i+-r-  *+-T 


dtn 


^       (o+l)V  /.     a+i 

— —   ,  ,, —     max     u>!     /a 


N\2kN  a:   \a\=N 

From  (17.20)  and  (17.21)  we  find 


2k 


dt. 


(17.21) 


its) -/(*)!<£ 


(a  +  1)J 


E 


rf 


c'ir, 


L^     j\2kj 

3  =  1       J 

,   («  +  l)¥  /,    a+l 

1 TTT^r^ —     max    wi     /a,  — r—  I  =:  p 


f(x) 


Finally  we  have 


N\2kN  a:   \a\=N 


(17.22) 


2k 


\(Lkf)(x)-f(x)\      <      p        V{2kx-u)du  =  p. 


The  last  main  result  follows. 

Theorem  17.9.  Let  f,  ip,  a  as  in  Theorem  17.5.  Define 


(Tkf){x):=         ■yi(u)p(2Kx~u)du,      xe 


where 


(17.22) 


(17.23) 


n\  nr 


Tfc(")  :=  Y,    ■■■   Y,    W31,-,3r  '/ 

J1=0  3r=0 


Ul  Jl 


iir  Jr 


2fc        2fcm''  "'  2fe        2fcnr 


+  -f-     (ni,...)nP)6lT 


ni  nr 


0,      5Z    ""    Yl    W31,-,3r   =1'    ^G 


31=0  jr  =  0 


(17.24) 


Then 


\(rkf)(x)-m\<j2 


N„N 


(a  +  iy 

i     J 


E 
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/(*) 


dx, 


+ 


(a+l)"r 


N\2kN  ~a:\~a\=N 


max    wi  (  /, 


o  +  l 


"     ofe     ;  ' 


(17.25) 


which  is  attained  by  constant  functions. 

Remark  17.10.  (i)  Since  the  iVth  order  partials  /a  are  uniformly  continuous 

or  bounded  and  continuous  and  k  — >  +oo  we  get  that 

(Tkf)(x)  -  f(x), 

pointwise  with  rates.  If  /  is  bounded  then  (Tkf)  is  bounded  too. 
(ii)  When  N  —  1,  inequality  (17.25)  becomes 


\(Tkf)(x)-f(x)\< 


a  +  1 

2k 


E 


dfW 


dx, 


,   df    a+1 
+  r     max     wi     -r— ,  -rF- 
ie{i,...,r}       Voa:i      2fc 


(17.26) 


any  k  £  Z,  i€  Rr. 

Proof  of  Theorem  17.9.  We  see  that 


dvxf)  _  /(f)  =  /  (7if (s)  -  /(f))^(2fef  -  tf)<H, 


where 


Put 


7f 


2^+  2^ 


fix, 


^+iw-/(^MJ+24-f))'  °^J 


Thus  (j  =  l,...,N) 


^Aw-     E(5  +  5fe-*.)^l'W>+r|^  +  ^-, 


2fc       2fcn 


and 


ffo     jl(0)=/(2). 


By  Taylor's  formula  we  obtain 


iv   ^  +    J    (0) 


J  =  l 


J 


i! 


^l^  +  ^'° 
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where 


R: 


(i+M-i'ic-  {ir{% 


,    (tN)-g^>      ,    (0)  1  dtjv  |-     |  dt 


Therefore 


S(f      7    (°) 


lim  -  m  =  E  E  "HHr—  +  E «***  £  +  ofe. ° 


3  =  1  J=S 

Again  here  it  holds  that 


3=0 


\Xi r    <  — r,    —  <  1;       1  =  1,  ...,r, 

I  2fe  I  "  2fe '    ni  -     '  '        '    ' 

and  a  :=  max(ai, . . . ,  ar).  Furthermore,  we  have  (j  —  1, . . . ,  AT) 


s(:?  ;  (o) 


(o+l) 

2fej 


E 


dx, 


/(*) 


Thus 


*     n        \9U]  ,    i   (0)1         n 


(a  +  I)* 


EE-?  -  r     ^E^H  E 


Let  0  <  tat  <  1,  then 


=i     J 


dx, 


f(x)      .  (17.27) 


,(JV) 


^     7    (tat) -9^     7    (0) 


(N) 

2%  +  Wn 


I  2fe 


S  +  sfe-*)^)     /K*+TJV(^  +  2fe-r' 


2fe        2fcn; 


E 

Clearly  we  obtain 

A 

That  is, 


9,r , 


/     (*) 


^  (a  +  l^r"  /.     o  +  l 

<  ttt max     ui      r~ ,  — ; — 

2kN  a:   \a\=N  V  2fe 


*"     F+2^° 


(q+i)V 

N\2kN 


max     Wi  (  /g 


a+1 

2fe 


^•J+A-0 


(17.28) 


(17.29) 
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From  (17.27),  (17.28)  and  (17.29)  we  find 


i=i     J' 


E 


c) 


dxi 


a+1 


m 


,    (a+l)NrN  i  ,     „tM  ,17qn. 

Finally  we  notice  that 

(17.30)  f 

\(Tkf)(x)  -  f(x)\      <     p        <p(2kx-u)du  =  p.  M 

Remark  17.11.  Here  we  define  the  following  multivariate  operators  (see  [67, 
p.  394],  and  [72]) 

Ck,j(f;x):=  j     £k(f;2kx-ju)ip{u)du,      k  G  Z,  j  G  N,  x  G  Rr.         (17.31) 

Jr 

Notice  that  £k>j  =  C-k,  any  k  G  Z.  As  in  [67,  p.  394],  and  [72]  we  notice  that 

/:*,,•(/;£)=  /"  (4/)(5)-JrvfT(2fc?-il)]dt»1     fc  g  Z,  felr. 

We  see  that 


—  (^  (  -(£-  u)  I  dw=  1,      all  j  G  N,  x  G  Rr,  r  >  1. 


Put 


^(■):=^Q-),     i^N, 


then  supp  ^  C  x[=1[— ja,,  ja,i],  ai  >  0.  Moreover  ip*  inherits  all  other  properties 
of  if. 

Clearly  now  we  have  that 

Ck,j(<p)  -  £k(<P*j)- 
According  to  the  above  comments  and  as  in  [67,  p.  399],  and  [72],  we  define 


{Ak,jf){x):=  /    rfk(u)ip*(2kx-u)du, 

Jw 


(BkJf)(x)  := 

(LKjf)(x)  := 


/(  ^  J  <Pj(2  x-u)du, 

ck{u)ip*j{2  x  —  u)du, 


(17.32) 
(17.33) 
(17.34) 
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and 


(TkJf)(x)  :=  /    yfk(u)<p*(2kx-u)du,  (17.35) 


for  any  x  G  Rr,  fc  G  Z,  j  G  N.  Clearly 

Ak  —  j4fc,i,    Bfc  =  Bk,i,    Lk  —  Lkti     and     Tfc  =  I\i. 

Here  /,  ip  are  as  in  Theorems  17.3,  17.5,  17.7,  17.9,  respectively. 
We  present 
Proposition  17.12.  Same  assumptions  as  in  Theorem  11.3.  Then 


fa" 


i(Aw/)(*)-/(£)i<E^i)?((E 


,-JvaJvriv 


3  a 


d:r.i 


f(x) 


2fc-i  ;  > 


(17.36) 


any  k  G  Z,  and  anj/  a;  G  Rr,  j  G  N.  Inequality  (17.36)  ts  attained  when  f  is  a 
constant  function. 

Corollary  17.13.  Same  assumptions  as  in  Theorem  17.3,  N  —  1.  TVien 


|(Aw/)(aO-/(2)l<^H  (E 


8/(2) 


8x, 


,    8/      ja 


(17.37) 


any  k  £  Z,  x  £  Rr,  j  G  N. 

Proposition  17.14.  Same  assumptions  as  in  Theorem  17.5.  Then 


fa" 


\(Bk,jf)(x)-f(x)\     <     E^T        E 


*-<  p!2 


i=i 


8:r, 


/(*; 


■N     N    N  / 


any  fc  G  Z,  and  am/  cc  G  Rr,  j  G  N.  Inequality  (17.38)  is  attained  when  f  is  a 
constant  function. 

Corollary  17.15.  Same  assumptions  as  in  Theorem  17.5,  N  —  1.  TVien 


|(Bw/)(*)-/(aOI<!£{  (E 


8/(5) 


,    8/     ja 
+  r      max     cji      — — ,  —r 
ie{i,...,r}       V9a!i'  2* 


(17.39) 


any  k£Z,  x£  Rr,  j  G  N. 
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Proposition  17.16.  Same  assumptions  as  in  Theorem  17.7.  Then 


\(Lk:Jf)(x)-f(x)\<J2 


(ja  +  1)" 


+ 


P=i      * 

(ja +  l)NrN 


E 


dxi 


max    wi     /, 


i=l 

ja+1 


fix] 


(17.40) 


N\2kN        a:  |o|=jv       V  2fc 

any  k  G  Z,  and  any  x  G  Rr,  j  G  N.  Inequality  (17.40)  ts  attained  when  f  is  a 

constant  function. 

Corollary  17.17.  Same  assumptions  as  in  Theorem  17.7,  N  —  1.  Then 


\(LkJf)(x)-f(x)\     [JA±± 


E 


om 


dii 


,   df    ja+1 

+  r     max     wi     — — , ; — 

ie{i,...,r}       l&Ei'      2fc 


any  fc  G  Z,  x  G  Rr,  j  G  N. 

Proposition  17.18.  Same  assumptions  as  in  Theorem  17.9.  Then 


(17.41) 


l(rM/)(*) -/(*)!<£ 


(ja  +  iy 


+ 


P=i      * 
(ja+l)NrN 


E 


N\2kN  a:   |o|  =  JV 


max    wi     /a, 


,     5Xi 

ja  +  1 

2fc 


/(*) 


(17.42) 


any  fc  G  Z,  x*  G  Rr,  j  G  N.  Inequality  (17.42)  is  attained  by  constant  functions. 
Corollary  17.19.  Same  assumptions  as  in  Theorem  17.9,  N  —  1.  TVien 


|(rfc>i/)(aO-/(f)|  < 


ja  +  1 

2fe 


E 


9/(x) 


ctei 


,    df    ja  +  1 

+  r     max     uj\     — — , ; — 

ie{i,...,r}       V&Ci       2fc 


(17.43) 
any  k  e  Z,  x  e  Rr,  j  G  N. 

Remark  17.20.  We  mention  the  generalized  multivariate  Jackson's  like  oper- 
ators motivated  from  classical  Approximation  Theory,  see  [67,  p.  395],  and  [72], 


Ik,q{f;x):=-Y,(-iy(q)£k,j(f;x),     for  all  2  G  Rr,  g  G  N.  (17.44) 


We  apply 


EH) 


3=1 
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Applications  of  the  last  general  operator  are  (see  [67,  p.  400]  and  [72]), 


and 


ik,q(f;#) 


Ik,q(f'>x) 


Ik,q\f\X) 


.£(-l)'nUM(/;50, 
.£(-l)'rJLM(/;x), 


/U/;£):=-£(-i)j(*)rfcJ(/;*) 


any  x  G  Rr. 

From  [67,  p.  396]  and  [72],  we  have  that 


(17.45) 
(17.46) 
(17.47) 

(17.48) 


|Jfc,,(/;a!)  -  f(x)\  <  J2  [A  IOCfc,i/)(*)  "  /(*)!■ 
Inequality  (17.49)  is  attained  when  /  is  a  constant.  We  use  also  that 


(17.49) 


Applying  the  last  we  obtain 

Proposition  17.21.  Same  assumptions  as  in  Theorem  11.3.  Then 


I  (O)  (*)"/(*)  I      <      (2*-l) 


i) 


qNaNrN  /, 


fix 

qa 
2fc-! 


/(*; 


(17.50) 


any  fceZ,  and  any  x  £  Kr.  Inequality  (17.50)  is  attained  when  f  ts  a  constant 
function. 
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Proof.  Wc  notice  that 


(17.49)      ' 


\{itm)  -  m\  y'::~'  E  (j  ]  k^/x*)  -  f^ 


(17.36)       «       ,~ 


<6)  1 0 


3  =  1 


2-*     nl2(fc-l)P 
P=l   ^ 


a     I  \   r  \  -N     N     N 


dxi 


N\2{k-l)N    a.    |S|  =  JV 


■sc 


N     N     N  / 

q     a     r  (  qa 
— -v— r      max      oji       fa,  —, — t- 


(2"  -  1) 


^  p!2(fc-i)p   W^Jdxil)     Jy 


N     N     N  / 

q     a     r                                f            qa 
x)  1  H ; : —      max     wi      fa, 


Proposition  17.22.  Same  assumptions  as  in  Theorem  17.5.  Then 


|(0)(*)  -  f(x)\     <     (2«-l) 


+ 


N    N    N 

q    a    r 


Z^  p!2fcp  I  I  Z-^    0^ 
p=i  \  \»=i 

max    wi     fg,  — r 

S:   |o|  =  JV  V      '2fe/ 


/(*; 


AT!2fcJV      S:   |o|  = 


(17.51) 


any  fc  £  Z,  and  any  x  £  Rr.  Inequality  (17.51)  is  attained  when  f  is  a  constant 
function. 

Proof.  We  observe  that 

(17.49)      «      /0\ 


(1<8)e(!) 


.7  =  1 


Sp^vvS 


9    Vfn\       jW  /        ja 


*        E 


3  =  1 


Spoils 


9     \"     ,^\        qNaNrN 


dx 


N\2kN      a:   |S| 


/ ,    qa\ 

max     wi    /a,  — - 


(2"  -  1) 


qf-a^ 


*-<  p\2kP  \\4-t    dxx 

p— 1    r  \    \l  —  1 


E    ^T"    I     /(^)  I  +     „!„».    -  Tiy.."!  (/a.  —  ) 


7V!2feJV    a:  |a|=jv 


2*< 


Proposition  17.23.  Same  assumptions  as  in  Theorem  17.7.  Then 


\(lU)(x)-f(x)\<(2"-l) 


E 


E 


,    (qa  +  l)NrN 

H TTTTcr-j max    cJi     /a 


(go  +  1)' 

'      p!2fcp       ,  , 
i  \  V»=l 

<?a  +  1 


tf 


fix) 


N\2k 


a:   \a\=N 


2k 


(17.52) 
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any  k  £  Z,  and  any  i£lr.  Inequality  (17.52)  is  attained  by  constant  functions. 
Proof.  We  see  that 


\(iUm  -  m\  (1<9)  E  m  i^w/x*)  -  /(*)i 


(1  < 0)  e  (J 

3  =  1      J 


E 


(ja +!)»((    r    I     a    iN',,^    ,    O'a  +  1 


o!2fcP 


Oa^i 


E  be    m  + 


max      uji      f„ , 
AT!2fcN         5:  |a|=N        \  2 


jo  +  1 


*   E 


>       ; >        fix)  H r-r* max      uj\\    fa 

£"       «!2fcP       W^AdxAJ     Jy'j^       N\2kN        5:  |a|=w       [  J 


qa  +  1 


=  (2«-l) 


^    (g„  +  l)Y^|    d    \\\,^\    ,   (gG  +  l)"^  /.      ga  +  1 


Proposition  17.24.  Same  assumptions  as  in  Theorem  11.9.  Then 


I (4rJ) (£)-/(£) I  <(29-l) 

(ga  +  l)^ 


+ 


h  p[2kp  \\k 

qa  +  1 


c)x, 


/(*) 


N\2™  a^N^V*'       2* 


(17.53) 


any  k  £  Z,  £  £  Rr.  Inequality  (17.53)  is  attained  by  constant  functions. 

Proof.  Similar  to  Proposition  17.23,  by  the  use  of  Proposition  17.18.  ■ 

Inequalities  (17.50)-(17.53)  improve  greatly  in  the  case  of  N  =  1.  We  use  that 


mj^-' 


We  present 

Proposition  17.25.  Same  assumptions  as  in  Theorem  17.3,  N  —  1.  Then 


\VLf)W-fW\<£=; 


any  fc  £  Z,  x£  Rr,  g  £  N. 
Proof.  We  have  again 


E 


0/(2) 


dxi 


,    df       qa 
+  r     max     wi     7; — ,  -r— r 
»e{i,...,r}       \0au    2fe_1 


(17.54) 
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,  (17.49)      «      /    \ 

\{itfm-m\  <  ^[9A\{Ak,Jf){Z)-m\ 

ja     f  (sp    9/(5) 


(17.37)      « 

"    EU 

1 
3  =  1    V 


2fe- 


J" 


2fc- 


=r      E 


i  =  l 


dii 


+  r     max     wi 


9/      ja 


9:r; 


+  r     max     cji 


ie{i,...,r}       V5^'  2fc_1 
9/       qa 


g2"-1a 


2fc- 


^T         E 


9/(x) 


9,x-i 


ie{i,...,r}       V9a;i'2fc-1 


,   9/      ga 
+  r     max     wi     -— ,  -v--- 

»€{!,. ..,r}  V"^*     2fc     x 


i5    E 


9/(5) 


9a^i 


,    9/       ga 

+  r     max     Wi      t: — .  - ; — r 

»€{l,...,r}  \dXi'2k-i 


Proposition  17.26.  Same  assumptions  as  in  Theorem  17.5,  N  —  1.  TTien 


!(/£,/)(*) -/(*)!<     "" 


2fe  — g+l 


E 


9/(5) 


rte, 


,    df     qa 

+  ri^,r}°Jl{dx->¥ 


any  k  G  Z,  5  G  Rr,  g  G  N. 
Proof.  We  observe  again 


(17.55) 


K4V)(5)  -  m\  (1<9)  E  m  i(b*j/)(*)  -  /(*)i 

[fife 


(17.39)      « 


g2g~1a 
2^ 


df(x) 


ofe  i      Z^ 


9a:  i 
9/(5 


,   df    qa 

+  r     max     wi     -—,  -r 

e{i,...,r}       Vdxi    2* 


9-x'i 


,    9/    ga 
+  r     max     a?i      — — ,  — - 
ie{i,...,r}       \te'2* 


E 


9/(5) 


9a;i 


,    9/     ga 

+  r      max     uj\     — — ,  —r 
ie{i,...,r}       \dxi    2k 


Proposition  17.27.  Same  assumptions  as  in  Theorem  17.7,  N  —  1.  TTien 


!<*,/)(*) -/(*)l    <    ^-1+29-1) 


2'' 


E 


df(x) 


dxi 


df     qa  +  1 

+  rie^.r}Ul[Wi'-^- 


(17.56) 
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any  k  G  Z,  x  G  Rr,  q  G  N. 
Proof.  We  notice  again 


(17.49)       «       ,q 


kOx^-^i    ^    E(9)klm/)(^)-/(*) 


<  '  E 


£ 


3  =  1 

(ja  +  1) 


E 


a/(*) 


dxi 


df      qa+l 


+  r  maxier1(-     r\  u>i 


+  r       max       lo\  . 

i£{l,...!r}  \dXi"        2 

9f        qa+l 


°ie(!);)+ep 


"fer         +™«.E{1 r)"l  I   757",  ^^  J    f 

'  J       [a^1  +2"-  1]. 


2k 


Proposition  17.28.  Same  assumptions  as  in  Theorem  17.9,  N  —  1.  T/ien 


K-WOw-JWl      <      gfc 


E 

i=l 

,9/"    qa  +  l 
+  r     max     wi     ^— ,        . 

»€{!,. ..,r}  VOX,  2fc 


9a;; 


(17.57) 


any  keZ,  xe  Rr,  o  G  N. 

Proof.  Similar  to  Proposition  17.27,  with  the  use  of  (17.43). 


18 

Approximation  by  a  Nonlinear 
Cardaliaguet-Euvrard  Neural  Network 
Operator  of  Max-Product  Kind 


The  aim  of  this  chapter  is  that  by  using  the  so-called  max-product  method,  to 
associate  to  Cardaliaguet-Euvrard  linear  operator,  a  nonlinear  neural  network 
operator,  for  which  a  Jackson-type  approximation  order  is  obtained.  In  some 
classes  of  functions,  the  order  of  approximation  is  essentially  better  than  the 
order  of  approximation  of  the  corresponding  linear  operator.  This  chapter  relies 
on  [65]. 


18.1     Introduction 

Based  on  the  Open  Problem  5.5.4,  pp.  324-326  in  Gal  [167],  we  have  intro- 
duced and  studied  the  so-called  max-product  operators  attached  to  the  Bernstein 
polynomials  and  to  other  linear  Bernstein-type  operators,  like  those  of  Favard- 
Szasz-Mirakjan  operators  (truncated  and  nontruncated  case),  Baskakov  opera- 
tors (truncated  and  nontruncated  case),  Meyer-Konig  and  Zeller  operators  and 
Bleimann-Butzer-Hahn  operators. 

This  idea  applied,  for  example,  to  the  linear  Bernstein  operators  Bn(f)(x)  — 
J2k=0Pn,k{x)f(k/n),    where   pn,h(x)    =     [nk)xk(l  -  x)n~k ,    works    as   follows. 

Writing  in  the  equivalent  form  Bn(f)(x)  —  ky'nn'k  (x)  and  then 
replacing  the  sum  operator  E  by  the  maximum  operator  V,  one  obtains  the 
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nonlinear  Bernstein  operator  of  max-product  kind 

n 

VwW/(J) 


sr '(/)(* 


V    Pn,k(x) 
fc=0 


where  the  notation  Vfc=oP™.fc(a;)  means  ma:r{pnifc(:r);  fc  £  {0,  ...,n}}  and  simi- 
larly for  the  numerator. 

For  this  max-product  operator  nice  approximation  and  shape  preserving  prop- 
erties can  be  found  in  e.g.  Bede,  Coroianu  &  Gal  [108]. 

For  example,  it  is  proved  that  for  some  classes  of  functions  (like  those  of  con- 
cave functions),  the  order  of  approximation  given  by  the  max-product  Bernstein 
operators,  are  essentially  better  than  the  approximation  order  of  their  linear 
counterparts. 

The  aim  of  this  chapter  is  to  use  the  same  idea  to  the  neural  network  oper- 
ators of  Cardaliaguet-Euvrard-type  introduced  and  studied  in  e.g.  Cardaliaguet 
&  Euvrard  [128],  Anastassiou  [18],  [19],  [22],  Zhang,  Cao,  &  Xu  [288]  (see  also 
the  references  cited  there).  We  will  obtain  that  in  the  class  of  Lipschitz  functions 
with  positive  values,  the  new  obtained  nonlinear  neural  network  operator  has 
essentially  better  approximation  property  than  its  linear  counterpart. 

Thus,  by  following  Cardaliaguet  &  Euvrard  [128],  for  b  :  R  — >  R+  a  centered 
bell-shaped  function  (that  is,  nondecreasing  on  (-co,  0],  nonincreasing  on  [0,  +oo) 
),  with  compact  support  [-T,T\,  T  >  0  (that  is  b(x)  >  0  for  all  x  G  {-T,T)) 
and  therefore  such  that  /  =  f_T  b(x)dx  >  0,  the  Cardaliaguet-Euvrard  neural 
network  is  defined  by 

g..-(/)(*)=  Effi- 


I-n1-"       \  \         n 


where  0<a<l,n£N  and  /  :  R  — >  R  is  continuous  and  bounded  or  uniformly 
continuous  on  R 

Denoting  by  CB(R)  the  space  of  all  real- valued  continuous  and  bounded  func- 
tions on  R  and  CB+(R)  =  {/  :  R  ->  [0,oo);/  G  CB(R)},  applying  the  max- 
product  method  as  in  the  above  case  of  Bernstein  polynomials,  the  corresponding 
max-product  Cardaliaguet-Euvrard  network  operator  will  be  formally  given  by 


C(nMJ(f)(x)  =  k-^ ,x  e  R,  /  e  CB, 


V    b[ni-«  (*-£)] 

fc— —  n2 
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Remark   18.1.  For  any  x  G  R,  denoting  Jr,n(x)   =   {k  G   Z;  —  n2   <   k  < 
n2  ,n1^a(x  —  k/n)  G  (—T,T)},  then  we  can  write  as  a  well  defined  operator 

fc     V        b[n^(x-±)]f(±) 
C(nMJ(f)(x)  =  fc£Jr-"W — ,16  R,n  >  maX{T+  |x|,T-1/a}, 

V      b[m- (*•-£)] 

fce./T  ,(») 

(18.1) 
where  Jt,ti{x)  t^  0,  for  all  a;  G  R  and  n  >  max{T+  \x\,T   1'a}.  Indeed,  we  have 


7_      /^       L  \  / 


fce^T  n(a0 


>  0,  for  all  x  G  R  and  n  >  max{T  +  |x|,T    1/a}, 


because  by  e.g.  Anastassiou  [18],  relationships  (2)-(4),  pp.  238-239,  if  n  >  T  +  |x| 
then  -n2  <  nx  -  Tna  <  nx  +  Tna  <  n2,  while  n1_a|x  -  fc/n|  <  T  is  equivalent 
to  na;  -  Tna  <  k  <  nx  +  Tna .  This  implies  that  if  {nx  +  Tna)  -  (nx  -  Tna)  = 
2Tna  >  2  and  n  >  T  +  |x|,  then  Jr,n(x)  7^  0,  which  proves  our  assertion. 

The  plan  of  this  chapter  goes  as  follows:  in  Section  18.2  we  present  some 
auxiliary  results,  in  Section  18.3  we  obtain  the  main  approximation  result,  while 
in  Section  18.4  we  compare  the  approximation  result  in  Section  18.3  with  that 
for  the  corresponding  linear  neural  Cardaliaguet-Euvrard  network  operator. 


18.2     Auxiliary  Results 

Remark  18.2.  From  the  consideration  in  the  last  Remark  of  Section  18.1,  it  is 
clear  that  C„,a  (/)(#)  is  a  well-defined  function  for  all  x  G  R  and  n  >  max{T  + 
\x\,  T-1/"}  and  it  is  continuous  on  R  if  b  is  continuous  on  R. 

In  addition,  Cn,a  (eo)(x)  =  1,  where  eo{x)  =  1,  for  all  x  G  R  and  n  >  max{T  + 
\x\,T-1/a}. 

In  what  follows  we  will  see  that  for  /  G  CB+(R),  the  Cn,a  operator  fulfils 
similar  properties  with  those  of  the  B„     (/)  operator  in  Bede  &  Gal  [110]. 

Lemma  18.3.  Letbix)  be  a  centered  bell-shaped  function,  continuous  and  with 
compact  support  {—T,T],  T>0,0<o?<l  and  C„,a  be  defined  as  in  Section 
18.1. 

(1)  If  \f{x)\  <  c  for  all  x  G  R  then  \CiMJ {f)(x)\  <  c,  for  all  x  G  R  and 
n  >  {T  +  |a;|,T— 1'™}  and  C„jQ,  (f)(x)  is  continuous  at  any  point  x  G  R,  for  all 
n>ma,x{T+\x\,T-1/a}; 
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H  If  f,9  e  CB+(R)  satisfy  f(x)  <  g(x)  for  all  x  G  R,  then  CiMJ{f)(x)  < 
CiMa)(g)(x)  for  allxeR  and  n  >  max{T  +  \x\,T-1/a}  ; 

(in)  C(nMJ{f  +  g)(x)  <  C(nMJ{f)(x)  +  C(nMJ(g)(x)  for  all  f,g  e  CB+QSL),  xeR 
andn  >  max{T  +  |a;|,T"1/a}  ; 

(iv)  For  all  f,g  G  CB+(R),  x  e  R  and  n  >  max{T  +  |i|,  T~1/a},  we  have 

\C(nMJ{f){x)  -  CiMJ(g)(x)\  <  ciMJ(\f  -  5|)(*0; 


(v)  Cn,a  is  positive  homogenous,  that  is  C„lCX  (Xf)(x)  =  \Cn>a  (f)(x)  for  all 
X  >  0,  x  G  R,  n  >  max{T+  |i|,T~1/a}  and  f  G  CB+(R). 

Proof,  (i)  Immediate  by  the  formula  of  definition  for  Cn,a   in  (18.1). 

(ii)  Let  f,g  e  CB+(R)  be  with  /  <  g  and  fix  x  G  R,  n  >  max{T+  \x\,  T~1/a}. 
Since  Jt,ji{x)  is  independent  of  /  and  g,  by  (18.1)  we  immediately  get  the  con- 
clusion. 

(iii)  By  (18.1)  and  by  the  sublinearity  of  \J ,  it  is  immediate. 

(iv)  Let  f,ge  CB+(R).  We  have  /  =  /  -  g  +  g  <  \f  -  g\  +  g,  which  by 
(i)  -  (iii)  successively  implies  CnMJ(f)(x)  <  Cl!fj (\f  -  g\)(x)  +  cLMa'(g)(x), 
that  is  CiMJ(f)(x)  -  dMo!{g)(x)  <  CiMJ(\f  -  g\)(x),  for  all  x  G  R  and  n  > 
max{T+  \x\,T-1/a}. 

Writing  now  g~g  —  f  +  f<  \f  —  g\  +  /  and  applying  the  above  reasonings, 
it  follows  Cnta  (g)(x)  —  Cn,a  if)ix)  <  Cn,a  (1/  —  d\)(x)j  which  combined  with 
the  above  inequality  gives  \Cn%'(f)(x)  -  CiMJ(g)(x)\  <  Cifa \\f  -  g\)(x),  for  all 
x  G  R  and  n  >  max{T  +  \x\,T~1/a}. 

(v)  By  (18.1)  it  is  immediate.  ■ 

Remark  18.4.  By  (18.1)  it  is  easy  to  see  that  instead  of  (ii),  Cn,a  satisfies 
the  stronger  condition 

CnAf  V  g)(x)  =  Cn,a(f){x)  V  Cn,a(g)(x), 

for  all  f,g£  CB+(R),x€  R,n  >  max{T  +  \x\,  T~1/a}. 

Corollary  18.5.  For  all  f  G  CB+(R),  0  <  a  <  1,  b(x)  as  in  the  statement  of 
Lemma  18.3,  i£l  andn  >  max{T  +  j*|,T_1/"},  we  have 


(M), 


\f{x)-C^{f){x)\< 


\d$(*x)(x)  +  \ 


wi(/;5)k, 


where  8  >  0,  $^(u)  =  \x  —  u\  for  all  x,u  G  R,   and  u>i(f;S)m  —  max{|/(:r)  — 
/(l/)|;a;,i/€M,|s-y|<«}. 

Proof.  Indeed,  denoting  eo(x)  —  1,  from  the  identity  valid  for  all  x  G  R  and 

n  >  ma,x{T  +  \x\,T~1/a}, 

CiMa\f){x)  -  f{x)  =  [CiMJif)ix)  -  fix)  ■  cZHeoKx)}  +  fix)[C(nMa\e0)ix)  -  1], 
by  Lemma  18.3  it  easily  follows 

\f(x)-CiuJ(f)(x)\< 
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\C(nMJ(f(x))(x)  -  CiMJ(f(u))(x)\  +  \f(x)\  ■  \C(nMJ(eo)(x)  -  1|  < 
C(nMJ(\f(u)  -  f(x)\)(x)  +  \f(x)\  ■  \CiMJ(eo)(x)  -  1|. 
Now,  since  for  all  ti,i£Rwc  have 


|/(tO-/(aOI<wi(/;  !«-*!)«< 


\u-x\  +  1 


wi(/;«J)i 


replacing  above  and  taking  into  account  that  Ch,a  (co)   =   1,  we  immediately 
obtain  the  estimate  in  the  statement.  ■ 

Remark  18.6.  Therefore,  to  get  an  approximation  property  for  Cn,'a  ,  it  is 
enough  to  obtain  a  good  estimate  for 


En,a{x)  =  C}l,a>(**)(x)  = 


VfceJT,B(,.)&[n1-a  (*"£)]  I*  "*/»! 


for  all  x  G  R  and  n  >  max{T  +  \x\,T~1/a}. 


18.3     Approximation  Results 

In  this  section  we  obtain  an  approximation  result  for  the  operator  C„,a (/)•  For 
this  purpose,  first  of  all  we  need  to  calculate  the  denominators  of  Cn,a  (/)(#)  and 
of  EntCt(x),  that  is  we  will  exactly  calculate  the  expression 

V    •[•'-(-;)]-  V  >[•'-('-;) 


k£JT  nM 


k  =  —  n^ 


In  this  sense,  we  present  the  following. 

Lemma  18.7.  Letb(x)  be  a  centered  bell-shaped  function,  continuous  and  with 
compact  support  [—T,T],  T  >  0  and  0  <  a  <  1. 

Then  for  any  j  G  Z  w«i/i  — n2  <  j  <  n2 ,  all  x  G  [?/«.,  (j  +  l)/»i]  ««rf  n  > 
max{T+  |x|,T-1/a},  we  /iaue 


fc 

x 

n 


max  <  6 


n 

V  * 

l-a 

fc— —  n2 

l-a  (             j\ 

,6 

n           x 

V        n)_ 

l-a   /  3  +  1 

n  a; 


>0. 


Proof.  Let  jGZ  with  — n2  <  j  <  n2 ,  x  £  [j/n,  (j  +  l)/n]  and  n  >  max{T  + 
|a;|,T-1/a}.  We  can  write 


V  ' 

fc  =  — ra2 


l-a    /  fc 

n        I  x 

n 
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k 

x 

n 


,  V  b 

k=j+l 


k 

X 

n 


max  <      \J     b 

[fc=-n2 

We  observe  that  for  k  G  {- 

and  since  6  is  nonincrcasing  on  [0,  +oo),  it  easily  follows  that 


,  j}  we  have  n1    a  (x  —  k/n)  >  n1   a(x  —  j/n)>0 


V  i 

fc  =  — ra2 


k 

x 

n 


=  b 


x-l 
n 


Similarly,  observing  that  for  fc  G  {j  +  1, ...,  n2}  we  have  n1    a(x  —  k/n)  <  n1   a( 
(j  +  l)/n)  —  0,  since  b(x)  is  nondecreasing  on  (— 00, 0],  it  easily  follows  that 


V  * 

k=j+l 


i  +  i 


It  remains  to  prove  that  for  x  G  [j/n,  (j  +  l)/n]  and  n  >  max{T  +  |a;|,T_1'a} 
we  have  j,j  +  1  G  Jr,n(x).  Indeed,  since  x  G  [j/n,  (j  +  l)/n]  is  equivalent  to 
j  <  nx  <  j  +  1,  we  evidently  get  j  <  nx  +  Tna  <  n2,  for  all  n  >  T  +  \x\  and 
j  +  1  <  nx  +  1  <  nx  +  Tna  <  n2,  for  all  n  >  max{T+  |x-|,T"1/a}.  Also,  because 
-n2  <nx-  Tna  <  j  +  1-  Tna  <  j  <  j  +  1,  for  all  n  >  max{T  +  \x\,  T"1/q:}, 
we  get  that  j,j  +  1  G  Jt,ti{x)  for  all  n  >  max{T  +  \x\,T~1'a},  which  proves  the 
lemma.  ■ 

Remark  18.8.  The  formula  in  the  statement  of  Lemma  18.7  is  valid  for  all 
x  G  [— n,  +n]  only.  Indeed,  since  in  Lemma  18.7  we  suppose  that  n  >  \x\  +  T,  it 
follows  that  we  cannot  have  the  complementary  possibilities  for  x,  x  G  (n,  +oo) 
or  x  G  (—oo,—n),  because  in  both  cases  this  would  imply  the  contradiction 
\x\  >  n  >  \x\  +T. 

Theorem  18.9.  Let  b(x)  be  a  centered  bell-shaped  function,  continuous  and 
with  compact  support  [—T,T],  T  >  0  and  0  <  a  <  1.  In  addition,  suppose  that 
the  following  requirements  are  fulfilled: 

(i)   There  exist  0   <  m\   <  M\    <  oo  such  that  mi(T  —  x)   <   b(x)   < 
Mi(T-x)  for  all  x£  [0,T]; 

(ii)   There  exist  0  <  m,2  <   M2   <  00  such  that  m2(x  +  T)  <  b(x)  < 
M2(x  +  T)  for  all  x  G  [-T,  0]. 

Then  for  all  f  G  CB+(R),  x  G  R  and  for  all  n  G  N  satisfying  n  >  max{T  + 
\x\  ,  (2/T)1'"},  we  have  the  estimate 


where 


\f(x)-CiMa\f)(x)\<cu;1(f;na-1)K, 
(  TM2    TMX 


=  2     r 


(  2m2  '  2mi 


+  1 
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Proof.   Let  x  £  R  and  let  j  £  1  with  — n2   <  j  <  n2  —  1  such  that  x  £ 
[j/n,  (j  +  l)/n].  Also,  lot  fc^  £  JT,n(a;)  be  such  that 


n        \  x 

n 


\x =  b 

n 


1— a   I  fox 

n         |  x 

n 


V    * 

It  follows  that 

,   N         b\n1-atx-^)]\x-!^\ 

E  T\   —   t V n  )\   I ri_l_ 

Vfce./r,„w&["1-"(^-^)] 

Taking  into  account  Lemma  18.7  we  immediately  obtain 


/>'.( 


-En,a(x)  =  min 


b  [ni-  (s  _  £ )]  |x  _  £  |    6  [ni-  (x  _  £  )]  \x  _  ^  | 


6  [n1- (*-£)] 


&[nl-a(a;_i±l)] 


for  all  n  >  max{T  +  \x\,T~1/a}. 

In  order  to  prove  the  estimate  in  the  theorem  we  distinguish  the  following  two 
cases:  1)  kx  >  j  and  2)  kx  <  j. 

Case  1)  Taking  into  account  condition  (ii),  since  kx  £  Jr,n{x)  and  j  +  1  £ 
Jt,u(x),  by  x  —  fc^/n  <  0  and  a;  —  (j  +  l)/n-  <  0,  we  immediately  get 

n'alj"         b  [n1-"  (x  -  i±l)]         "ma"         r  +  n1-«(a;-i±l) 

^,M2     [T  +  n1-(x--^)](^-x) 

_M2     n"[r  +  n1-"(^-^)](^-^) 
m2  '  Tna  -  1 


Since  [T+n^  (x  -  *f  )](**-*)  =  -n1""  (*f 
it  easily  follows  that 


T       \2    I        T2 


4n!- 


„      ,   v  ^    M2      T2n 


M2        T2na 


4m2     Tna  -  1        4m2     Tna  -  1 

Supposing,  in  addition,  that  n  >  (2/T)1/a  (where  clearly  (2/T)1/a  >  T"17"),  it 
follows  that 


^     1  + 


1/T 


<i|l  + 


1/T 


Tn«-1       T\        na-l/Tj-T\        2/T-1/TJ       T" 
which  implies 

E„,«(x)  <   „ 
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for  all  n  >  max{T  +  \x\  ,  (2/T)1/a}. 

Case  2)  Taking  into  account  condition  (i),  since  kx  £  Jr,n{x)  and  j  £  Jt,ti{x). 
by  x  —  kx/n  >  0  and  x  —  j/n  >  0,  we  immediately  get 


S„,a(x)  <  — ^ "  n   .,, — 2--  < 


i)]  -mi  T 


<Mi     [T-n1-"^-^)]^-^) 
-mi'  r-ni-(i) 

_Mi     n-tr-n1-^-^)]^--^ 

mi  '  r«a  -  1 


Since  [T-n1-*  (x  -  ^)](x-^)  =  -n1""  (a;  -  **  -  5-?^)    +n—       ~ 
reasoning  exactly  as  in  the  Case  1),  we  obtain 

En,a(X)  <  — ■  n         , 

Mi 

for  all  n  >  max{T  +  |cc|  ,  (2/T)1/a}. 

Now,  applying  Corollary  18.5  for  8  =  max{|^  •  n1'",  ^-  ■  n1""}  and  from 
the  property  oji(/,  A<5)r  <  (A  +  l)tc>i  (/,  <5)r,  we  obtain  the  desired  conclusion.    ■ 

Corollary  18.10.  Let  b(x)  be  a  centered  bell-shaped  function,  continuous  and 
with  compact  support  [~T,T\,  T  >  0  and  0  <  a  <  1.  If  0  <    lim  -^^  <  00 

and  0  <    lim    y^  <  00  then  for  all  f  £  CB+{R),  x  £  R  and  /or  aW  aW  n  £  N 

satisfying  n  >  max{T+|x|  ,  (2/T)1'™}  there  exists  c  £  R+  independent  of  n   and 
f    such  that 

\f(x)-CLMJ(f)(x)\<cto1(f;na-1)R. 

Proof.  Let  us  consider  the  function  g  :  [0,  T]  — >  R,  g(x)  =  -f^:  if  x  €  [0,  T) 
and  g(T)  =    lim  jt^.  From  our  assumptions  we  get  that  g  is  continuous  and 

strictly  positive.  By  the  Weierstrass'  theorem  it  follows  that  g  attains  its  minimum 
and  maximum.  Hence  there  exist  0  <  mi  <  M\  <  00  such  that  mi  <  g(x)  <  Mi 
for  all  x  £  [0,T].  It  follows  that  mi(T-x)  <  6(cc)  <  Mi(T-x)  for  all  x  £  [0,T). 
Since  b(T)  =  0  we  easily  get  that  mi(T-cc)  <  b(x)  <  Mi(T~x)  for  all  x  £  [0,  T]. 
Now,  let  us  consider  the  function  h  :  [— T,  0],  h(x)  =  y+^  if  a;  £  (— T,  0]  and 
h(—T)  =    lim    TTrr^-  Again,  it  is  easy  to  prove  that  there  exist  0  <  mi  <  M2  <  00 

s\-T      ~*~x 

such  that  m2(a;  +  T)  <  &(x)  <  M2(x  +  T)  for  all  x  £  [-T,  0]. 

From  the  above  considerations,  applying  Theorem  18.9  we  easily  obtain  the 
desired  conclusion.  ■ 

In  what  follows,  we  will  give  some  examples  of  bell-shaped  functions  for  which 
we  can  apply  Theorem  18.9. 
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Example  18.11.  Let  us  consider  b  :  R  — >  [0,oo),  b(x)  =  1  +  x  if  x  £  [—1,0], 
fc(a;)  =  1  —  x  if  a;  £  [0, 1],  6(a:)  =  0  elsewhere.  Using  the  same  notations  as  in 
Theorem  18.9  we  have  T  =  1  and  rti\  =  M\  —  rri2  =  M2  —  1.  By  Theorem 
18.9,  it  follows  that  for  all  /  £  CB+{R),  x  £  R  and  for  all  n  £  N  satisfying 
n  >  max{T  +  |a:|  ,  (2/T)1/a},  we  have  the  estimate 

\f(x)  -  CiMJ(f)(x)\  <  3m  (f;na'1)R. 

Example  18.12.  Let  us  consider  b  :  R  ->  [0,  00),  b(x)  =  1  -  x2  if  x  £  [-1,  1], 
b(x)  =  0  elsewhere.  We  have  T  —  1,  mi  =  7712  =  1,  Mi  =  M2  =  2.  By  Theorem 
18.9,  it  follows  that  for  all  /  £  CB+(R),  x  £  R  and  for  all  n  £  N  satisfying 
n  >  max{T  +  \x\  ,  (2/T)1/a},  we  have  the  estimate 

\f(x)-CiMJ(f)(x)\<4oj1(f;na-1)R. 

Example  18.13.  Let  us  consider  b  :  R  — »  [0,  00),  6(a;)  =  cos  2:  if  a:  £  [— 7r/2,7r/2], 
fe(a^)  =  0  elsewhere.  Since  for  t  £  [0, 7r/2]  we  have  2t/ir  <  sint  <  t  it  follows  that 
(2/7r)(7r/2  -  x)  <  sin(7r/2  -  x)  =  cos  2;  <  7r/2  -  x  for  all  a;  £  [0,  ty/2]  and 
(2/7r)(7r/2  +  x)  <  sin(7r/2  +  x)  =  cosx  <  7r/2  +  x  for  all  a;  £  [-7r/2,  0].  From  the 
above  inequalities  it  follows  that  T  =  tt/2,  mi  =  m-z  =  2/7r  and  Mi  =  M2  =  1. 
Applying  Theorem  18.9,  we  obtain 

\f(x)  -  C(/)WI  <  7^  (/;«a_1)H- 

Remark  18.14.  In  what  follows  we  will  prove  that  in  general,  if  the  bell- 
shaped  function  b  satisfies  the  hypothesis  of  Theorem  18.9,  then  the  order  of 
approximation  of  the  expression  E„tCt(x)  in  Theorem  18.9.  cannot  be  improved. 
Firstly,  let  us  notice  that  from  the  conclusion  of  Theorem  18.9  it  suffices  to  prove 
that  we  cannot  improve  the  order  of  approximation  of  the  expression  En,a{x)  for 
the  case  when  b(x)  =  T  +  x  if  x  £  [-T,  0],  b(x)  =  T  -  x  if  x  £  [0,  T],  b(x)  =  0 
elsewhere.  Without  any  loss  of  generality  we  may  assume  that  T  —  1.  For  n  £  N, 
n  >  (2/T)1'a,  take  xn  =  l/2n.  It  is  easy  to  check  that  for  all  n  >  2,  we  have 
n  >  max{T+  \x„\  ,(2/T)1/a}.  Since  xn  £   (0,  l/n),by  Lemma  18.7,  it  follows 

k  =  n2 

that      V     b  [n1-"  (x„  -  £)]   =  max  {ft^1-"^),  6  [ri1-"  (x„  -  i)]  }  .  Through 

k—  —  rfl 

simple  calculus  we  get 


V 


Xn 

n 


2n° 


2n° 


This,  immediately  implies 


^n,a  \Xn ) 


k  =  n2 

V     b[n^{xn-$)]\xn-t\ 


k  =  —  n2 


(2na  -  l)/2na 
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From  the  above  equality  it  follows  that  for  all  k  £  Z,  —  n    <  k  <  n  ,  we  have 

S».«(*»)  >  (2n«  -  l)/2n" "  (18'2) 

Let  us  take  kn  =  [5n   +3]  _  1.  It  is  easy  to  check  that  —n2  <  kn  <  n2 .  Also,  for 
n  sufficiently  large  we  have  xn  <  kn/n.  Then, 
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l-ct 
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(                  Kn 
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=  [1  + 

\2n 

1  1  z' 

n  J     n 
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\                   1  — a 
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\      In 
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2n1"ay 
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^fcn         t 
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2n 

2nl~a 

2([^^}-l) 

-1           1 
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2n 

2)- 

1            1                 12 

2n 

2nl~ 

2n1-a       Sn1-"       n 

it  follows  that  for  n  >  61/a  we  have  2£o=l  -  ^-^r  >  0.  Therefore,  for  n  >  61/o 
we  have 

l—c  (  2k„  —  1 
-n  — :    -       + 


V      2n  2n1-a  J         4n1-Q! 

2  (  f^±2]  -  l)  -  1  1      \2 


2n  2n1-a  I  4n1_a 

2-5^-1  1      V  1  5  r 

2n  2711-"  /         4T11-"        36 


Taking  into  account  relation  (18.2)  and  the  above  inequality,  we  get 


-C'ri,CK  l^n  J   ^_ 


(2nQ  -  l)/2na  (2na  -  l)/2n° 


> 


^  -  n"-1  5nQ 


3fi 


(2na  -  l)/2na        18(2na  -  1) 
Since    lim    18i^,,_1,  =  ^,  it  follows  that  for  n  sufficiently  large  we  get 

En.a(x„)   >    -  ■  n""1, 

8 
which  implies  the  desired  conclusion. 
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18.4     Conclusion 

The  linear  Cardaliaguet-Euvrard  operators  Cn,a{f)(x)  were  introduced  in  Carda- 
liaguet  &  Euvrard  [128],  were  it  is  proved  the  convergence  on  compacta  to  the 
approximated  function.  The  results  were  of  qualitative  type.  The  first  quantitative 
type  estimates  in  the  approximation  by  Cn,a{f)(x)  was  obtained  in  Anastassiou 
[18],  [19],  [22]  and  then  improved  in  Zhang,  Cao,  &  Xu  [288],  where  at  the  page 
1164  the  following  type  of  quantitative  estimate  is  obtained  : 

|Cn,a(/)(*)  -  f(x)\  <^  +  CWi  (/;  n°-'),  , 

for  all  n  >  max{T  +  |cc|,  T-1'™},  where  Ci,  Ci  >  0  are  constants  independent  on 
n  but  depending  on  b  and  /. 

If  we  suppose  now  that  /  is  a  Lipschitz  function  on  R,  that  is  there  exists 
L  >  0  such  that  \f(x)  —  f(y)\  <  L\x  —  y\ ,  for  all  x, y  £  K,  from  the  above  estimate 
we  get  the  following  order  of  approximation  by  the  linear  Cardaliaguet-Euvrard 
operator  : 

|C„,«(/)(aO  -  f(x)\  =  O  (±^j  +o(-^j  ,  for  all  n  >  max{T  +  \x\,  T'1^}. 

On  the  other  hand,  for  /  £  CB+(R)  a  Lipschitz  function,  in  the  case  of  max- 
product  Cardaliaguet-Euvrard  operator,  by  Theorem  18.9  we  get  the  order  of 
approximation 

\C(nMJ(f)(x)  -  f(x)\  =  O  (~pz)  ,  for  all  n  >  max{T  +  \x\,(2/T)1/a}. 

It  is  clear  that  for  |  <  a  <  1,  we  get  the  same  order  of  approximation  O  (  ±_a  ) 
for  both  operators  Cn,a(f)(x)  and  Cn,a  (f){x),  while  for  0  <  a  <  |,  the  approx- 
imation order  obtained  by  the  max- product  operator  C„,a  (/)(#)  is  essentially 
better  than  that  obtained  by  the  linear  operator  Cn,a(f)(x). 

This  shows  the  advantage  we  can  have  by  using  the  max-product  Cardaliaguet- 
Euvrard  operator. 


19 

A  Generalized  Shisha  -  Mond  Type 
Inequality 


We  present  here  a  generalized  Shisha-Mond  type  inequality  which  implies  a  gen- 
eralized Korovkin  theorem.  These  are  regarding  the  convergence  with  rates  of  a 
sequence  of  positive  linear  operators  to  the  unit.  This  chapter  is  based  on  [39]. 


19.1     Results 

We  give  the  following  definition 

Definition  19.1.  Let  Q  be  a  connected  compact  Hausdorff  space  and  C(Q,R) 
the  collection  of  all  continuous  /  :  Q  — »  K.  Let  g  G  C(Q,R)  be  fixed  and  define 
the  g-pseudomodulus  of  continuity  of  f  £  C(Q,R)  as 

wg(f,  h)  :=  sup{|/(x)  -  f(y)\  :  \g(x)  -  g(y)\  <  h},  (19.1) 

here  h  >  0. 

Thus  wg(g,  h)  <  h.  The  quantity  wg(f,  h)  enjoys  most  of  the  basic  properties 
of  the  usual  modulus  of  continuity  Wi  (/,  h)  (positively  homogeneous  as  a  function 
of  /,  non-decreasing  nonnegative  and  subadditive  in  h).  However,  wg(f,-)  is  an 
upper-semicontinuous  function  and  in  general  not  a  continuous  one. 

Example  19.2.  Let 
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and  f(x)  =  x  then 


(    0,  0<x<  1; 
g(x)  =  I     x-1,  1  <x<2;  (19.2) 

I    1,  2  <  x  <  3 


i  ,  ,n        i     l  +  /i,  0  <  /i<  1;  ,        . 

ws(M)  =  i    3    ft>  x  (19-3) 


Obviously,  wg(f,-)  is  discontinuous. 

Consider  a  sequence  of  positive  linear  operators  L„  :  C(Q,  R)  — ►  C(Q,  R),  such 
that  the  sequence  of  functions  {Ln(l)}nSn  is  uniformly  bounded.  In  particular, 
l/l  ^  5  implies  \L„(f)\  <  Ln(g).  The  following  result  is  a  useful  generalization, 
similar  proof,  of  a  result  due  to  Shisha  and  Mond  (1968),  [264],  who  took  Q  = 
[a,  b]  C  R  and  g(x)  —  x. 

We  have 

Theorem  19.3.  It  holds 

\\L„(f)  -  f\\  <  ll/H  ||L„(1)  -  1||  +  wg(f,pn)(l  +  ||L„(1)||),  (19.4) 

w/iere 

p„:=(||L„((5-5(y))2)(y)||)1/2. 

Here  \\  ■  \\  stands  for  the  supremum  norm.  If  L„(l)  =  1,  i/ien  (19.4)  simplifies 
to 

\\Ln(f)-f\\<2wg(fyPn).  (19.5) 

As  an  application  one  has  the  following  theorem,similar  to  the  well-known 
theorem  due  to  Korovkin  (1953),  see  [213],  however  it  is  more  general. 

Corollary  19.4.  Let  Q  =  [a,  b]  C  R  and  let  {Ln  :  C([a,b})  -►  C([a,  fe])}neN  6e 
a  sequence  of  positive  linear  operators.  Suppose  that  g  €  C([a,b])  is  1-1  function 
and  further  that  Ln(l)  A  1,  Ln{g)  —>  g,  and  Ln(g2)  A  g2 .  Then  Ln(f)  —>  f,  for 
all  f  £  C([a,b]),  u  here  stands  for  uniform  convergence. 

Proof.  Notice  that 

pl  <  \\L„(g2)  -  g2\\  +  2\\g\\  \\Ln(g)  -  g\\  +  ||5||2||^n(l)  -  1||.  (19.6) 

Now  apply  Theorem  19.3.  ■ 


20 

Quantitative  Approximation  by 
Bounded  Linear  Operators 


This  is  a  quantitative  study  for  the  rate  of  pointwise  convergence  of  a  sequence 
of  bounded  linear  operators  to  an  arbitrary  operator  in  a  very  general  setting 
involving  the  modulus  of  continuity.  This  is  accomplished  via  the  Riesz  represen- 
tation theorem  and  the  weak  convergence  of  the  corresponding  signed  measures 
to  zero,  studied  quantitatively  in  various  important  cases.  This  chapter  relies  on 
[25]. 


20.1     Introduction 

This  chapter  has  been  greatly  motivated  by  the  following  result,  see  [189]  and 
[199],  that  solves  a  problem  of  P.  Levy. 

Theorem  20.1.  Let  {/J.a}  be  a  bounded  net  (or  sequence)  of  signed  Borel 
measures  on  [0, 1];  i.e.,  there  is  a  number  M  >  0  such  that  |  f  fd/j,a\  <  M\\f\\oa 
for  /  £  C[0, 1].  Define  Ka(x)  —  /j,a[0,x]  for  0  <  x  <  1.  Then  the  following  are 
equivalent: 

i)  lim  J  fdjj,a  =  0  for  each  /  6  C[0, 1]  (i.e.,  {fJ,a}  converges  weakly  to  zero). 

n)\hn(j\Ka\dx  +  \Ka(l)\)  =0, 

where  A  stands  for  the  Lebesgue  measure  on  [0, 1]. 
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20.2     Results 

We  give  the  first  result: 

Theorem  20.2.  Let  /  G  C[—  1, 1]  and  {/jm}mes  be  a  sequence  of  nontrivial 
finite  Borcl  signed  measures  on  [—1,1].  Put  Mm  :=  /im[— 1,1]  and  write  |/xm|  = 
Mm  +  Mm  j  where  pim,  /k~  are  the  positive  and  negative  parts,  respectively,  in  the 
Jordan-Hahn  decomposition  of  /xm  =  fi+  —  n~ .  Then 

/    fdtim    <  |/(0)|  |Mm|+{l  +  |/um|[-l,l]}wi  (/,  /    |t|d|Mm|)  ,        (20.1) 

where  wi  stands  for  the  first  modulus  of  continuity.  Moreover, 

0  <     /        |t|d|Mm|    <  +00. 

If  Mm  — >  0  and  J_x  |t|d|/Um|  — *•  0,  as  m  — »  +oo,  then  {pm}mgN  converges  weakly 

to  zero. 

Proof.  Let  /  G  C[-l,  1].  Then 

y   f{t)dnm{t)  =  J   f(t)d(fi+-(im)(t)  =  J   f(t)dnUt)-J   f(t)di*^(t), 

and 


f{t)dHm{t) 


<  /    l/(t)MM(t). 


We  see  that 


/d/in 


(/-/(0))rfMm+/(0)Mm[-l,l]. 


Therefore 


fdfj,n 


(f-f(0))dlh, 


+  l/(0)|  |M„ 


|/-/(0)|d|/xm|(t)  +  |/(0)|  |M„ 


(by  Corollary  7.1.1,  p.  209,    [16]) 


<     u)i{f,hm) 


fir, 


d\Hm\{t)  +  |/(0)|  \M„ 


([•]  is  the  ceiling  of  the  number) 
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<un{f,hm)<  |Mm|[-l,l]  +  —   /      \t\d\fim\  \  +  |/(0)|  \Mm\ 
(by  choosing  hm  —   I      |i|d|/im|) 

=  Wl   (/,    /      \t\d\Hm\j   {1  +  |Mm|[-l,  1]}  +  |/(0)|  \Mm\. 

We  have  established  (20.1).  If  Mm  —*  0  and  f_    \t\d\fim\  — ►  0,  as  to  — >  oo,  we 
obtain  /j  /d/um  — >  0,  as  m  — >  oo.  ■ 

Theorem  20.3.  Let  /  G  C1[— 1,  1]  and  let  {fim}men  be  a  sequence  of  non- 
trivial  Borel  signed  measures  on  [—1,1].  We  suppose  that  each  fxm  is  bounded, 
and  put  Mm  ■—  /Um[— 1,1].  Define  Km{x)  :=  /Um[—  l,x],  —  1  <  cc  <  1,  ifm  is  of 


bounded  variation.  Then 


/d/U„ 


i 


<  1/(1)1  |Mm|  +  |/'  (0)| 


/: 


Km(x)dx 


+ 


j     \Km(x)\dx)  ■  wi  (V,  /     |#m(a:)|  M<**)  ,  Vm  G  N.  (20.2) 

Here  wi  is  the  first  modulus  of  continuity.  If  Mm  — >  0,  f_1  |.K"m(a;)|d:E  — >  0,  as 
m  — >  oo,  then  {/im}mgN  converges  weakly  to  zero. 
Proof.  By  integration  by  parts, 

fdfim  =  f    fdKm  +  f(-l)Km(-l) 
i  J-i 

J    Kmdf  +  f(l)Km(l)  -  f(-l)Km(-l)  +  f(-l)Km(-l) 


Km(x)f'(x)dx  +  f(l)M„ 


I    Km{x)(f'(x)-f'{0))dx  +  f'(0)['    Km(x)dx 


+  /(1)M„ 


Hence 

i 


fd/jbr, 


-1 


<  |/(1)|  \Mm\  +  \f  (0)| 


/    Km(x)dx  +  f     \Km(x)\\f'(x)-f'(0)\dx 


<  |/(1)|  |Mm|  + |/' (0)| 


Km{x)dx 


+  U>l(f',hm)-    I        \Km(x)\ 


fix. 
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Here  ["•]  is  the  ceiling  of  the  number,  and  the  last  inequality  comes  from  Corollary 
7.1.1,  p.  209,  [16].  Because 


we  obtain  that 


\Km(x)\ 


<1  +  1T-. 


dx  <  I     \Km{x)\  (  1  +  f-L  )  dx 


/     \Km(x)\dx+—  /     \Km(x)\  \x\dx. 

J —  1  ftm  J  -i 


Clearly  Km  ^  0,  by  Km(x)  7^  0  and  may  be  zero  only  at  some  points.  Here  we 
choose 


f^m   — 


\Km{x)\  \x\dx. 


It  is  obvious  that  hm  >  0,  and  hm  is  finite  by  || -Km  ||  00  <  00.  Combining  these 
together,  we  have  established  the  validity  of  (20.2).  Under  the  special  assumptions 
Mm  — >  0  and  f  \Km(x)\dx  — >  0,  as  m  — >  00,  we  obtain  that  f_  fdfim  —*  0,  as 
m  — >  00.  ■ 

Finally  we  have  the  following  theorem  which  for  n  —  1  implies  Theorem  20.3. 


Theorem  20.4.  Let  /  G  Cn[—  1,  1],  n  >  1,  and  {(im}mej  be  a  sequence  of 
nontrivial  Borel  signed  measures  on  [—1, 1].  Suppose  that  each  pm  is  bounded, 
and  set  Mm  :=  /im[— 1,1].  Define  Km(x)  :—  /im[—  l,x],  —  1  <  x  <  1.  Then 


fd/i„ 


<   l/WI  \Mm\  +  J2 


|/(*+D  (0)| 


/,:! 


(/1-  d!  y_i  lXm^l |a;|n  ldx  +  ^'  'a-'1  (J 


/     Km(x)x  dx 
(n\  j     \Km(x)\\x\ndx 


(20.3) 


If  Mm  — »  0,  J,   ifm(:r)j<i;r  — *  0  with  m  — >  00,  then  {/im}m6M  converges  weakly 

to  zero. 

Proof.  Let  /  G  Cn[-1, 1],  n  >  1.  We  have  that 


/'(^E^+r^w-zio))^"" 


/,-' 


(n-2)! 


rft 


(20.4) 


for  any  —  1  <  x  <  1.  We  also  have  again 


I       fdV,m  =  -[      Km(x)f'{x)dx  +  f(l)Mm-  (20.5) 
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So  combining  (20.4)  and  (20.5),  we  obtain  that 


}d^m  =  -  V  J         (U>   /     Km(x)xkdx 


1  Km(x)  f|'(/W(()-/(">(0))^jyrft  )  ,/,■  +  f(J  i.-U„ 


In  particular,  we  observe  that 


<wi(/(n),M 


/•x  /      __  j.\n  —  2 

|(/w(0-/w(o))^L^ 


\x  — 1\ 


(n-2)! 


-dt 


Here 


0n_i(|x|)  := 


U! 


/(„ 


(n-2)! 


-di,      a;  G 


(see  (7.1.13)  in  Remark  7.1.3,  p.  210,  [16]).  Therefore, 


fdjJhr, 


n-1  .  f(k+l)/n\\        (-1 

=  |/(1)|  \Mm\  +  J2  k]  /     Km{x)xkdx 


+ui{f(n\hm)- I    \Km(x)\<f>n-i(\x\)dx.  (20.6) 


By  (7.2.9),  p.  217,  [16],  we  find  that 

l„l"-l 


<An-i(|x|)  < 


D! 


1  + 


nhn 


Hence 


\Km(x)\(j>n-i{\x\)  <  \Km(x)\ 


(n  — 1)!      n!/im' 
I"-1         |Km(x)||x| 


X  G 


(n  —  1)!  n!/iri 


Consequently,  we  obtain 


|lfm(x)|0„_i(|x|)da!  <  , 

i  in- 


hy.C 


\Km(x)\  \x\n     dx 


+- 


by  picking  h„ 


1        f1 

— —   /      \Km(x)\  \x\ndx 

■  il>m  J  —  i 


\Km(x)\  \x\ndx 
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i  _  j 

\Km(x)\  \x\n~~  dx-\ r, 


(n-1)!./.!1    ",v  '"   '  n!' 

that  is, 

|A-TO(a:)|0„_i(|as|)da!  < —  /     |ifm(*)|  M™-1^  +  -,  •  (20.7) 

So  by  combining  (20.6)  and  (20.7),  we  obtain  (20.3).  If  J_1  \Km{x)\dx  — >  0,  as 
m  — »  Co,  then 

|_K"m(a:)|  |cc|    da;  — >  0,      asirn  +oo,  for  any  N  €  N. 

Assuming  also  Mm  — »  0,  as  m  — »•  oo  we  get  y_j  fdfim  — »  0.  ■ 

Remark  20.5.  Let  /  G  C[— 1,  1]  and  assume  Lm,  T  are  bounded  linear  opera- 
tors from  C[—  1, 1]  into  itself  such  that  Lm(f)  — »  T(/)  uniformly  asitu  oo,  i.e., 
Km(f)  =  (im  —  T)(f)  — »  0,  uniformly,  asm^  oo.  By  the  Riesz  representation 
theorem,  we  have  that 


(Km(f))(x0)  =  J   f(t)nm*0(dt),     so  e  [-1,1],     V/eC[-i,i], 


(20.8) 


where  fimx0  is  a  unique  finite  Baire  signed  measure,  see  [257],  p.  310,  Theorem  8. 
Here  fimx0[—  1, 1]  =:  MmXQ  G  R.  So  the  pointwise  convergence  (Km(f))(xo)  — »  0 
as  m  — >  oo  is  equivalent  to  the  weak  convergence  of  jimx0  to  zero.  The  last  implies 
Mmx0  ^0asra-»  oo.  Clearly,  Theorems  20.2,  20.3,  and  20.4  provide  estimates 
and  rates  of  pointwise  convergence  to  zero  for  the  sequence  Km.  Equivalently,  this 
chapter  presents  a  quantitative  study  of  the  pointwise  convergence  of  operators 
Lm  to  T  as  m  — >  +oo. 


21 

Quantitative  Stochastic  Korovkin 
Theory 


Here  we  study  very  general  stochastic  positive  linear  operators  induced  by  gen- 
eral positive  linear  operators  that  are  acting  on  continuous  functions.  These  are 
acting  on  the  space  of  real  differentiable  stochastic  processes.  Under  some  very 
mild,  general  and  natural  assumptions  on  the  stochastic  processes  we  produce 
related  stochastic  Shisha-Mond  type  inequalities  of  L9-type  1  <  q  <  oo  and  cor- 
responding stochastic  Korovkin  type  theorems.  These  are  regarding  the  stochastic 
g-mean  convergence  of  a  sequence  of  stochastic  positive  linear  operators  to  the 
stochastic  unit  operator  for  various  cases.  All  convergences  are  produced  with 
rates  and  are  given  via  the  stochastic  inequalities  involving  the  stochastic  modu- 
lus of  continuity  of  the  n  —  th  derivative  of  the  engaged  stochastic  process,  n  >  0. 
The  impressive  fact  is  that  the  basic  real  Korovkin  test  functions  assumptions 
are  enough  for  the  conclusions  of  our  stochastic  Korovkin  theory.  We  give  an 
application.  This  chapter  is  based  on  [38]. 


21.1     Introduction 

Motivation  for  this  chapter  are  [15],  [16],  [279],  [280].  We  introduce  the  stochastic 
positive  linear  operator  M,  see  (21.1),  based  on  a  general  positive  linear  oper- 
ator L  from  C([a,b])  into  itself.  The  operator  M  is  acting  on  a  wide  space  of 
differentiable  real  valued  stochastic  processes  X. 

We  give  the  definition  of  g-mean  first  modulus  of  continuity,  1  <  q  <  oo, 
see     (21.16),     and     we     prove     important     properties     of     it,     such     as     in 
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Proposition  21.9.  Here  we  suppose  that  X^n'(x,iu)  is  continuous  in  i  £  [o.,b], 
uniformly  with  respect  to  u  £  fi — the  probability  space,  n  >  0.  We  assume 
also  the  integrability  conditions  (21.32)  or  the  one  in  Assumption  21.23.  We 
first  give  the  pointwise  stochastic  Shisha-Mond  type  inequalities,  see  (21.33), 
(21.47),  (21.57)  and  (21.68).  Then  we  derive  the  corresponding  uniform  stochastic 
Shisha-Mond  type  inequalities  (21.34),  (21.48),  (21.58)  and  (21.69).  From  these 
we  establish  the  stochastic  Korovkin  type  Theorems  21.20,  21.27,  21.33  and  21.39. 
These  are  regarding  the  q-mean  convergence  of  a  sequence  of  stochastic  positive 
linear  operators  {Mjv}jv6m  as  in  (21.1)  to  the  stochastic  unit  operator  I. 

The  impressive  fact  here  is  that  the  basic  Korovkin  real  assumptions  are 
enough  to  enforce  our  conclusions  at  the  stochastic  setting.  So  our  stochastic 
inequalities  that  involve  the  g-mean  first  modulus  of  continuity  of  X^n>  describe 
quantitatively  and  with  rates  the  above  convergence.  At  the  end  we  give  an  appli- 
cation regarding  the  stochastic  Bernstein  operators  where  we  apply  the  stochastic 
inequality  (21.69). 


21.2     Main  Results 

Concepts  21.1.  Let  L  be  a  positive  linear  operator  from  C([a,  b])  into  itself.  Let 
X(t,  w)  be  a  stochastic  process  from  [a,  b]  x  (Q,  B,  P)  into  R,  where  (fi,  B,  P)  is  a 
probability  space.  Here  we  suppose  that  X(-,co)  £  C"([a,b]),  for  each  u  £  O  and 
X'-  '  {t,  •)  is  measurable  for  all  k  —  0, 1, . . . ,  n,  for  each  t  €  [a,  b],  n  >  0. 
Define 

M(X)(t,uj)  :=  L{X(-,cu))(t),      VwGfi,      Vt€[a,6],  (21.1) 

and  assume  that  it  is  a  random  variable  in  u).  Clearly  M  is  a  positive  linear 
operator  on  stochastic  processes. 
We  make 

Remark  21.2.  By  the  Riesz  representation  theorem  we  have  that  there  exists 
lit  unique,  completed  Borel  measure  on  [a,  b]  with 

mt  :=  Mt([a,  b])  =  L(l)(t)  >  0,  (21.2) 

such  that 


L(f)(t)  =  /       mdtnix),  (21.3) 

J[a,b] 

for  each  t  £  [a,  b]  and  all  /  £  C([a,  b]).  Consequently  we  have  that 

M{X)(t,w)=  f      X{x,u))dnt(x),     V(t,w)  £  [a, 6]  x  Q,  (21.4) 

J[a,b] 


and  X  as  above. 
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We  make 


Remark  21.3.  Let  n  >  1.  Using  the  Taylor  formula  with  t  £  [a,  b]  fixed  momen- 
tarily, we  have 


X(s,ui) 


J^  X<-k)(t,Lo),         ,k 


I A 


(21.5) 


+    /    (X^\x,u)  -  X(n\t,co))  (*      ^"'dx,    V«e[o,6]. 
'  (n  —  II! 


Therefore  we  obtain 


M{X)(t,w)-X{t,u))L{l){t)=  I       X{s,w)iH{ds)-X(t,w)L(l)(t) 

[a,b] 


t^-^m-ttw)) 


(21.6) 


(")(„  ,,\-  v(")c+  ...V\(5_a!)" 


-/,..., U(" ■  (l-'-Jf  M)  (—)! 


da:  I  Ht(ds), 


for  each  £  £  [a,  b]. 
Furthermore  we  get 


\M(X)(t,u)-X(t,u)L(l)(t)\ 

<£E^|i(,_tm 


fc=i 

+ 


/,•! 


(21.7) 


(n  - 


1  f  [S  \X(")(x,L0)-X<-")(t,Lj)\\s-x\n-1dx 

~  1)'  i[a,bl     it 


/j,t(ds), 


for  each  i  €  [o,  6]. 
We  also  make 

Remark  21.4.  Here  we  are  working  on  the  remainder  of  (21.7).  Let  p,q  >  1: 
-  +  -  —  1,  i.e.  p  =  -^y.  We  notice  by  Holder's  inequality  that 


r(n)  , 


r(n) 


\Xw{x,lo)  -  Xw(t,Lj)\  \s  -  x\n-'dx 


(21.8) 


|XinJ(x,w)~Xw(i,o;)|9da; 


(«)/ 


1/8 


|t_8|-5-(g_l)- 
(gn  —  1)    « 


Thus  we  have 


,(n) 


|Xw(a>>">)  -  Xw(i,u;)|  |s  -  a;|n_1da; 


(21.9) 


fS  \X(n)  (X,L0)  -  X(n)  (t,Lu)\"dx 


(qn-  l)«~i 


9-1 
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Applying  again  Holder's  inequality  we  derive 


where 


(n-1)!  \Jn\J[a,b] 


< 


x  \s  —  x\n     dx 


(Z(i)(i))^ 


\X(n)(x,Lu)-Xin){t,uj) 

1/8 


Mt(dsU  P(dw) 


(n-1)!      W(iU|„,i] 


x  | s  —  x\n     dx 


\X(n)(x,Lu)-X(n)(t,Lj)\ 
1/9 


by  (21.9) 

<         co(t,q,ri) 


Ht{ds)}P{dcu) 


r(„) 


S2  \J[a,b] 


Xw(x,u)-Xw(t,u])\qdx 


x\t-s\qn-1)nt(ds))P{duj)\        =:(*) 


1/9 


(21.10) 


c0(t,q,n)  = 


f£(l)(t)(g-l) 


(21.11) 


(n  —  1)!     y        gn  —  1 
Here  <p(x,uj)  :=  |X^"'(x,w)  —  JO™'^,  w)|9  >  0,  is  a  real  valued  random  variable 


for  each  x  £  [a,b],  as  well  continuous  in  x,  and  thus  by  Proposition  3.3(i),  [32], 
it  is  jointly  measurable  in  (x,  u).  And  from  the  proof  of  Proposition  3.3,  [32],  the 
integral  f"  ip(x,uj)dx  is  a  real  valued  random  variable. 
Thus' 


X(s,oj)  := 


ifi(x,u>)dx 


\t-  s 


qn  —  1 


(21.12) 


is  a  real  valued  random  variable,  which  is  continuous  in  s  £  [o,  6],  i.e.  it  is 
Borel  measurable  on  [a,b].  Again  by  Proposition  3.3(i),  [32],  A(s,w)  is  jointly 
measurable  in  (s,u>). 
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Therefore  by  applying  Tonelli-Fubini's  theorem,  see  [150],  p.  104,  we  get  that 


(*)     =     co(t,q,n) 


[a,b]  \Jn 


\X^\x,oj) 


X(n\t,u>)\qdx  \t-s\qn-Ap{dcu))fit(ds) 


1/9 


(21.13) 


co(t,q,ri) 

l[a,b]  \JCl 
Xin){t,Lu)\qdx 


\X^\x,oj) 


p(du>yj\t-s\qn-1nt(ds) 


1/9 


(again  by  applying  Tonelli-Fubini's  theorem) 


co{t,q,n) 

-  X{n){t,iu)\qP{dui)  ),!.,- 

Thus  so  far  we  have  shown  that 
Lemma  21.5.  It  holds 


\X(n)(x,Lj) 


\t-s 


qn—1 


Ht[ds\ 


1/9 


(21.14) 


Y  := 


1 


(n-lY. 


n  \J[a,b] 


t 
n-1 


-  X{n\t,u)\\s-x\n-Ldx 
<     co(t,q,n) 


[a,b] 

X^n){t,uj)\qP{doj)  )dx 


fit(ds)  I   P(du> 

\X™(x,U>) 


1/9 


(21.15) 


1/9 


It-sl""-1  JMds)}       ,    q>l,  n>l. 

We  give 
Definition  21.6.  We  define  the  g-mean  first  modulus  of  continuity  of  X  by 

ni(X,6)L<i  :=  supH  J  \X(x,u)-X(y,u))\qP(du)\        :  (21.16) 

X,  J/  G  [a,  fc],    |x  —  2/|  <  <5  >,      5  >  0,     1  <  q  <  00. 
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Definition  21.7.  Let  1  <  q  <  oo.  Let  X(x,u>)  be  a  real  stochastic  process.  We 
call  X  a  q-mean  uniformly  continuous  stochastic  process  (or  random  function) 
over  [a,  b],  iff  Vs  >  0  38  >  0:  whenever  \x  —  y\  <  8;  x,  y  G  [a,  b]  implies  that 

\X(x,  s)  -  X{y,  s)\qP{ds)  <  e.  (21.17) 

n 

We  denote  it  as  X  G  C^q([a,  b]). 

It  holds 

Proposition  21.8.  Let  X  G  C^q([a,  b]),  then  Q1(Xj6)l<i  <  oo,  any  S  >  0. 

Proof.  Similar  to  the  proof  of  Proposition  3.1,  [32].  ■ 

Also  it  holds 

Proposition  21.9.  Let  X(t,  to)  be  a  stochastic  process  from  [a,  b]  x  (Q,  B,  P)  into 
R.  The  following  are  true: 

(i)   ili(X, 5)li  is  nonnegative  and  nondecreasing  in  5  >  0. 

(ii)  iimni(x,0)i,  =  ni(x,o)i«  =  o,  «#  x  g  c£'([a,&]). 

5J.0 

(iii)  fii(X,5i+<52)^  <  fii(A:,<5i)i/,+ni(A:,(J2)x,9,  <5i,<S2  >o. 

(iv)  Qi  (X,  nS)Lq  <  nfii  (X,  <5)i9 ,  <5  >  0,  n  G  N. 

(v) 

fii(X,A<5)L,  <  IXjQ^X^)^  <  {X+1)Qi(X,6)l<i, 

A  >  0,  S  >  0,  where  [•]  is  i/ie  ceiling  of  the  number. 

(vi)  f2i  (X  +  F,  <J)x,»  <  fii  (X,  <5)x,»  +  «i  (Y,  <5)L« ,  <5  >  0. 

(vii)   Oi(X,  -)_l<!  is  continuous  on  R+  for  X  G  CE9([a,  &]). 

Proof.  Obvious.  ■ 

We  give 

Remark  21.10.  By  Proposition  21.9(v)  we  find 


Sli(X,\x-y\)L,  < 


\x-y\ 


Sli(X,S)L9,    Vx,y  G  [a,b],  any  S  >  0.       (21.18) 


Assumption  21.11.  Let  n  >  0. 

Here  we  suppose  that  X^n'(x,u)  is  continuous  in  x  G   [a,  &],  uniformly  with 
respect  to  to  G  fi.  I.e.  Ve  >  0  3<5  >  0:  whenever   x  —  j/|  <  5;  x,  y  G  [a,  b],  then 

|X(n)(:r,a;)-X(n)(j/,cj)|  <  e,      Vw  G  fl. 
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We  denote  this  by  X^n'  £  C^([a,  &]),  the  space  of  continuous  in  x,  uniformly  with 
respect  to  u,  stochastic  processes. 

Hence  here  X^n'(-,u))  £  C([a,b]),  Vo;  £  Q  and  X^"'  is  g-mean  uniformly  con- 
tinuous in  t  G  [a,  b],  that  is  X^n'  €  CK  9([a,  &]),  for  any  1  <  q  <  oo. 

We  make 


Remark  21.12.  We  continue  work  on  the  remainder  of  (21.7).  We  observe  the 
following  (q  >  1), 


co(t,q,n)(  [      (  ['(  f  \X<n){x,u) 

\J[a,b]  \   Jt      \Jil 


XW{t,L0)\qP(du)   )dx 


t  —  s\qn       )^t(ds) 


1/9 


<Co{t,q,n)(j      ((J    n? 


q  (  v-(n) 


XmAx-t\Li\dx 


\t-s 


qn  —  1 


(let  h  >  0) 


(by  (21.18)) 

<             c0{t,q,n) 

7  ( 

a 

\\x-t\~\ 
h 

x  ^(iW./ilwjii! 

)  \t  -  s 

qn—1  ) 

Ht(ds)  J 

1/9 


<  n1(X(n\h)LoCo{t,q,n)(  f 


\x  —  t\\ 

1  +  J — ; )    dx 


\t-  s 


qn  —  1 


Ht(ds] 


1/9 


(**). 


Ht(ds) 


1/9 


(21.19) 


Put 


r  :=  21"ic0(t,g,n)fii(X(n)»z,,. 


(21.20) 
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Hence  we  have 


(**)      <      T 


a,b] 


i        \x-t\q  . 


\t-s 


qn—1 


fit(ds] 


1/9 


-I    /      N  \s-t\+(±  fS\x-t\qdx)  )\t-s\qn-^fM{ds)\1/q    (21.21) 


1  It -a 


9  +  1 


r|  UU|s^l  +  ^^w 


\t-  s 


qn—1 


fit{ds) 


1/9 


<      r 


a, 6]  /  «*(,#  +  i;    ^[a,6] 

n/ri+1 


(21.22) 

1/9 


t-  s 


g(n+l) 


Mt(<^ 


1/n+l 


o..6] 


s  -  t\q(n+1> fitids) 


hq(q+l)   \J[aM 
We  set  and  suppose  that 

h:= 


\t-s 


q(n+l) 


fj-t(ds) 


1/9 


(***). 


(g+1) 


\t-s 


q(n+l) 


fJ-t(ds) 


l/q(n+l) 


(9+1) 


■£(|t- 


9(1+1) 


)(*) 


l/,(n+l) 


>0. 


That  is 


Therefore 


li 


q(n+l) 


(^ir(L"-»|,<"+"'"('i")>a 


/n+l     ,     ignl  l/« 


(***)      =      r[mt1/n+1/i9n(q+l)n/n+1+^n] 
=      rfe"[mt1/n+1(g  +  l)n/n+1  +  l]1/9. 


We  have  shown  that 

r    = 


X(n)(t,Lj)\\s  -  x^dxlutids))   P(duj) 


1/9 


,"L  !/"  +  ! 


<      rh   \mt         (q  +  1)  '         +1 


/n+l     ,     ,ll/9 


(21.23) 


(21.24) 


(21.25) 


(21.26) 


(21.27) 


21.2  Main  Results         289 


We  have  established 
Lemma  21.13.  It  holds 


T      <      [((Z(l))(i))1/(n+1)(g+l)n/(n+1)  +  l]1/9 

(n-l)!(g+l)^^)U    U  '  '    "  V  qn-1  J 

■  Oj  |  I(n), 1     ;       ■  (L(\--t\q{n+1))(t))^+V  )       ,  (21.28) 

V  (g+1)  «("+D  /i4 

q  >  1,  n  >  1. 

We  make 

Remark  21.14.  Here  we  observe  that 

|M(X)(t,w)-X(t,w)|     <     |M(X)(i,w)-X(i,w)L(l)(i)| 

+  |X(t,w)||L(l)(t)-l|.  (21.29) 

Combining  (21.29)  with  (21.7)  we  have 

\M{X)(t,u)  -  X(t,u>)\ 

<   \X{t,u>)\  |Z(l)(t)  -  1|  +  E  fc!         I£(('  "  t)fc)WI  (2L30) 

fc=i 


(n-  1)!  U[0j6] 


|Xw(a^)  -  Xw(i,u;)|  |s  -  x\n~ L dx\nt{ds) 


Vte  [a,  6]. 
We  need 


Definition  21.15.  Denote  by 


(£X)(i)  :=  /  A"(t,w)P(dw),    Vt6[a,6],  (21.31) 

Jn 


the  expectation  operator. 
We  make 

Assumption  21.16.  We  suppose  that 


{E\X{k)\q)(t)  <oo,    Vt€[o,6]  (21.32) 


and  for  all  k  —  0, 1, . . .  ,n;  n  >  0. 

Based  on  all  the  above  it  holds 
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Theorem  21.17.  Suppose  Concepts  21.1,  1  <  q  <  oo,  Assumptions  21.11  ana 
21.16,  n>  1.  Then 


(E(\M(X)  -  Xmt))1/" 

<    ((E\Xn(t))^"\L(l)(t)  -1\+J2  mX(k^m)1/q  \L((-  -  t)k)(t)\ 

+  /2(g-i)£(i)(t)y-^ i 

V         9^-1         /  (n_i)!(g  +  i)il^+iy 

•  [(L(l)(t))1/(n+1)(q  +  l)"/("+1)  +  1] 1/q  ■  (Z(|  ■  -t|9(n+1))(t))  ^7 


ni|x(n), 


-i^(L(|.-t|^+1))(t))^ry^      ,  Vt  e  [a,b]. 

i)^+iy  yiq 


Note  21.18.  If  L{\  ■  -t\q(n+1))(t)  =  0,  then  (21.33)  holds  trivially  as  equality. 
We  further  present 

Corollary  21.19.  Suppose  Concepts  21.1,  1  <  q  <  oo,  Assumptions  21.11  and 
21.16,  n>  1.  Then 

\\E(\M(X)  -  X]")]]1^ 

n    II  PCI  x(khqM\1/q 
<   \\E(\X"\)\\Uq\\ll  -  l||oo  +  X)  fc!  H^C(-  -  *)*)(*)ll~ 

+  1'2(«-l)||Z(l)||0OV-«  1 


gn-1  /  (n-l)!(g+l)"/9("+1) 

(||(L(l))^T(g+l)^FT  +  l||00)1/9||L(|--i|^+1))(t)||^'l+1> 


1 


•f2i|X(n), !——\\L(\.-t\qin+1)){t)\\2F™)      •         (21.34) 

(g+1)  «C»+D  J  Lq 

We  present  a  Korovkin  ([213])  type  theorem  for  stochastic  processes  in  our 
general  setting. 

Theorem  21.20.  Let  {I/jv}jveN  be  a  sequence  of  positive  linear  operators  and  the 
induced  sequence  of  positive  linear  operators  {MjvjjveN,  on  stochastic  processes 
all  as  in  Concepts  21.1,  1  <  q  <  oo,  Assumptions  21.11  and  21.16,  n  >  1. 
Additionally  suppose  that  {Zjv(l)}ivgN  is  bounded  and  \\Ln(\  ■  —  t\q  )(£)||oo  — > 

0,  along  with  Ljvl  — >  1,  as  iV  — >  oo.  TTien 
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as  N  — >  oo,  for  all  X  as  in  Concepts  21.1  and  Assumptions  21.11,  21.16, 
n>  1.  I.e. 

"g-mean" 
Mjv  — ►  I, 

N  -*  oo 

t/ie  «ra£  operator,  with  rates  and  in  our  setting. 
Proof.  By  Corollary  21.19  and  the  fact 


llM(--t)fc)(*)ll<»<llMi)l 


U^^    \\LN(\    ■   -t|«("+1))(t)||S^; 


(21.35) 


We  need 
Lemma  21.21.  Let  ip{s,x)  ^  0  jointly  continuous  in  (s,x)  £  [a,6]2.  Consider 


■y(s)  ~    /     <^(s,a;)da;, 


(21.36) 


where  t  is  fixed  in  [a,  b].  Then  y(s)  is  continuous  in  s  £  [a,  b]. 

Proof.  Easy. 
We  make 

Remark  21.22.  Let  n  >  1.  By  (21.7)  we  derive 


\M(X)(t,uj)  -  X(t,uj)L(l)(t)\P(duj) 


/,•! 


'(«)/ 


x^^iis-x-r-1^- 


D! 


fit(ds)  I  P{dto 


n  \J[a,6] 


|X(n)(z,u;) 


(21.37) 


(The  integrand  function  is  jointly  continuous  in  (x,  s)  and  measurable  in  u,  there- 
fore is  jointly  measurable  in  (s,u>)  and  also  nonnegative.  Use  also  Lemma  21.21. 
Therefore  we  can  apply  twice  Tonelli-Fubini's  theorem  to  get) 


-   E 


^  E\X{k)\(t)   ~ 


k\ 


!«<■ -»'»<"i +i^5iijr(/.ixM(i'") 


-  Xw(t,u>)\P(du>)  )\s-x\n-L)dx 


Ht(ds] 


(21.38) 
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set 


j^±s^mm.trm 


I A 


(21.39) 


<   J  + 


<         J  + 
(ft  >  0) 


(n-1)!  \J[a,b] 

ni(x("',h)t 


fii(X'     ,  \x  —  t\)Li  \s  —  x\"      dx 


Ht(ds] 


D! 


fit(ds 


a,  6] 


1  + 


X  —  t\ 


(21.40) 


<   J  + 


Q1{X<-n\h)1 


(n  - 


HLM*-*-* 


1 

+  ft 


/     \x  —  t\  \s  —  x\n     dx 


=  J  + 
=  J  + 
<   J  + 


£3i(X(n),ft) 


Z.1 


(n-1)!       W[0ii)] 


Mt(<^ 


|t-a|"   ;    l|*--s|- 


(21.41) 


ft  n(n  +  1) 


^t{ds, 


(n-1)! 

ni(Jf(B),/>)ii 

(n-1)! 


£(l  •-*!")(«)  ,  £(|--t|"+1)(t) 


hn(n  +  1) 


1  ,; 


-(L(l)(t))1/(n+1)((L(|  ■  -i|"+1))(t))n/(n+1) 


hn(n  +  1 


■(£(!■ -C+1)M) 


(21.42) 


(Now  take 


ft  :=  (L(|  •  -tr+1)(t))1/(n+1)  >0, 


(21.43) 


ft" 


=     J  + 
We  have  proved  that 


L(\.-t\n+1)(t)) 

Qi(X("),ft)Lift" 


;i(i)W) 


l/(n  +  l) 


+ 


(n  +  1) 


(21.44) 


\M{X){t,to)  -  X(t,oj)L(l)(t)\P(cLj) 


+ 


i 


n  +  1 


(21.45) 
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Also  by  (21.29)  we  derive 

f  \M(X)(t,w)-X(t,w)\P{du) 
Jn 


in 

<    (E\X\)(t)\L(l)(t)  -  1\ 


+    [  \M(X)(t,u>)-X(t,u))L(l){t)\P(du>).  (21.46) 

Jn 


Assumption  21.23.  Here  we  assume  (E\Xw\)(t)   <  oo,  Vi  G   [a,b],  all  k  - 
0,l,...,n,  n  >  0. 

From  the  above  is  derived 

Theorem  21.24.  Suppose  Concepts  21.1  and  Assumptions  21.11,  21.23,  n  >  1. 
Then 

E(\M(X)  -  X\)(t) 

<  (E\x\)(t)\Lm)  -i\+J2  {E[x^mm  - t)k)(t)\ 

fc=i 


'   /"  =  (l))(t))V(»+i)+      i 
ni(X(n),(L(\--t\n+1)(t))1/(n+1))Ll,     \fte[a,b].        (21.47) 


+  ^  I  ((L(l))(t))1/("+1)  +  ^  )  (L(|  ■  -C+1)  W)n/i "  !  ' 


+  tJISI^||Z((.-«)',(t,||.  +  i 


Note  21.25.  If  L(|  ■  -t|n+1)(t)  =  0,  then  (21.47)  holds  trivially  as  equality. 
We  further  present 

Corollary  21.26.  Suppose  Concepts  21.1  and  Assumptions  21.11,  21.23,  n  >  1. 
Then 

\\E(\M(X)  -  X)|)||oo  <  ||£|X|  ||oo||il  -  l||oo  (21.48) 

(Z(i))V(»+i)  +  _1_ 

•  »i(i  ■  -c+1)(*)ii~/("+1)«i(*(r°,  »i(i  ■  -*r+1)(*)ii^(n+1))ii- 

The  following  Korovkin  type  theorem  for  stochastic  processes  in  our  general 
setting  is  valid. 

Theorem  21.27.  Let  {I/jv}jvgn  be  a  sequence  of  positive  linear  operators  and  the 
induced  sequence  of  positive  linear  operators  {MjvJjvsn  on  stochastic  processes,  all 
as  in  Concepts  21.1,  Assumptions  21.11  and  21.23,  n  >  1.  Additionally  suppose 
that  {Ljv(1)}jv6m  is  bounded  and  ||Ljv(|  •  —  i|n+1)(i)||oo  — »  0,  along  with  Lnl  —>  1, 
as  N  — »  oo.  Then 

||£(|MJV(A)-A|)||oo^0,    asN^oo, 
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for  all  X   as  in   Concepts   21.1   and  Assumptions  21.11,    21.23,   n    >    1.    I.e. 

"1-mean" 
Mn        — >        /  with  rates. 

N  ->  +oo 

Proof.  By  Corollary  21.26  and  the  fact 


HMO  -  *)h)(*)lloo  <  \\Ln(1)\\Io  "+1  ||MI  ■  -t\n+1)(t)\\So+1 ,  (21.49) 


Note  21.28.  We  observe  that  MN    g~™an    /  implies  MN  "^E^111"  /,  accord- 
ing to  Theorems  21.20  and  21.27,  n  >  1. 

Next  we  specialize  in  the  n  =  0  case.  We  do  first  the  subcase  q  >  1.  For  that 
we  make 

Remark  21.29.  We  have  that 


A(t,w):=  M(X)(t,w)-X(t,w)L(l)(£) 

(X(s,a;)-X(i,w))Mt(rfs).  (21.50) 


[o,6] 

Let  g  >  1,  then  by  Holder's  inequality  we  have 

\A(t,Lj)\q     <      (   /       |X(s,w)-X(i,w)Mds)' 

[o,6] 


\X{s,Lo)-X{t,cu)\qfit(ds).  (21.51) 

a, 6] 


Therefore  we  derive 

\1/q  i-i 

A(t,cj)j9P(dw)j        <mt    " 

■[[([      \X(s,w)-X(t,u)\qiM{dsy\P{du)\  (21.52) 

(the   integrand   function   is   nonnegative,    continuous   in    s,   measurable    in   u, 
therefore   jointly    measurable    in    (s,cu)    and    by    Tonelli-Fubini's    theorem   we 
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get) 


1/9 

X(S,  LU)  -  X(t,  L0)\qP(dL0)  )  (It(ds)  ) 
[a,b]  \Jil 


m]    "[    I       [   I    \X{s,u>)-X{t,u;)\qP{dw))nt{ds)]  (21.53) 


1/9 

n;(x,|«-t|)i«/Kt(<te)) 

b] 


<     m]    "[    I       nl{X,\s-t\)Lgfit(ds) 


(take  h  >  0)  (21.54) 

■  1/,J 

<  m]~~qSli{X,h)LA  I      (l  +  l±^Y fj,t(ds) 

<  21-*m1t~«n1(X,h)Lq(mt  +  J-  J       \s-t\qiH{ds)\ 
choose  h:=  (  \s  -  t\qdfj,t(s))        >  0 )  (21.55) 

=  21~9mt1~'fi1(x,  (  /      |s-t|9dM*(s)j        J      (mt  +  l)1/q.  (21.56) 

We  have  established 

Theorem  21.30.  Suppose  Concepts  21.1  and  Assumptions  21.11,  21.16  for  n  — 
0,  1  <  q  <  CO.  T/ien 

(£(|M(X)-jq«)(t))1/9 

<  (E(\X\q)(t))1/q\L{i){t)-l\  (21.57) 
+  (2L(l)(t))1-i((Z(l))(i)  +  lf'SltiX,  (L(\  ■  -t\q)(t))1/q)Lq, 

Vie  [a,  6]. 

Note  21.31.  Inequality  (21.57)  is  trivially  true  and  holds  as  equality  when  (see 
(21.55))  h  =  0. 
We  give 

Corollary  21.32.  Suppose  Concepts  21.1  and  Assumptions  21.11,  21.16  for  n  — 
0,  1  <  q  <  oo.  Then 

\\E(\M(X)-X\q)Cq<\\E(\X\")\\1J>q\\Ll-l\\00  (21.58) 

+  (2||L(l)||00)1-i||L(l)  +  lC^X,  \\L(\  ■  -t\q)(t)Cq)Lq. 

We  present  the  next  Korovkin  type  result. 

Theorem  21.33.  Let  {LjvJjvsn  be  a  sequence  of  positive  linear  operators 
and  the  induced  sequence  of  positive  linear  operators  {Mjv}jvgN  on 
stochastic  processes,  all  as  in  Concepts  21.1,  1  <  q  <  oo,  Assumptions  21.11, 
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21.16  for  n  =  0.  Additionally  suppose  that  {L./v(1)}jvgn  is  bounded  and  \\Ln(\  • 
— t|'?)(i) ||oo  — »  0,  along  with  Ljvl  — >  1,  as  N  — >  oo.  Then 

\\E{\MN{X)-X\q)\\oo^0,     asN^oo, 

for  all  X   as  in   Concepts   21.1   and  Assumptions  21.11,    21.16,   n   =    0.    I.e. 

"q-mean" 
Mn         — >         /  with  rates  in  our  setting. 

N  — >  oo 

Note  21.34.  The  rate  of  convergence  in  Theorem  21.20  is  much  higher  than  of 
Theorem  21.33  because  of  the  assumed  differentiability  of  X,  see  and  compare 
inequalities  (21.34),  (21.35)  and  (21.58). 
We  make 

Remark  21.35.  Let  A(t,w)  as  in  (21.50).  Then 
\A(t,uj)\P(du>) 

\X(s,ui)  -  X(t,u})\fj,t(ds)  )P(dui)  (21.59) 


S2  \J[a,b]  / 

(by  Tonelli-Fubini's  theorem) 
\X(s,  v)  -  X(t,  w)|P(dw)  )  nt{ds)  (21.60) 

[a, 6]    Vf2  / 


<  /       Qi(X,\s-t\)Liixt(ds)  (21.61) 

<  ni(X,ft)£i   /       ^i  +  Jlzilj^^)  (21.62) 

=      ni(X,fc)z,i[mt  +  J  /"      |«-t|Mt(d«))  (21.63) 

/      (s-i)Vt(ds))  ]       (21.64) 


.   1/2 


pick 


)l/2 
>  0  )  (21.65) 


=     Qi(X,h)Li{mt  +  ^/m^).  (21.66) 

That  is  we  get 


I    \A(t,oj)\P(doj)  <  (L(l)(i)  +  JlmDn^X,  ((L(.-t)2)(t))1/2)Ll.    (21.67) 
n 
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We  have  proved 

Theorem  21.36.  Suppose  Concepts  21.1  and  Assumptions  21.11,  21.23  for  n  — 
0.  Then 

(E{\M(X)  -  X\)){t)  <  (E\X\)(t)\L(l)(t)  -  1|  (21.68) 


+  (L(l)(t)  +  ^/Z(l)(t))ni(A-,  ((£(■  -  i)2)(i))1/2)il;  Vt  e  [o,6]. 

Note  21.37.  Inequality  (21.68)  is  trivially  true  and  holds  as  equality  when  (see 
(21.65))  h  =  0. 

We  give  (see  also  [264]) 

Corollary  21.38.  Suppose  Concepts  21.1  and  Assumptions  21.11,  21.23  forn  — 
0.  Then 

\\E(\M(X)  -  X\)\\«,  <  ||S(X)||oo||il  -  1||« 

+  \\L1+  VEW^SI^X,  ||(L((-  -  t)2))(i)||J/2)Ll.         (21.69) 
We  present  a  final  Korovkin  (see  [213])  type  result. 

Theorem  21.39.  Let  {LjvjjvgN  be  a  sequence  of  positive  linear  operators  and  the 
induced  sequence  of  positive  linear  operators  {MjvjjvgN  on  stochastic  processes, 
all  as  in  Concepts  21.1  and  Assumptions  21.11,  21.23  for  n  =  0.  Additionally 
assume  that  {Ljv(l)}jveN  is  bounded  and 

Ljvl  — >  1,     Ljvid  — »  id,    Ljvid    — >  id  ,     as  N  ^  oo.  (21.70) 

Then 

||£7(|Afjv(A')  —  -SfDHoo  ->0,    asN-*oo,  (21.71) 

/or  a?Z  X   as  in  Concepts  21.1  and  Assumptions  21.11,   21.23  for  n  =  0.  /.e. 

"1-mean" 
Mjv         — >         /  ui«i/i  rates  in  our  setting. 

N  — >  oo 

Proof.  We  use  Corollary  21.38.  By  [264]  we  have  that 

||(ij\r((--*)2))(*)lloo      <      ||LJv(x2)(t)-i2||00  +  2c||LJv(x-)(i)-i||o0 

+  c2||LJV(l)(i)-l||00,  (21.72) 

where  c  :=  max(|o| ,  |6|),  VJV  £  N.  Thus  by  assuming  the  basic  Korovkin  conditions 
(21.70)  we  get  by  (21.72)  that  ||(Ljv((-  -  i)2))(i) ||oo  ->  0,  as  N  ->  oo,  etc. 
We  make  also 

Remark  21.40.  1)  If  X^n'  fulfills  a  Lipschitz  type  condition  then  our  results 
become  more  specific  and  simplify. 
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2)  In  the  special  important  case  of  L(l)(t)  =  1,  Vt  G  [a,b],  all  of  our  results 
here  simplify  a  lot  and  take  an  elegant  form.  Furthermore  in  this  case,  supposing 
Assumption  21.16  we  need  to  impose  (21.32)  only  for  k  —  1, . . . ,  n  and  supposing 
Assumption  21.23  we  need  to  impose  it  only  for  k  —  1, . . . ,  n,  n  >  1. 

We  finish  by  giving 
Application  21.41.  Let  /  G  C([0,  1])  and  the  Bernstein  polynomial 

*M/)(t):=£/(^)uW  "*)""*.    Vi€  [0,1],  VAgN.         (21.73) 

We  have  that 

BN((--t)2)(t)=t-^w^,    VtG[0,l],  (21.74) 

and 

\\BN((--t)2)(t)\\1J,2<-±=,    VAgN.  (21.75) 


2VN 

Clearly  Bn  is  an  example  of  an  Ln  as  in  Concepts  21.1.  Define  the  corresponding 
application  of  Mjv  by 

BN(X)(t,io)  :=  BN(X(-,cu))(t)  (21.76) 


£/(!>) (fh1-^"  vie[o'i] 


for  all  w  G  O,  N  >  1,  where  X  is  as  in  Concepts  21.1  and  Assumptions  21.11, 
21.13  for  n  =  0.  Since  Bjv(l)(t)  =  1  by  (21.69)  we  derive  that 

\\E(\BN(X)-X\)\\00<2Q1(x,-^=]      ,      A>1,  (21.77) 

V       2VNJLi 

for  all  X  as  above.  Thus  as  N  — »  oo  we  obtain 

HBflB^JO-XPHoo^O,  (21.78) 

i.e.  Bjv  — >  /  with  rates,  which  is  the  expected  conclusion  given  by  Theorem 
21.39.  If  X  is  of  Lipschitz  type  of  order  1  i.e.  if  Q\(X,S)Li  <  K6,  where  K  >  0, 
V<5  >  0,  then 

\\E(\BN(X)-X\)\\00<^=,     VA>1.  (21.79) 


One  can  give  many  similar  other  applications  of  the  above  theory. 


22 

Quantitative  Multidimensional 
Stochastic  Korovkin  Theory 


Here  we  study  very  general  multivariate  stochastic  positive  linear  operators  in- 
duced by  general  multivariate  positive  linear  operators  that  are  acting  on  multi- 
variate continuous  functions.  These  are  acting  on  the  space  of  real  differentiable 
multivariate  time  stochastic  processes.  Under  some  very  mild,  general  and  natu- 
ral assumptions  on  the  stochastic  processes  we  present  related  multidimensional 
stochastic  Shisha-Mond  type  inequalities  of  L9-type  1  <  q  <  oo  and  correspond- 
ing multidimensional  stochastic  Korovkin  type  theorems.  These  are  regarding  the 
stochastic  g-mean  convergence  of  a  sequence  of  multivariate  stochastic  positive 
linear  operators  to  the  stochastic  unit  operator  for  various  cases.  All  convergences 
are  given  with  rates  and  are  shown  via  the  stochastic  inequalities  involving  the 
maximum  of  the  multivariate  stochastic  moduli  of  continuity  of  the  nth  order 
partial  derivatives  of  the  engaged  stochastic  process,  n  >  0.  The  astonishing 
fact  here  is  that  basic  real  Korovkin  test  functions  assumptions  are  enough  for 
the  conclusions  of  the  multidimensional  stochastic  Korovkin  theory.  We  give  an 
application.  This  chapter  relies  on  [40]. 


22.1     Introduction 

Motivation  for  this  chapter  are  [15],  [16],  [279],  [280].  We  introduce 
the  multivariate  stochastic  positive  linear  operator  M,  see  (22.4),  based  on  a 
general    multivariate    positive    linear    operator    L    from    C(Q)    into    itself,    Q 
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convex  compact  C  Rfc,  k  >  1.  The  operator  M  is  acting  on  a  wide  space  of 
differentiable  real  valued  multidimensional  time  stochastic  processes  X. 

We  give  the  definition  of  multidimensional  g-mean  first  modulus  of  continuity, 
1  <  g  <  oo,  see  (22.1),  and  we  prove  important  properties  of  it,  such  as  in 
Propositions  22.3  and  22.4.  Here  we  suppose  that  Xa(x,  u>),  \a\  —  n,  is  continuous 
in  x  £  Q,  uniformly  with  respect  to  u>  £  Sl-the  probability  space,  n  >  0.  We 
assume  also  the  integrability  Assumptions  22.11  and  22.23. 

We  first  give  the  pointwise  multidimensional  stochastic  Shisha-Mond  type 
inequalities,  see  (22.31),  (22.50),  (22.54),  (22.112),  (22.126)  and  (22.136).  Then 
we  derive  the  corresponding  uniform  multidimensional  stochastic  Shisha-Mond 
type  inequalities  (22.51),  (22.55),  (22.113),  (22.127)  and  (22.137).  From  these  we 
prove  the  multivariate  stochastic  Korovkin  type  Theorems  22.22,  22.31,  22.36  and 
22.41.  These  are  regarding  the  g-mean  convergence  of  a  sequence  of  multivariate 
stochastic  positive  linear  operators  {MjvjjvgN  as  in  (22.4)  to  the  stochastic  unit 
operator  I. 

The  impressive  thing  here  is  that  basic  Korovkin  multidimensional  real  as- 
sumptions are  enough  to  enforce  the  conclusions  at  the  stochastic  setting.  So 
the  multidimensional  stochastic  inequalities  that  involve  the  multidimensional 
g-mean  first  modulus  of  continuity  of  Xa,  \a\  =  n,  describe  quantitatively  and 
with  rates  the  above  convergence.  At  the  end  we  give  an  application  regarding  the 
multivariate  stochastic  Bernstein  operators  where  we  apply  the  multidimensional 
stochastic  inequality  (22.127). 


22.2     Background 

We  give 

Definition  22.1.  Let  Q  be  a  compact  convex  subset  of  Rfe,  k  >  1.  Let  X(t,  w)  be 
a  stochastic  process  from  Q  x  (Q,  B,  P)  into  R,  where  (fi,  B,  P)  is  a  probability 
space.  We  define  the  q-mean  multivariate  first  moduli  of  continuity  of  X  by 


1/9 

ni(X,«)i,  :=  sup{[    I    \X(x,Lu)-X(y,uj)\qP(dLo))        :  x,y  € 


\\x-y\\ei  <  d},      S  >  0,   1  <  q  <  co.  (22.1) 

We  mention 

Definition    22.2.   Let   1    <    q    <    co.   Let   X(x,uj),  x    G    Q,  u    £    fi  be  a 

multivariate     real     stochastic     process.     We     call     X     a     q-mean     uniform 
continuous  multivariate  stochastic  process  over  Q,  iff  Ve  >  0  3d  >  0:  whenever 
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\\x  ~  yWi1  <  5;  x,y  G  Q  implies  that 


X(x,s)-X{y,s)\qP(ds)<e.  (22.2) 

n 

We  denote  it  as  X  G  Cfq(Q). 
It  holds 

Proposition  22.3.  Let  X  G  Cfq(Q),  then  fii(A",<5)z,8  <  oo,  V<S  >  0. 
Proof.  Let  £o  >  0  be  arbitrary  but  fixed.  Then  there  exists  So  >  0  :  ||x— j/||^i  < 
5o,x,y  G  Q,  implies 


\X(x,  s)  -  X(y,  s)\q  P(ds)  <  £0  <  oo. 

n 

That  is  Oi(X,  <5o)  <  £0      <  °°-  Let  now  8  >  0  arbitrary,  x,  y  G  Q  :  \\x  —  y\\ei  <  8. 
Choose  no  G  N  :  no<5o  >  8  and  set  Xi  :—  x  +  —(y  —  x),  0  <  i  <  no.  Then 


1/9 

\X(x,w)  -  X{y,u)\q  P(du)  f 

1/9 


n   |X(as,w)-.Y(a:i,w)|"P(dw) 

+  ([  \X(xi,u)  -  X(x2,cu)\q  P(duyj 

+  ...+  ([  \X{xno-i,u;)-X{y,u:)\qP{duj)" 


<     noOi(X,So)  <  noel     <  oo, 
\xi  -  Xi+i\\  -  ^-\\x  -  y\\ei  <  ^-8  <  S0,  0  <  i  <  n0.  Therefore  Qx{X,S)  < 


1/9    ^ 

no£0      <  °°- 


Also  it  holds 


Proposition  22.4.  Let  X(t,ui)  be  a  multivariate  stochastic  process  from  Q  x 
ip.,B,P)  into  R. 

The  following  are  true. 

(i)   fli(X, 8)li  is  nonnegative  and  nondecreasing  in  8  >  0. 
(ii)  limni(X,«)i,  =  Qi(X,0)Lq  =  0,iffXe  Cfq(Q). 

5J.0 

(iii)  Q1(X,8i+82)lo  <  n1(X,6i)Lo+n1(X,d2)Lo,  81,62  >o. 
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(iv)  Hi  (X,  n8)Lq  <  nfii  (X,  <J)i9 ,  6  >  0,  n  e  N. 

(v)  fii(X,A<5)L,  <  [A]fii(X,<5)L«  <  (A  +  l)fii(X,<5)ig,  A  >  0,  8  >  0,  where  [•] 
is  the  ceiling  of  the  number. 

(vi)  Q^X  +  Y^)^  <fii(X,<5)^  +fii(y,<5)z/i,  <5>0. 

(vii)   fii(X, -)_l<j  is  continuous  on  R+  for  X  G  CK9(Q). 

Proof,  (i)  is  obvious. 

(ii)  Clearly  fii(X,0)i<,  =0. 

(=►)  Let  limni(X,<J)i8  =  0.  Then  Ve  >  0,  e1/,J  >  0  and  38  >  0,  S11(X,6)l<i  < 

510  ~ 

s  'q.  I.e.  for  any  x,y  G  Q:  \\x  —  y\\ii  <  8  we  get 


/  \\X(x,s)-X(y,s)\qP(ds)<e. 


That  is  X  G  Cg  q(Q). 

(•$=)  Let  a;  G  C^9(Q).  Then  Ve  >  0  3<5  >  0:  whenever  \\x  -  y\\ei  <  8,  x,y  G  Q, 
it  implies 


/  \X(x,s)-X(y,s)\qP(ds)< 


I.e.  Ve  >  0  35  >  0:  Qi(X,<5)i9  <  e1/q.  That  is  fii(X,5)L,  ->  0  as  <S  |  0. 
(hi)  Let  Xi,a;2  G  Q:  \\xi  —  x\\ei  <  8i  +  82-  Set 


<5i  +  82  81  +  82 


clearly  by  convexity  of  Q  we  have  that  x   G   X\X2-  Then  easily  we  find  that 
\\x  —  xi\\fi  <  Si  and  \\x2  —  x\\(i  <  <52-  We  have 

(  J  \X(xi,u>)  -  X(x2,u))\qP(doj)\ 

<  (  (  \X(x1,u)-X(x,oj)\qP(du>Wq4  (  \X(x,oj)-X(x2,Lu)\qP(dJ\ 

<  ni(x,||xi-x|Ui)ig+ni(x,||x2-x|Ui)i,<ni(x,5i)L9  +  ni(x,52)i<!. 

Therefore  (iii)  is  true. 

(iv)  and  (v)  are  obvious, 
(vi)  Notice  that 

j  \(X(x,u;)  +  Y(x,Lu))~(X(y,Lu)  +  Y(y,u;))\qP(dLu)) 

<  (  fjX(x,uj)  -  X(y,uj)\qP(duj)J/q+njY(x,uj)  -Y(y,v)\qP(du>)\     ". 
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That  is  (vi)  is  now  clear, 
(vii)  By  (iii)  we  obtain 

|Oi (-Mi +$2)1,9 -fii(X,<5i)z,<f|  <fii(X, $2)1,9. 

Let  now  X  £   CRq(Q),  then  by  (ii)   lira  Qi(f ,62) li   —  0.  That  is  proving  the 

S2I0 

continuity  of  Qi(X,  -)li  on  R+. 
We  make 

Remark  22.5.  By  Proposition  22.4(v)  we  derive 

^(x,\\x-yU)Lq<    H^-yll^1    ^(XJ)^,  (22.3) 

Va;,  2/  €  Q,  any  5  >  0. 

22.3     Main  Results 

We  introduce 

Concepts  22.6.  Let  Q  be  a  compact  convex  subset  of  Rfc,  fc  >  1  and  let  L  be 
a  positive  linear  operator  from  C(Q)  into  itself.  Let  X(t,aj)  be  a  multivariate 
stochastic  process  from  Q  x  (Q,  B,  P)  into  R,  where  (Q,B,P)  is  a  probability 
space. 

Here  we  suppose  that  X(-,u>)  £  Cn(Q),  for  each  ui  £  Q,  and  that  Xa(t,  •)  = 
g  *  {t,  ■)  is  measurable  for  each  t  €  Q,  for  all  a  =  (ai, . . . ,  otk),  on  £  Z+,  i  = 

1, . . . ,  k,  \a\  —  Yl  ai  —  Pi  0  <  p  <  n,  n  >  0. 

Define 

M(A")(t,w):=L(X(.,w))(t),      VtGQ,    VwGfi,  (22.4) 

and  assume  that  it  is  a  random  variable  in  w.  Clearly  M  is  a  positive  linear 
operator  on  stochastic  processes. 
We  make 

Remark  22.7.  By  the  Riesz  representation  theorem  we  have  that  there  exists 
jj,t  unique,  completed  Borel  measure  on  Q  with 

mt  :=Mt(Q)  =  ■£(!)(*)  >0,  (22.5) 

such  that 

£(/)(*)  =  /  f(*)dlH(x),  (22.6) 

Vt  £  Q  and  V/  £  C(Q).  Consequently  we  have  that 

M(X){t,uj)  =   /  X(x,Lu)dfit{x),  (22.7) 

JQ 
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V(i,  uS)  £  Q  x  Q,  and  X  as  above. 
We  make 

Remark  22.8.  Denote  by 

A(t,w):=  M(X)(t,w)-X(i,w)L(l)(t) 

=      f  (X(a,u)-X{t,u))iH{da), 

and 


|A(t,w)|</    |X(s,w)-X(t,a;)|/it(rfs),     V(f,u)eQxfi. 


(22.8) 


(22.9) 


Therefore  we  have 


(By  [9],  p.  156  the  function  under  integration  is  jointly  measurable  in  (s,  w)  (Q  is 
a  separable  metric  space).  It  is  also  nonnegative.  Thus  by  Tonelli-Fubini  theorem, 
[150],  p.  104  we  have 


q  \Jn 


\X(s,u>)  -  X(t,w)\P(<kj))  tit(ds) 


(22.10) 


Let  0  <  r  <  1  and 


G{r,  s,lo)  :=  X(t  +  r(s-t),u),      n  G  N. 
Then  by  Taylor's  formula  we  obtain 

X(si,...,Sk,v)     —     G(1,s,lj) 

=      2J .,  +7lw(0,5,o;), 

3=0  3' 

-G(n)(0,S,^))drnV--  \dn, 


where 


iU) 


Gv>{t,s,lo)  = 


(22.11) 


(22.12) 


(22.13) 


(ii  +r(si  -  ii),. . .  ,tfc  +r(«fc  -  tfc),w). 

(22.14) 
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Thus 


\X(si,  ...,8k,u)-  X{tu. .  .,tk,u)\  <  J2  |G(J)(°|  S,UJ)1  (22-15) 

+  f[r  ■■■  (  r"_1|G(n)(r„,S,u;)  -  G(n)(0,S,^)|dr„j  •  •  ■  dn  j  . 

Call  ^(rn,cj)  —  |G(n)(rn,s,o;)  -  G(n)(0,  s,oj)\  >  0.  We  notice  that  <p  is  contin- 
uous in  rn  6  [0, 1]  and  measurable  in  u>  £  Q,  therefore  by  [9],  p.  156  is  jointly 
measurable  in  (rn,w).  Next  /J"-1  <p(r„,uj)drn  is  continuous  in  rn_i  and  measur- 
able in  u,  thus  jointly  measurable  in  (rn_i,w),  etc.,  the  same  is  true  for  the  rest 
of  the  repeated  integrals  in  the  remainder  of  (22.15),  also  all  are  nonnegative. 
Hence  we  can  apply  Tonelli-Fubini  theorem,  [150],  p.  104  to  obtain: 


/. 


\x(s, U)  -  x(t, u)\PiM  <  ±  JnIG0)(Q,^)|PW  +  Aj       (22 16) 


3  =  1 

where 


-  G(n){0,s,cu)\P{du)  )*•„•••  Jrfn.  (22.17) 


We  further  derive 


Gin){rn,s,oj)~Gin)(0,s,Lj)\dP(ui) 
n 

<  E    ,w!   , (ni'i-tj-r 

,^    ai!---afe!  I  Al 

|a|=n  \J  =  1 

■   /  |Xa(t  +  r„(5-t),w)--Ya(t,w)|dP(w)  (22.18) 

Jn 

|a|=n  \i=l  / 

•fii(Xa,r„||s  -  tll^i)^! 
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(22.3) 

E 


ai'.---aki 


n 


Sj  tj\ 


(let  h  >  0)      |a|=n     ""  "       \;-J 

'"nils  —  i||£l 


S!i(Ia,A)L. 


/; 


Call  w  :—     max    Qi(Xa,h)Li 

a  :   |a|—  n 


<  E 

\a\=n 


n  isJ  ~%j 


rn\\s  —  t\\ei 
h 


That  is  we  get 


[  \G(n) (rn,  s,cu)  -  G(n) (0,  s,io)\dP(uj) 


\s  ■  —  t  ■  \   j 


<™   E^i(lli--"i 

\Ja|=-n  XJ  =  1 

where  0  <  r„  <  1, 


rn\\s  -  t\\ 


(22.20) 
(22.21) 

(22.22) 


(22.23) 


\\s  -  t\\(i  =  E  lSi  —  i;l 


Therefore  we  find 

A  s  -{£«.."Un'«- 

■r(r-( 

r„||s  —  t\\ei 
h 

(by  change  of  variable) 

=       M)^„(||s-t||£l), 

for  s  /  t. 

drn     •  •  •     dn 


Here  we  use 


(22.24) 


4>n(x)  := 


|  rC  |         t'X 


/  0         JO 

see  [16],  p.  210.  Clearly  it  holds 

A<  wct>n(\\s-t\\ii),    Vs,teQ 

We  need 
Assumption  22.9.  Let  n  >  0. 


cten     •  •  -dxi, 


(22.25) 


(22.26) 
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Here  we  suppose  that  Xa(x,uj),  \a\  =  n,  is  continuous  in  x  G  Q,  uniformly 
with  respect  to  lo  £  ft.  I.e.  Ve  >  0  38  >  0:  whenever  ||x  —  y\\ei  <  5;  x,y  G  Q,  then 


\Xa(x,(jj)  —  Xa(y,io)\  <  s,      Vw£l!. 

We  denote  this  by  Xa  G  C$[(Q),  the  space  of  continuous  in  x,  uniformly  with 
respect  to  u>,  multivariate  stochastic  processes. 

Hence  here  Xa(-,ui)  G  C(Q),  Vo;  G  £1,  and  Xa  is  q-mean  uniformly  continuous 
multivariate  stochastic  process  over  Q,  that  is  Xa  G  C-g,q(Q),  for  any  1  <  q  <  oo, 
a:  \a\  =  n.  The  last  implies  that  w  <  oo. 

We  also  use 

Definition  22.10.  Denote  by 

(EX){t)  :=  [  X(t,u>)P(dw),      Vi  G  Q,  (22.27) 

the  expectation  operator. 
We  need 

Assumption  22.11.  Here  we  assume  (E\Xa\)(t)  <  oo,  Vt  G  Q,  all  o=(ai, . . . ,  Qfc), 

ai  G  Z+,  i  =  1, . . . ,  k,  \a\  =  Yl  ai  =  Pi  0  <  p  <  n,  n  >  0. 

Assumption  22.11  clearly  implies  that 

/    \GU)(0,s,oj)\P(du;)  <oo,    j  =  l,...,n,    Vs,  t  G  Q. 

We  put  together  things  into 

Remark  22.12.  Here  all  elements  are  as  in  Concepts  22.6,  Assumptions  22.9 
and  22.11,  n  >  1.  We  proved  that 


j    \X(s,u)- X(t,L0)\P{duj)       <       V 
■/°  .7  =  1 


/n|GQ)(o,s,,)|p(^)      (22>2g) 


+  w0„(||s-t||*i),    Vs,iGQ. 


Integrating  (22.28)  against  /it  and  using  Tonelli-Fubini's  theorem  we  obtain 


\M(X){t,uj)  -  X(t,Lo)L{l)(t)\P(duj) 


< 


E 


JMQ\GU)(°'s^)\^(ds))p(d^ 


i=i  J 


+  w  [  <j>n(\\s-t\\ei)nt{ds),     VtGQ.  (22.29) 

Jo 
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We  notice  also  that 

\M{X){t,uj)-X{t,uj)\     <     \M(X)(t,Lo)-X(t,uj)L(l)(t)\ 

+  |X(t,w)||L(l)(t)-l|.  (22.30) 

We  have  established  the  following  L\  result. 

Theorem  22.13.  Here  all  elements  are  as  in  Concepts  22.6,  Assumptions  22.9 
and  22.11,  n  >  1.  Then 


E(\M(X)-X\)(t)<(E(X))(t)\L(l)(t)-l\ 

n 


Jn(JQ\G^(0,s,uj)\i,t(ds))P(doj) 


3  =  1 

+  w  [  4>„(\\s-t\\ei)nt(ds),     WteQ.  (22.31) 

JQ 

Note  22.14.  By  Assumption  22.11  clearly 

|G(j)(0,s,o;)j^(ds)  )P{dw)  <oo,    Vie  Q. 

We  make 
Remark  22.15.  From  [16],  p.  210,  (7.1.18)  we  find 

,    N        /     Hn+1  \x\n         hlx]"-1  \ 

^x^{j^h  +  ^  +  4^yJ>  (22-32) 

and  from  [16],  p.  217,  (7.2.9)  we  have 

Mx)  <  -T     1  +  /     lUi,      '      l£l-    n£R  (22-33) 

n!     \         (n  +  l)ft/ 

Therefore  we  get 

L\\s-t\\;rMds) 


f    <t>n(\\s-t\\ei)nt(ds)        < 
JQ 


(n  +  l)\h 


(22.34) 


JQ\\s-t\\Md*)       hj^s-if^MJds) 


2nl  8(n-l)! 

and 

y^ 0„dis - tii,i)M*(^)  <  -j f  y^  ik - twiiH(da) + jq  {n+\)h — j . 


(22.35) 
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Using  Holder's  inequality  we  have 


s  -  t\\nPdnt{ds)  <  (L(l)(t))  "+1  I   /    ||s  -  t\\^+1iM{ds)  )    +1 ,         (22.36) 


and 


i  -i 


a  -  i||™    Vt(ds)  <  (L(l)(t))  "+1      /   \\a-  t||"rVt(ds)  ,    Vn  G  N. 

(22.37) 
Consequently  we  obtain 


In  \\s  ~  t\\"+1Mds)       (L(l)(t))  ^  (J    ||fl  _  tn;+Vt(^))  ^ 


R.H.S. (22.34)      <       '      (' 


(n  +  l)lh  2n\ 

h{L(l)(t))  ^TT  (J    ||S  _  t||"+Vt(rfS))  ^FT 


8(n-l)! 
Choose  and  suppose 

1 f  I    .        ilin+l. 

L(l)(t)  Jq1 


(22.38) 


fe:=r  (  T7TT77T  /   ll*-*!!^  Vt(rfs))  >  0,  (22.39) 


where  r  >  0  and  L(l)(£)  >  0.  Hence 

R.H.S.(22.38)  =  ^-(^  +  I  +  ;rlT).  (22.40) 

So  we  get  that 

jjn(\\s-t\\el)^(ds)<^^hn(^+r-  +  ^jy    VneN.      (22.41) 
Furthermore  we  have  for  the  choice  of  h  as  in  (22.39)  that 


R.H.S.(22.35)      <      -r     (L(l)(i))"+1      /   ||s-*||"i    A*t(ds 


±1  ,T,^,^-=hx(  An.     .ii«+i.   ,J_>\n+1 
n! 


/0||s-£||"i+V(^) 


JQ  M"         "III 


n+  l)h 


L(j)(t)hn  (     t   1 

(n  +  1) 


„+!„,      ^  +  7-^T)-  (22-42) 


That  is  we  obtain 


J  &,(>  -  t||<i)/*(<fe)  <  Lff+(ffi"  (r  +  ^)  ,    VnGN.  (22.43) 
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We  conclude  that 


\s-t\\ei)ut(ds) 


„    L(l)(t)hn      .       (nr2       r  1 

<    —        ,     .     mm     '  ' 


rn  +  l„! 


8        2      n  + 1 


r  + 


1 


n  +  1 


Notice  that 


nr         r  1 


8         2       n  +  1 


r  + 


n+1 


nr         r  1  . ,  „  „  4 

"1T+o+  — TT'  ifO<r<- 

8         2       n  +  1  n 


r  + 


1 


71+1 


if  r  > 


When  e.g.  r  =  1  we  get 


(22.44) 

VneN. 


(22.45) 


n       1  1     \    n+2 

mm  I   I  —  +  - 


8       2       n  +  1  7'  n  +  1 


nil 

-H 1 ,         if  n<  4 

8       2       n+1' 

n  +  2 


(22.46) 


n+1' 
We  need 
Remark  22.16.  Here  for  j  =  1, .  . . ,  n  we  have 


if  n  >  4. 


|G(j)(0,S,c)| 


E< 


<v* 


(t,w) 


(22.47) 


E 


ni«i-tir')ixa(t>W)i 


:=(ai,...,a)k),a4eZ+,»=l,...,fc,|c«|~Ei:=ic«i=J     II   a»-      l_1 


Therefore  we  find 


\GU)(0,s,oj)\at(ds)< 


2-^  k 

a  =  (a1,...,ak),aieZ.+  ,i=l,---,k,\a\=Y.i  =  l  <*i=j     11    ai  ■ 


(/.(H1-'*1 


-  t»|a<    M*(rfs)     |-Xa(t,w) 


(22.48) 
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Consequently  we  derive 


/   (f  |G(j)(0,s,o;)|Mt(dS)V(da;)<  £ 

a— (ai  ,...,a^),aj  GZ"*"  ,i=l,...,fc,  |ck|— ^  f=\  °<-i=3 

'  IT-  (  /  (t[\°i-ti\ai) *(<**))  (E\Xa\)(t).  (22.49) 

From  Theorem  22.13  and  Remarks  22.15  and  22.16  we  conclude  the  general 
result. 

Theorem  22.17.  Here  all  elements  are  as  in  Concepts  22.6,  Assumptions  22.9 
and  22.11,  n  >  1,  r  >  0,  L(l)(t)  >  0,  t  £  Q.  Then 


E(\M(X)-X\)(t)<(E\X\)(t)\L(l)(t)-l\ 


+  E<  E  ^Miffn.-ur)^ 


j=i 


»=(a1,...,a)k),a4eZ+,i=l,...,fc,|a|=E}!=1  <*i=j  .11 


=  1 


(L(l)(t))"  +  i      -  _,,         .  _!L_  /nr2        r  1 

1, (L<«  '  -*H?i     )(*»  "+1  min    -5"  +  T7  +  ^TT.r  + 


2        n  +  1  '  n  +  1 

max     O.Axa, _(i(||._t||;+1)(t))STTN)        1.  (22.50) 

:  M~"        V  (L(l)(t))^+T  /  ^J 


Note  22.18.  If 

£(ll--t||£+1)(*)=  /  ||«-Ci+1A*t(<*»)  =  o 

then  /it  takes  all  of  its  mass  L(l)(i)   at   {£},  elsewhere  is  zero.  In  that  case 

M(X){t,uj)  =  X{t,uj)L{l)(t)  and 

\M(X)(t,oj)  -  X{t,u)\  =  \X{t,u)\  |L(l)(i)  -  1|, 
and 

E(\M(X)-X\)(t)  =  (E\X\)(t)\L(l)(t)-l\. 

That  is  proving  (22.50)  trivially  true. 

A  further  general  global  conclusion  follows. 
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Theorem  22.19.  Here  all  elements  are  as  in  Concepts  22.6,  Assumptions  22.9 
and  22.11,  n  >  1,  r  >  0,  L{l)(t)  >  0,  Vi  G  Q.  Then 

\\E{\M(X)  -  X\)\\«,  <  HBI-XIIWILCI)  -  l||oo 


+  E<  E  ^^h(l[\--ur)4 


j=i 


>=(«i,  ...,<*fc),aiez+,»=i,...,fc,l<«l=Ei=1  a4=j        Ft 


+  MSFl|i(ll--C1+1)Wll* 

/  77,7"  7^  |  I 

x  min     — —  +  -  H — ,  r  -\ — -  I  {     max    fii  |  Xa , 

\     8  2  n  +  1  n+lj        a:  |a|=n 

/      —  \\L(\\--t\\p1)(t)\\^)       1.  (22.51) 

(inlL(l))"+1  JLlj 

For  our  related  convergence  result  we  give 

Remark  22.20.  Here  we  choose  and  suppose  momentarily  that 

h:=(  J  ||s  -  t||Ji+Vt(d5)J  ""'1  >  0.  (22.52) 

Then  from  (22.35)  and  inequality  (22.42)  we  get 

r  hn   /   _  i  1     \ 

y    0„(||S  -  t||,i)/at(«te)  <  ^  [{L{l){t))—  +  —J  .  (22.53) 

Consequently  reasoning  as  before  we  give  the  general  multivariate  Shisha-Mond 
type  inequality,  see  [264]. 

Theorem  22.21.  Here  all  elements  are  as  in  Concepts  22.6,  Assumptions  22.9 
and  22.11,  n  >  1.  Then 
i) 


E(\M(X)  -  X\)(t)  <  (E\X\)(t)\L(l)(t)  -  1\ 
+  E 


j=i 


E  ^miL(u\..ur)(t) 


=(°>i.-.<»jk).«<€Z+,i=i,...,fc,|«l=£$Li<»i=J        II".!  "-1 

(i(ll  •-*ll?i+1)(*))'r*r  /  -  i  i    \  f 

^ "gl,         " (i(l)(t))^  +  _i_  )         max     n^X,,, 

n!  V  n  +  1/    [o:   |a|=n 

(i(H--t||?l+1)(*))^rr)I,ll,     VtGQ.  (22.54) 
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Also  it  holds 
ii) 


|S(|M(X)-X|)||        <  ||E|Jt|||00||i(l)(t)  -  1|| 


E 


E 


i_1     <.=(«i,.-.,«t),»,a+,'=i,...,t,l«l=Ef=iOj=j      jl  «4! 


-*ii?r1)wll5,+1 


(i(i))«+i  +■ 


x  J  _  max      n^XcWLQ  ■-t||"r1)(*)||<SJ+1)I,l 


n 


c» 


(22.55) 


The  following  Korovkin  type  theorem  (see  [213])  for  multivariate  stochastic 
processes  in  our  general  setting  is  valid. 

Theorem  22.22.  Let  {LjvjjvgN  be  a  sequence  of  positive  linear  operators  and  the 
induced  sequence  of  positive  linear  operators  {MjvjjvgN  on  multivariate  stochastic 
processes,  all  as  in  Concepts  22.6,  Assumptions  22.9  and  22.11,  n  >  1.  Addition- 
ally assume  that  {Ljv(l)}jvgN  is  bounded  and  \\Ln(\\  ■  —t\\'Zi~1)(t)\\oo  — >  0,  along 
with  Ljvl  — »  1,  as  N  — >  oo.  Then 


\E(\MN(X)-X\ 


0,    as  N  — *  oo, 


for  all  X    as   in   Concepts   22.6  and  Assumptions   22.9,    22.11,   n    >    1.    I.e. 

"1-mean" 
Mn         — >         I  unit  operator  with  rates. 

N  — >  oo 

Proof.  By  Theorem  22.21(ii),  inequality  (22.55),  and  the  fact 

||MII--i||ji)(*)IL 


<    ||Ml)||L~"+1||MII  •  -*||^+1)(t)||^y, 


for  j  —  1, . . . ,  n.  Also  we  use 

Ln  (f[\  ■ -up)  (t) 


k 


(22.56) 


(22.57) 


Vq  =  (ai,. . .  ,ak),  en  £  Z+,  i  =  1,. . .  ,k;  \a\  —  J2  ai  =  h  f°r  3  =  1, 
We  need  for  Theorem  22.29  later,  etc. 


314         22.  Quantitative  Multidimensional  Stochastic  Korovkin  Theory 
Assumption  22.23.  We  assume  that 

(E\Xa\q)(t)  <oo,     \/teQ, 

k 

all  a  —  (ai, .  . . ,  q^),  a;  G  Z+,  i  =  1, . . . ,  k,  \a\  —  ^  at  =  p,  0  <  p  <  n,  n  >  0, 

i=l 

1  <  q  <  <x. 

Next  we  treat  case  of  1  <  q  <  oo,  n  >  1. 
We  make 

Remark  22.24.  By  (22.8)  we  have 

\A(t,Lu)\i<  (j  \X(s,u)  -  X(t,oo)\nt(ds)Y  ,  (22.58) 

and 

(  j    \A(t,Lu)\qP(dLu] 

<([([  \X(s,u)-X(t,w)\iH(d8)X  P(du)Y  .        (22.59) 
By  (22.15)  we  obtain 


\X(s,w)  -  X(t,Lu)\pt(ds) 
Q 


<ejqi    <r     +  L  . .  r         (22-e°) 


\  l-T 


^  JQ|G^(0181aQMda) 

""iG^Crn.a.wJ-G^CO.s.wJIdrn)--    )dn  M<fe). 


Thus 


(/"(/"  |X(s,u;)-X(i,w)|Mt(rfs))   P(dw)V  (22.61) 

where 


*-  'Mia a  -u~k*w. 

G(n)(0,s,w)|drn)  •■•WiWds)l  P(dw)  I    .      (22.62) 
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We  notice  the  following  by  Holder's  inequality 

~1\G(n)(rn,s,u)-G(n){0,s,u;)\drn 

o 

<   Ci"  (n~1G(n)(rn,s,uJ)-G<n)(0,s,Lo)\qdrny,     (22.63) 


and 


p  '*  (P  "' \G(n) \rn,a,u)  -  G(n) '{0,8,u)\dr^j  drn^ 


-2      l_l     /     rrn-l 


<  r"-i(/  \Gw{rn,s,u)-Gw{Q,s,u))\qdrn\     rfr„_i 

-  G(rl)(0,  s,^)!^^^^-!  J     .  (22.64) 


Similarly  by  Holder's  inequality  we  derive 


\fn         XT     1|G(n)(rn,S,w)-G(n)(0,>  ..,■,!,/,.„    ),/;,,       ,    ),/,■„      2 
„3  \    !— 77    /       rrn-3    /      /•'•n-2    ,        ,       ..        . 


3-    .  \./o  wo  wo 


|Gw(m,s,^) 


-G(n)(0,s,w)|9drnJdr„_iWr„_2       ,  (22.65) 

and  finally 

—  G(n)(0,  s,w)|dr„  )<irn_i  )drn_2  I  •  •  •  dr2 

G(n)(0,s,w)|9drn]  •••dr2  J    .  (22.66) 
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Consequently  we  get 


Q  \Jo    Vo 

(n) 


|G(n)(rn,s,^) 


Gw(0,s,uj)\drn)drn-i)  ■■    )dn  J/^fds) 
1 


I    ,     /.ri 
0 


(rt!)1    i  \JQ\Jo 
-GM(0,8,u)\qdrn)---  Irfn  I  >t(ds) 


Gw(r»>*>w) 


(22.67) 


and 


iMnr-ur^^ 


G(n)(0,s,uj)\dr„  )drn-i  )  ■■■  )dn  )  (j,t(ds) 

I-1  i      I      rl   /     rrx 

Q  \ JO     \Jo 


km) 


Gw{rn,a,u) 


G(n)(0,s,uj)\qdrn}  ■■■  )dn  )nt{ds) 


Therefore  we  find 
where 

Z  ~ 


K  <  Z 


(22.68) 


(22.69) 


G(n)(rn,s,uj)  (22.70) 


n  \Jq  Vo    Vo 
G(n)(0,s,uj)\qdrn  )■■■  )dr2  )dn  )i*(ds)  \P{dcu) 


with 


i^rr 


Clearly  here,  see  [9],  p.  156,  etc.. 


F(ri,s,u>) 


\Gw(rn,s,oj)  -  Gw(0,s,u;)\qdrn 


(")/ 


(22.71) 

•  • •  J  dra 

(22.72) 
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is  jointly  measurable  in  (ri,u>)  and  nonnegative.  The  same  is  true  for  all  other 
similar  functions  building  F. 
Next  we  treat 

!■-[([  X(s,u)iM(dsyJ  P(dio),  (22.73) 

where 

X(s,w):=        F(n,s,u)dri  (22.74) 

Jo 

is  measurable  in  u)  G  fi.  Wc  will  prove  that  X(s,ui)  is  continuous  in  s  G  Q. 

We  notice  the  following. 

Here  |G'"'(r„,  s,w)  —  G'n'(0,  s,uj)\q  is  seen  easily  to  be  jointly  continuous  in 
(rn,s)  G  [0, 1]  x  Q.  Also,  by  Lemma  22.25  next,  the  function 


r(r„_i,a,w):=  /  |G(n)(rn,  s,w)  -  G(n)(0,  s,w)|9drn  (22.75) 

is  continuous  in  s  G  Q,  Vw  G  fi.  Of  course  V  is  continuous  in  rn_i  G  [0, 1]  and 
measurable  in  uj. 

By  Lemma  22.26  next,  V  is  jointly  continuous  in  (rn_i,  s). 

Wc  need 

Lemma  22.25.  Lei  ip(r,s)  jointly  continuous  in  (r,s)  G  [0,  1]  x  Q.  Then 

7(a)  :=  /     <^(r,s)dr,      r  G  [0, 1]  (22.76) 

Jo 

is  continuous  in  s  G  Q. 

Proof.  We  have  valid  that  Ve  >  0  3<5  >  0:  whenever  ||(ri,Si)  —  (7-2,  S2) ||^i  <  <5, 
for  (ri,si),  (f2,S2)  G  [0,1]  x  Q,  then  |<p(ri,si)  —  <p(r2,S2)\  <  £■  Hence  for  the 
same  e,  5  we  observe  that 


|7(«i.w)-7(*2,«)l      <       /     Mr,s1)-iP(r,s2)\dr  (22.77) 

Jo 

<     er,    whenever  \\(r,  si)  —  (r,S2)\\ei  <  8,    any  r  G  [0, 1]. 

That  is  proving  7(5,  u>)  is  continuous  in  s  G  Q.  I 

Also  we  need 

Lemma  22.26.  Let  ip  be  jointly  continuous  in  [0,  1]  x  Q.  Then 

n(r,s)  :=  J     <p(8,s)d8,  (22.78) 

Jo 

is  jointly  continuous  in  (r,  s)  G  [0, 1]  x  Q. 
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Proof.  Here  rj  is  continuous  in  r  G  [0,  1],  and  by  Lemma  22.25  is  continuous  in 
s  G  Q.  Also  3M  >  0  such  that  \\tp\\oo  <  M.  Let  rn  — ►  r,  sn  — ►  s,  then  we  see  that 


\v{rn,sn)-ri(r,s)\     = 


ip(0,sn)d0-  /     ip(0,s)d0 


where 


and 


An   ■  — 


<p(6,sn)d0-  /     <p(6,sn)d0 


+  /  ip(e,sn)de-  /  Lp{e,s)de 

Jo  Jo 

<     An  +  Bn, 


<p(6,sn)d6-  /    <p(6,sn)de 
o  Jo 


L 


Bn  ■-  /    1^(61,  s„)-v?(6>,s)|d6i. 


We  have  always  that 


^(6»,sn)d6»-   /    ip{6,sn)d6 
J  a 


<  /       |^(6»,  s„)|rf6» 

J  r 

<  M\r„  —  r\  — >  0,     asn-t  oo. 


I.e.  ^4n  — *  0,  as  n  — »  oo. 
Next  we  observe  that 


\<p(e,sn)-<p(d,s)\  <  2M  <oo. 


Also,  by  continuity 


\<fi(0,Sn)  —  <p(6,s)\  —*  0,     as  n  —>  oo,    for  any  9  £  [0, r]. 

Thus,  by  Dominated  convergence  theorem,  we  get  Bn  — >  0,  as  n  — *  oo.  The  claim 
has  been  established.  ■ 

We  make 

Remark  22.27.  We  are  continuing  from  Remark  22.24.  So  by  using  Lemma  22.26 
repeatedly,  we  conclude  that  F(ri,  s,  w)  is  jointly  continuous  in  (n,  s)  G  [0,  l]xQ 
and  measurable  in  u  G  0.  Finally,  we  have  by  Lemma  22.25,  that  the  function 
X(s,u)  >  0  is  continuous  in  s  G  Q  and  measurable  in  u>,  therefore  by  [9],  p.  156, 
is  jointly  measurable  in  (s,u>). 

Hence  by  Tonelli-Fubini's  theorem,  [150],  p.  104  we  have 


7=  /    I    /   X{s,Lo)P{duj)  )iM{ds). 
Iq  \Jn 


(22.79) 
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Again,  by  applying  n  times  Tonelli-Fubini  theorem,  we  get 


Z     =     c 


Q  WO     \J0 


0  \Jil 


\G(n)(rn,s,io) 


(22.80) 


Gw(0,s,uj)\qP(du;)  )drn  )■■■  )dn  )nt(ds)         ,  oo  >  q  >  1 


1/5 


Notice  that 


E 

|ci|—  n 


ai!-  •  -ak\ 


kn 


(22.81) 


and  use  next  that  xq ,  x  >  0  is  convex. 
We  see  that 


\G{n>{rn,s,co)~G{n,(0,s,uj)\qP(dLu) 


(n)f 


■  IJ  S 


ai\  •  •  -ah-  , 

|a|— n  J  — 1 


,...„.,  vll  l« -*la' 


x  |Xa(i  +  r„(s-t),w)-Xa(i,a;)|  }  P(dw)  (22.82) 


<  k' 


'(9-1) 


x  I   /  |Xa(t  +  r„(s-t),w)-Xa(i,w)|9P(dw)  j 


|a|=n 


3=i 


(let  h  >  0) 


<   fc 


n(«-l) 


E  ^77^7  (ni«i-* 


a|— n 


ai!  •  •  -ajt 


3  =  1 


rn\\S  —  t\\el 


ni(xa,h)Lq 


(22.83) 


(22.84) 


(22.85) 
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Put 


■w  :—  max    ili(Xa,  K)li), 

a  :   |ck|— n 


<      wqk 


9l.i(9-l) 


\a\—n  J  — 1 


e^t^t  ni-i-«iH 


So  we  get  that 


rn\\s  -  t\\/i 


Mi 


\G{n,(rn,s,u})-Gw(0,s,u>)\qP{duj) 


(22.86) 


(22.87) 


^'^  E^bni.-* 


ail-  ■  -ak\  v 

|a|—  n  J  — 1 


X 


rn||s  -  t\\ 

h 


I  <q<oo,   h  >  0,   0  <  r„  <  1.      (22., 


Thus  we  conclude  that 

"1    /      fl  /      (T„_i 


Then 


0    vo 


0  \JCl 


\G{n>(rn,s,cu) 


G(n)(0,s,Lo)\qP(dLo))drn}---  )dr 


k|a|=n  VJ  =  1  '    ,1 


(22.89) 


r«lls  —  ill^1 


drn     •  •  •     dn 


R.H.S.(22.89)  <  wqkn{q-1)\   V   — 

V.  |a|— n 


■ctk\ 


■  in(i^-^Hc 

v,=1 


>"„-l 


I  +r"l|s,    th±  )   *•„)••■  Idri  I        (22.90) 
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(s^tcase)    wqkn(-q-1) 


E 


IIs  -*H?i   I,,      «i!  •"«*!  . 

^  |a[=n  J 


n(l«i-*ilT')|    (22.91) 


ls-*ILi  /  rri 


1  +  T'  dr' 


dri 


W9fcn(<?-1)2<?-1 

lis -ill?! 


l«— *ll#i  /  rri 


<  w«fc"(«-1)2«-1||s-*|r1(*-1) 


l  +  ^)drn 


*-*?! 


1 

+   TT 


ik-cr 


ft1?  (g+l)---(g  +  n) 


(22.92) 


dv\ 


(22.93) 


That  is  we  get  that  (1  <  q  <  oo) 


o  vn 


G{n\rn,s,u) 


G(n>(0,s,Lu)\qP(dLo))drn)  ■■■  )dr 


f    ii      ill n 

<  wqkn(q-1)2q-1\\s-t\\^q-1^  "*       "" 


+ 


\s-t\\q+n 


h"   (q+l)---{q  +  n) 


Vs,teQ 


(22.94) 


(trivially  true  when  s  —  t). 

Therefore  using  (22.80)  we  obtain 


Z     <     cwk^'vh1-? 


is  —  fir9 

I*  b\\£l 


4      1         \\s-t\\^+1)"  ,   , 

+  ^(,+  l)...(g  +  n)'^(^ 


1/9 


(22.95) 
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Consequently 


i<  ,  {ymy-\k*-i)*-i 


-7  /    \\s  -  t\\"? fit(ds) 


+ 


hi(q  +  l)---(q  +  n)JQ 


\\s-t\\£+1)qMds) 


1/9 


<  {»£imY"» 


(£(«)(*))• 


Ws-ttl+^ntids) 


+ 


C      II  j-ll(Il+1)9        (j    \1  1/l 

h"(q+l)---(q  +  n) 


(22.96) 


Call  and  assume  momentarily 


h:= 


I  ("  +  1)9 


\\s-t\\)rl>qMds)  >0.) 


(n+l)9 


2fc"L(l)(t)\1~g 
n\         J 

/j("+l)9 


(L(g)(i))- 


1/9 


h"(q+l)---(q  +  n) 


(22.97) 


(22.98) 


f2fc"L(l)(t)V" 

1        wh 


I.e.  we  have  that 


(L(l)(t))5TT 


l!  (g+l)---(g  +  n) 


1/9 


(22.99) 


K  <  /ay  ^ 


(L(l)(i))^T 


(«  +  !)•••  (9 +  n) 


1/9 


tie  N. 


(22.100) 


We  continue  with 
Remark  22.28.  We  have  by  Holder's  inequality  that  (1  <  q  <  oo) 


/  \Gu}(0,s,Lj)\nt(ds) 

JQ 


X9-1 


<    (i(l)(i))9   x(   /    |Gw(0,s,w)|«/*(<te)),      (22.101) 
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and 


'1(1  \GU)(0,s,uj)\^(ds))qp(dcj) 
\Jn \Jq  J 

<    (Lim))1-' U  Q  \G^(0,s,u;)\^t(ds?jP(dco) 
(by  Tonelli-Fubini's  theorem) 

=  (Limtf-iy  yjG^(o,s,Lo)\"p(du)yt(ds) 

We  do  have  again 


(22.102) 


(22.103) 


k 


\G(j\0,s,v)\<   V  —r± rT\\8i-U\at\Xa(t,u)\.  (22.104) 


|of|=j  i=l 


Furthermore, 


|G(j)(0,s,^)|9<  j  E  j!a  ,  (il  |gi  -  *<r*)  |-y«»(t,w)|  I  (22.105) 

<  (fc,")g~1{  E  ^!~^!(n|ai"ti|'a<)|Xa(*'h,)l  r       (22,106) 

l  \a\=j  '  '   \i=l  '  ) 

Consequently  we  obtain 

/  \GU)(0,s,cu)\qP{dLo)  (22.107) 

Jn 

±  *We  ^^(u^-^)(E\xam)\. 


Hence 


|G(j)(0,S,o;)|9P(da;))Mt(ds) 
q  \Jn 


<   km    -i  )    \  3- 


L|a|=. 


.  Oil-  •  -Qfc! 


|*  -  ti|*°*    /*t(«te)     (£|Xa,|«)(t)  ^  (22.108) 
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j\(E\Xa\")(t)  '      '    ' 


ct\\-  ■  -ak\ 


I.e.  we  got  that 


f  (  f  \GU)(0,s,u;)\nt(ds))qp(dw) 


ai'.---ak\ 


f£(ni--**iw))  (*)}"■  (22-n°) 


Finally  we  easily  obtain  (1  <  q  <  oo) 


(£(|M (X)  -  X|*)(t))  «  <  ((B|X|*)(t))  «  |L(l)(t)  -  1|  (22.111) 

+  ([  (f  \X(s,w)-X(t,w)\nt(ds)Y P(dcj)V  ,    VteQ. 

Putting  things  together  we  have  the  following  Lq  Shisha-Mond  [264]  type 
result  regarding  multivariate  stochastic  processes. 


Theorem  22.29.  Let  L:  C(Q)  <—>  C(Q)  positive  linear  operator,  where  Q  C  Rfe 
compact  and  convex  k  >  1.  iei 


M(X)(t,o>)  :=  L(X(-,w))(*),    Vt  £  (?,  Vw  G  n 


a  probability  space.  Here  X(s,  ui)  £  Cm(Q),  n  >  1,  in  s  and  measurable  in  u).  Also 
the  partials  Xa,  1  <  |a|  <  n  are  measurable  in  ui.  We  assume  E(\X\q)(t)  <  oo, 
(E\Xa\q)(t)  <  oo,  \ft  e  Q,  1  <  q  <  oo  and  all  a  such  that  1  <  |a|  <  n.  We 
further  assume  that  Xa  £  C^(Q),  all  a:  \a\  —  n.  Also  M(X)(t, cj)  is  supposed 
to  be  measurable  in  u>  £  Q.  Then 
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1) 


(E(\M(X)-Xn(t))«  <\(E\xn(t)\^\L(l)(t)-l\ 
,  ff-  ^—^.  f  y    (E\X*\q)(t) 


imi-'-r    w     (iwct))1-" 


2fcnL 


(i)(t)V 


(L(l)(i))- 


n!         y 
x(L(||.-^+1^)(i))T*Ti 


+ 


■  +  1)  •  •  •  (q  +  n) 


max 

a :  |a|=n 


ni(xa,(Z(||.-t||^+1)«)(t))TSTUf)i  1,   VtEQ.       (22.112) 


^Uso  uie  /lane 

2) 


||£(|A/(X)  -  X|«)||  &  <  ||£(|X9|)||£||L1  -  1||, 
Vi=i  0!)     "   [\a\=i     ai- 


•aj,! 


i(IIi--*iri)  (*) 


\L(1) 


2fc"||L(l)|| 


(L(l))sn 


+ 


n!  (g  +  1)  ■  ■  ■  (g  +  n) 

x||(i(||--i||^+1)9)W||<™ 


max 

a. :    |a|— n 


x^fX^lKZdl.-iH^9))^)!!^1^)       }.  (22.113) 


Proof.  Comes  by  Concepts  22.6,  Assumptions  22.9,  22.23,  and  Remarks  22.24, 
22.27,  22.28.  For  the  case  of  h  =  0,  see  (22.97),  inequality  (22.112)  holds  trivially 
as  equality.  ■ 

Note  22.30.  When  L(l)(t)  =  1,  Vi  €  Q,  then  the  assumption 

(£|XH(£)  <  co,    ViGQ,    l<g<oo 
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in  Theorems  22.13,  22.17,  22.19,  22.21,  22.29  is  redundant. 

The  following  general  Korovkin  type  theorem  (see  [213])  is  valid  for  Lq  con- 
vergence of  multivariate  stochastic  processes. 

Theorem  22.31.  Let  {Ljv}jvgn  be  a  sequence  of  positive  linear  operators  and  the 
induced  sequence  of  positive  linear  operators  {Mn}ngn  on  multivariate  stochastic 
processes,  all  as  in  the  assumption  of  Theorem  22.29.  Additionally  assume  that 
{Ljv(1)}jv6N  is  bounded  and 

||(iJV(ii--tii;1(n+1)))(t)L^o) 

along  with  LN1  A  1  as  N  ->  oo.  Then  \\E(\MN(X)  -  X^)^  ->  0,  as  N  ->  oo, 

it—  tyi  f-^?i  n 

for  all  X  as  in  the  assumptions  of  Theorem  22.29.  I.e.  Mn  — >  /,  the  unit 
operator,  with  rates  and  in  our  setting. 

Proof.  By  inequality  (22.113).  Observe  here  that  (1  <  q  <  oo) 


iMii--tii;o(*)iic 


,i-- 


<    ||iAr(l)||oo  "+1  HMH  ■  -*ll?i  "*"  ')(*)ll~       ,       (22.114) 
for  j  =  1, . . . ,  n.  Notice  that 

f    k  \  '  f    k  \  «' 

Ei--**r    ^  Ei--*-!    =ii •-*«?.        (22-115) 

and  it  is  clearly  true  that 


iN(U\\--ur^\t) 


!•••«..!..= 


a.\\  ■  ■  ■  ctk 


<  ,,H^(||  •  -tW))(t)U,       (22-116) 


Vq  =  (ai,. . .  ,ak),  en  e  Z+,  i—l,...,k;\a\—j,j  —  l,...,n.  ■ 

Note  22.32.  We  observe  that  MN    g~™an    j  implies  MN  "1-E^a"  J,  accord- 
ing to  Theorems  22.22  and  22.31. 

Next  we  specialize  in  the  n  —  0  case.  We  do  first  the  subcase  of  q  —  1.  For 
that  we  make 

Remark  22.33.  We  have  that 
A(t,w)  :=  M(a;)(t,w)-A'(t,w)L(l)(t)  =  /"  (X(s,w)-X(*,w))/at(ds).  (22.117) 

JQ 


Then 


/ 

J  v. 
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A(i,w)|P(du>) 

<    J  (  I  \X(s,u)-X(t,uj)\iM(ds)\  P{du)  (22.118) 

(by  Tonelli-Fubini's  theorem) 


'Q 

(h>0) 


(22.119) 


=    J  (j  \X{s,u})-X{t,u>)\P(du>yjut(ds) 

<    I    «i(X,  \\s-t\\ei)ti,t(ds)  (22.120) 

Jq 


(22.121) 


<  ni(x,h)Lij  (i+l|s  hthl)Mds) 

=   «i(X,  fc)£i  f  L(l)(t)  +  i   /  ||s  -  t||<i/*t(d*) )  •      (22.122) 
(Choose  and  suppose  momentarily 

ft:=  /    \\s-t\\eint(ds)  >0)  (22.123) 

=     n1(X,Z(||.^||,1)(i))Ll(Z(l)(i)  +  l).  (22.124) 

I.e.  we  got 

/  \A(t,u)\P(du)<(L(l)(t)  +  l)ili(X,L(\\--t\\ti)(t))Ll.  (22.125) 

We  have  proved 

Theorem  22.34.  Here  all  elements  are  as  in  Concepts  22.6,  Assumptions  22.9, 
22.11  whenn  =  0.  Then 

1) 

(E(\M(X)  -  X|))  (t)  <  (E\X\)(t)\L(l)(t)  -  1|  (22.126) 

+  mm)  +  i)ni(x,L(ii  ■  -t\\ei)(t))L1,  vi  e  q. 

2) 

||S(|M(X)-Jf|)||oo      <      ||^|^r|||oo||£l  -  l||oo  (22.127) 

+  l|Z(i)  +  i||0«,ni(A-1||L(||.-t||/i(t)||oo)il. 

Note   22.35.  Inequality  (22.126)  holds  trivially  as  equality  when  h  =  0,  see 
(22.123). 
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The  implied  by  (22.127)  Korovkin  type  result  follows. 

Theorem  22.36.  Let  {Ln}n£N  be  a  sequence  of  positive  linear  operators  and  the 
induced  sequence  of  positive  linear  operators  {MjvjjvgN  on  multivariate  stochastic 
processes,  all  as  in  Concepts  22.6,  Assumptions  22.9,  22.11  when  n  =  0.  Addition- 
ally assume  that  {Ljv(l)}jveN  is  bounded  and  Ljvl  —>  1,  ||Ljv(||-—  t||^i)(£)||oo  — >  0, 
as  N  — >  oo.  Then 

\\E{\MN(X)-X\)\\oo^0,     asN^oo, 

for  all  X   as  in  Concepts  22.6,   Assumptions  22.9,   22.11   when  n   —   0.   I.e. 

"1-mean" 
Mn         — >         I  with  rates  in  our  setting. 

N  — >  oo 

Finally  we  treat  the  subcase  q  >  1  when  n  =  0. 


Remark  22.37.  Let  A(i,w)  as  in  (22.117),  then  by  Holder's  inequality  (1  <  q  < 
oo )  we  have 

i 


\A(t,co)\q      '       (   /    \X{s,w)-X(t,w)\iH(ds) 


IQ 
Therefore  we  get 


<      (L(l)(t))q   1  f  \X{s,u})-X{t,u)\9Ht{ds).      (22.128) 
Jo 


J  \A(t,u>)\«p(du>)y  ^(im))1-^ 


x\    I   [        \X(s,uj)-X(t,Lo)\qij,t(ds))P{dLo))  (22.129) 

(by  Tonelli-Fubini's  theorem  we  get) 

(L(l)(t))1_*(  J  (f  \X{s,w)-X{t,Lo)\qP{dLu)\iit{ds)\q  (22.130) 
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<  mm))1  *  n  ni(x,\\s-t\ui)Lq»t(ds)y  (22.131) 


IQ 
(take  h  >  0) 

<  (L{l){t))1-*Q,1{X,h)Lq 


(  /    (1+I|S    ^Y  M^l)  (22.1:52.) 


<  21-*(L(i)(t))1  «ni(x,h)£. 
i 


;i(i))w 


(22.133) 


+  ^  /  II*  — *H?i.M*(<i») 

(choose  and  suppose  momentarily 

h:=(f\\s-  t\\qelfit{ds))  "  >  0  (22.134) 

=  (2L(l)(t))1-1^1(X,  (L(\\  ■  -t\\l)(t))*)Lq(Lm)  +  I)1-  (22-135) 

We  have  established 

Theorem  22.38.  Suppose  Concepts  22.6,  Assumptions  22.9,  22.23  when  n  =  0, 
1  <  q  <  oo.  77ien 

1) 

(E(\M{X)  -  X\")(t))  *  <  ((-E|^r)(t))  »  l|i(l)W  -  1|  (22.136) 

+  (2L(l)(t))1^(L(l)(t)  +  l)5fir(X,  (Z(||  ■  -tH'OW)*),.,,  Vt  G  Q. 

2) 

||£(|M(X)  -  X\q)\\l  <  ||£(|X|9)|||||Z(1)  -  lHoo  (22.137) 

+  (2||Z(1)||00)1-^||L1  +  l||ifii(X,  ||Z(||  ■  -t\\qel)(t)\\i)Lq. 

Note  22.39.  When  h  =  0,  see  (22.134),  then  inequality  (22.136)  is  trivially  valid 
as  equality. 

Note  22.40.  When  Z(l)  =  1  then  the  assumption  (E\X\q)(t)  <  oo,  Vt  G  Q, 
1  <  q  <  oo,  in  Theorems  22.34,  22.38  is  redundant. 

We  give  the  final  Korovkin  type  related  result  based  on  (22.137). 

Theorem  22.41.  Let  {ZjvjjvgN  be  a  sequence  of  positive  linear  operators 
and  the  induced  sequence  of  positive  linear  operators  {Mjv}jvgN  in 
multivariate  stochastic  processes,  all  as  in  Concepts  22.6,  Assumptions  22.9, 
22.23  for  n    =    0,    1    <    q    <    oo.    Additionally   assume   that  {Zjv(l)}jvgN    is 
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bounded  and  \\Ln(\\  •  —  £||?i)(£)||oo  — »  0,  along  with  Ljv(l)  — *  1,  as  N  — »  oo.  TTien 

IISdMjvW-XHUoo-^O,     as  AT  ->oo, 

/or    a//   X    as    in    Concepts    22.6,    Assumptions    22.9,    22.23,    n     —     0.    7.e. 

"g-mean" 
Mjv         — >         /  with  rates  in  our  setting. 

N  — >  oo 

"o-mean"  "1-mean" 

Note  22.42.  We  observe  again  that  Mn        — >        /  implies  Mn        — >        I, 

according  to  Theorems  22.36  and  22.41. 

Note  22.43.  The  rate  of  convergence  in  Theorems  22.22,  22.31  is  much  higher 
than  in  the  corresponding  Theorems  22.36,  22.41  because  of  the  assumed  differen- 
tiability of  X,  see  and  compare  inequalities  (22.55)  versus  (22.127),  and  (22.113) 
versus  (22.137). 

Note  22.44.  If  Xa,  \a\  —  n  €  Z+,  fulfills  a  Lipschitz  type  condition  then  our 
results  become  more  specific  and  simplify. 

We  finish  this  chapter  with 

Application  22.45.  Here  we  will  apply  inequality  (22.127)  of  Theorem  22.34. 
Let  /  £  C([0,  l]2),  the  two-dimensional  Bernstein  polynomials  of  /  are  defined 
by    " 


m        n 


x4(l-faf-',  (22.138) 

for  all  t  :=  (tijfo)  £  [0,  l]2,  it  is  known  that  -Bm,n(/)  — *  /  uniformly  on  [0,  l]2. 
Clearly 

Bm,-(l;ti,t2)  =  l,      V(ti,t2)€  [0,1]2,    V(m,n)  GN2.  (22.139) 

By  using  Schwarz's  inequality  repeatedly  and  maximizing  we  obtain 

Bm,n(\\  ■ -t\\ei)(t)      <      (Sm,yr(||--t||2i)(t))^  (22.140) 

1/1         .        1     \        ..,         _    _„,2      w,  _   rn    ll2 


<      -     — +  —    ,    V(m,n)GN2,  Vi  €  [0, 1] 
2  V  Jm       Jn 


That  is 

l|Bm,W(||  •  -*||/i)(t)||oo  <  \  (-$=  +  -$=  )  ■  (22.J  I J  I 

2  V  Vm       v/n/ 
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Here  Bm,n  is  an  example  of  an  L  operator  as  in  Concepts  22.6.  Define  the  corre- 
sponding application  of  M  by 

Bm,-{X)(t,u)  ~  Bm,n{X(-,cj))(t) 

=  tE<£H(T) (J)*' -.r-'sa-w'". 

Vi=  (£i,i2)  G  [0,  l]2,    VweU,    V(m,n)  GN2,  (22.142) 

where  X  is  as  in  Concepts  22.6  and  Assumptions  22.9,  22.11  for  n  —  0. 
By  (22.127)  we  obtain 

\\E(\Bm,-(X)-X\)\\00<2Q1(x,U-^  +  -^-])       ,  V(m,n)GN2,   (22.143) 

for  all  X  as  above.  Thus,  as  m,n  — >  oo,  we  get 

||B(|Bm>H(X)-X|)||oo->0,  (22.144) 

i.e.   _Bm,—         — >         /  with  rates.  If  X  is  of  Lipschitz  type  of  order  1  i.e.  if 
tti{X,  S)Li  <  KS,  where  K  >  0,  V<5  >  0,  then 

\\E(\Bm!rt(X)  -  XDW^  <  K  ( -L  +  -L),    V(m,n)  G  N2.  (22.145) 

V  vm      v  n  / 


One  can  give  many  similar  other  applications  of  the  above  theory. 


23 

About  the  Right  Fractional  Calculus 


Here  we  present  fractional  Taylor  type  formulae  with  fractional  integral  remainder 
and  fractional  differential  formulae,  regarding  the  right  Caputo  fractional  deriva- 
tive, the  right  generalized  fractional  derivative  of  Canavati  type  ([126])  and  their 
corresponding  right  fractional  integrals. 

Then  we  give  representation  formulae  of  functions  as  fractional  integrals  of 
their  above  fractional  derivatives,  as  well  as  of  their  right  and  left  Weyl  fractional 
derivatives. 

At  the  end,  we  mention  some  far  reaching  implications  of  this  theory  to 
mathematical  analysis  computational  methods. 

Also  we  compare  the  right  Caputo  fractional  derivative  to  right  Riemann- 
Liouville  fractional  derivative.  This  chapter  relies  on  [44]. 


23.1     About  the  Right  Caputo  Fractional  Derivative 

We  start  with  (for  this  section  see  also  [160],  [179],  [259]) 

Definition  23.1.  Let  /  £  Li([a,  6]),  a  >  0.  We  define  the  right  Riemann- 
Liouville  fractional  operator  of  order  a  by 

iLm  =    *    /"'  (c  -  ^)Q~1  /KR,  (23.1) 

r(°0  Jx 

Vx   6    [a,  b],  where  V  is  the  gamma  function.  We  set  I®_    :=   I  (the  identity 
operator) . 
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We  mention 

Theorem  23.2.  Let  /  G  Li([a,b]),a  >  0.  Then  I"_f(x)  exists  almost  every- 
where on  [a,b]  and  I"_f  G  Li([a,b]). 

Proof.  Define  k  :  Q  :=  [a,  b]  x  [a,  b]  ->  R  by  fc(f,  x)  =  (C  -  x)+_1  ,  that  is, 

(C-a:)""1,     ita<x<(<b, 


k^'x^~  1  o,  iia<(;<x<b. 


Then  k  is  measurable  on  Q,  and  we  have 


b  K  f-b 

k(C,,x)dx     =       /     k(£,x)dx  +   /     k(Ci,x)dx 

C 


/    (C  —  #)"     dx 

J  a 


Because  the  repeated  integral 


J    (J   k((,x)\f(0\dx^Jd(     =     J    |/(C)|  (J   k(Cx)dx^dC 

=  r  i/(oi  ^^^ 

Ja  a 

[\c-ar\f(0\dt 

J  a 


l-b 
-1 

a 


<    <£=&-[*  |/(0I  dc 

a  Ja 

(b—  a)a  ..  ,,..... 

=  ^r"ii^)iiii(-.»)<0° 

Therefore  the  function  if  :  fi  — >  R  such  that  i/(C,  x)  :=  fc(C,  x)/(0  is  hite- 
grable  over  $1  by  Tonelli's  theorem.  Hence,  by  Fubini's  theorem  we  obtain  that 
J  &(£,  x)/(0dC  is  an  integrable  function  on  [a,  6],  as  a  function  of  x  G  [a,  b].  That 
is  Jba_  f(x)  =  p^y  f^  ((  -  a?)"-1  f(C)d(  is  integrable  on  [a,  b}. 

Thus  /"_/  exists  a.e.  on  [a,b].  ■ 

We  further  need 

Lemma  23.3.  Let  a  >  1  and  /  G  Li([a,&]).  Then  J6a_/  G  C([a,b]) 
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Proof.  For  a  —  1  is  trivial,  thus  we  assume  a  >  1. 
Let  x,  y  G  [a,  b]  :  x  >  y  and  x  — ►  y. 
We  notice  that 


\ii.m-iU(v)\  = 


I» 


f  (C  -  xT'1  f(C)dC  -  f  (C  -  vT'1  /(C)dC 


T{a) 


1 


r(a) 

1 


6  (C  -  z)a_1  /(CK  - /X  (C  -  y)^1  /(CK  -f  (C  -  y)^1  /(C)dC 

J  y  J  x 


|(C  -  z)a_1  -  (C  -  y)^1!  1/(01  ^C  +  /    (C  -  y)"-1 1/(01  <*C 


/'  |(C  -  *)a_1  -  (C  -  y)a^|  1/(01  ^C  +  (*  -  y)^1  ll/(0Ll([o,6])l 


Asx^ywe  get  (C  -  x)^1  ->  (C  -  y)a_1  ,  thus 


and  also 


Hence 


|(C-aOa     -(C-i/)° 


|(C  -  *)a_1  -  (C -y)a_1|<  2 (b-a)c 


|(C-^r_1  -  (C-y)^1!  1/(01  <  2(&-a)-1 1/(01  e  MM), 

and  also  | (C  —  a;)"-1  -  (C  -  y)"_1|  1/(01  -►  0  as  a;  -»•  y,  for  almost  all  (€  [a,b\. 
Therefore  by  Dominated  Convergence  Theorem  we  conclude,  as  x  — >  y,  that 

/«  I  (C  -  ar)"-1  -  (C  -  y)"-1!  1/(01  dC  —  0. 

Consequently,  \lt_f{x)  -  I"_/(j/)    ->  0  as  a;  ->  y. 

Therefore  J6a_/  G  C([a,  6]).  ■ 

We  also  have 

Theorem  23.4.  Let  a,/?  >  0,  /  G  Li([a,  &]).  Then 


4a_  /f_  /  =  C/  =  Jf_  '"_  /,  (23.2) 

valid  almost  everywhere  on  [a,  b].  If  additionally  /  G  C([a,  b])  or  a  +  j3  >  1,  then 
we  have  identity  true  on  all  of  [a,  b] . 
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Proof.  Since  J°_  :=  I  (the  identity  operator),  if  a  =  0  or  /3  =  0  or  both  are 
zero,  then  the  statement  of  the  theorem  is  trivially  true.  So  we  suppose  a,  j3  >  0. 
We  observe  that 


«_/(*)  =  F^y  [  (t  ~  :)-'  ([  (r  -  t)^  /(r)*r) 


dt. 


The  above  integrals  exist  a.e.  on  [a,  b].  So  if  I"_I^  f(x)  exists  we  apply  Fubini's 
theorem  to  interchange  the  order  of  integration  and  get  that 


«■_?/(*)  - 


fwb)  />>(!  e-o-'c—r'*)* 


/Ww?,    m    (T-g)       P        dT 


r(a)r(/3)yx  ^  T(a  +  /?) 

I  /       ./    x  ,  ,(a+/3)_i 


r(a  +  /3) 


f(T){T-xya  +  P>-1dT 


That  is 


I?_IpbJ{x)^I^pf{x)  (23.3) 

true,  whenever  any  of  the  two  sides  exists,  which  is  true  a.  e.  on  [o,  b]. 

Clearly,  if  /  G  C([a,b])  then  /£_/  G  C([a,6]),  therefore  /£_/£_/  G  C*([a,6]) 
and/^/eC([a,fe]). 

Since  in  (23.3)  two  continuous  functions  coincide  a.e.,  they  must  be  equal 
everywhere. 

At  last,  if  /  G  Li([a,b])  anda  +  /3>  1,  we  get  76a_+/3/  G  C([a,b])  by  Lemma 

23.3.  Hence,  since  I^+  f{x)  is  defined  and  existing  for  any  x  G  [a,  b],  by  Fubini's 
theorem  as  before,  equals  to  /™_/f  /(z),  for  all  x  G  [a,  &],  proving  the  claim.     ■ 

We  need 

Definition  23.5.  Let  /  G  ACm([a,b])  (space  of  functions  from  [a,b]  into  R 
with  in—  1  derivative  absolutely  continuous  function  on  [o, b]),  m  G  N,  where 
m  =  \a]  ,  a  >  0  ([•]  the  ceiling  of  the  number). 

We  define  the  right  Caputo  fractional  derivative  of  order  a  >  0,  by 

DLf(x)  :=  (-l)m/ra/(m)W,  (23.4) 
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that  is 


D?_m  = 


r(m 


-i  \m  rb 

tl—       (C-ajr—V^HOdC-  (23.5) 


Note  23.6.  Let  /  G  ACm([a,b}),  m  =  \a]  ,  with  a  >  0,  then  /t™-1)  g 
AC([o,  6]),  which  implies  that  /(m)  exists  a.e.  on  [a,  b]  and  that  /(m)  G  Li([o,  &]). 

Consequently  if  /  G  j4Cm([a,  &]),  then  D"_  f(x)  exists  a.e.  on  [a,  b]  and  D£_  f  G 
Li([a,b]). 

Observe  that  when  a  =  m  G  N,  then 


^/(x)  =  (-l)m/(m)(x), 


Vx  G  [a,  6]. 
We  need 


Definition  23.7.  Let  a  >  0,  m  =  [a]  ,  /  G  ^Cm([a,6]).  We  define  the  right 
Riemann-Liouville  fractional  derivative  by 

*?_/(*)  :=  T^y  (ij  jy*T-a-  XS®*,  (23.6) 

T>b_f(x)  :=  J  (the  identity  operator). 

We  present 

Theorem  23.8.  Let  a  >  0,  m  =  \a]  ,  f  G  ACm([a,6]).  Then 

/  m—  1     /.(fc)  /,  \  \ 

©?_  f  /(*)  -  E  Ht!     (*~  6)fc)  =  (D*-f)  (x)'  (23'7) 

a.e.  on  [a,b]. 

If  L.H.S.(23.7)  exists  at  x  G  [a,  b],  then  L.H.S.(23.7)=R.H.S.(23.7). 
If  R.H.S.(23.7)  exists  at  x  G  [o,6],  then  L.H.S.(23.7)=R.H.S.(23.7). 

Proof.  We  have  that 

©L  (/(*)- £^%-&)fc 

V  fc=0 


.1)mi?mj™-a  (  /(x)  _  £  £_J£ (!B  -  6)fc 


fc=0 


(-r^r^^U-i;^-*)'!* 


fc  =  0 
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Next  we  use  integration  by  parts  repeatedly  to  obtain 


T(m  -  a) 


/(o -E 


"»-!     /-(fc) 


«*«-*>' I « 


^(/(o-Ero'^tc-^) 


r(m-a+  1) 


d(C-*)r 


/(o -E 


"'    1/W(6)(C-&)fc  I  (<*-■<•)' 


fc! 


fc=0 


(C-*)r 


r(m  -  a  + 


/W(b) 


it  /'(o-et^^-^-1  * 


(c-x-r 


/«(&) 


r(m  -  a  +  1) 
Thus  we  have 

L       :       =C"a(/(*)-E 

fc=0 


i)Kw-DfcS«-«w  K 


-(* 


fc!      (a;"6) 


(-i)/ra+i  /'w  -  e 


J       '   '-(x-bf-1 


Under  our  assumptions  we  can  perform  the  above  m  times,  to  derive 

\m  j-2m  —  a    /  r(m)  / 

That  is 


L  =  (-l)m/^m-a  (fm;0r. 


i-irir_-a  [  fix)  -  e  n^! j< 


(*-&)")  =ir_IZ-af{m\x),  a.e 


Consequently  we  have 


/  m-l 

*>?_  /(x)  -  E 

V  fc=0 


m-!     r(fe) 


/W(&),  ,Nfc 

fc!      {x~b) 


{_irDmir-a       f{x)  _   J2    L_W 
V  fc=0 

a=  DmC_C_-af(m)ix) 
(-l)m7/^-7(m)(x) 

(-i)mJ£-°7(m)(aO 


(x  -  6)' 
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Above  we  used  that  DmI^_  =  (-l)mJ  on  Li([a,6]).  ■ 

Next  we  give  the  comparison  result. 

Theorem  23.9.  Suppose  /  €  ACm([a,b]),  m  —  \a]  ,  a  >  0.  Assume  any  of 
T>b_f(x),  [D"_f\  (x)  exists  for  some  x  G  [a,  b]. 
Then 

fc=0  ^  ' 

So,  if  f(k)(b)  =  0,  k  =  0,1,...,  m-  1,  then 

V?_f(x)  =  D?_f(x).  (23.9) 


Proof. 

We  apply  Theorem  23.8.  So,  by  (23.7)  we  obtain 

DS_f(x)  =  !>?_/(*)  -  X)  Sfc!      K-  «x  -  &)fc)-  (23-10) 

fc=0 

We  find 


f      -i  \m+fc     /    J   \  m      fb 

i--1'        M  \     /  (b-t)(h+1)-1{t-x)<m-a'>-1dt 


r(m  —  a)  \cte 


r(m-o;)\dx/      r(fc+l  +  m-a) 

'-£-)     (b-x)k+m-a.  (23.11) 


T(k  +  1  +  m-a)  \dx J 
But  it  holds 


({b  -  x){k+rn-aA  =     (-l)m(k-a  +  m)...(k-a  +  l)(b-x) 

[k  —  a  +  m  + 
r(fc-a+l) 


fc  — a 


=     (-irr(*"a  +  mH:1)(6-x)fc-°  (23.12) 


Therefore 

U? L(^-fe)fc  _  (-l)h(& -*)*-«• 


fe!  r(*-o  +  i)  (23'13) 
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Finally  we  have 


We  further  need 

Theorem  23.10.  Let  /  G  ACn{[a,  b]),n  G  N.  Then 

n-l    f(k)( 

U 


i?_f(n\x)  =  (-i)n   /(*)  -  E  Sr^*  - ^ 


fc  =  0 


Va;  G  [a,  b] ,  where 


fc=0 

and 


fc=0 


(n-l)!A 


That  is 


*    =    ±± 


(n 

\n  jn  Art) 


(23.15) 


4n_/(n)M  :=  (^Tj?  /  (t-*)"-1/^^)*-  (23.16) 

Furthermore 

D"It_  =  (-1)"/  (23.17) 

on  Li([a,b]). 

Proof.  Since  /  G  ACn([a,b]),  then  by  Taylor's  theorem  we  have 

f{x)  =  g  ^M^  -  6)fc  +  _i_  j\x  -  tr-'f^m,     (23.18) 


r \x  -  t)"-1  /(n) <(t)dt,  (23.19) 


=     (-l)n/"/w(a;)  (23.20) 
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We  continue  with  the  right  Caputo  fractional  Taylor  formula  with  integral 
remainder. 


Theorem  23.11.  Let  /  G  ACm([a,  b]),x  G  [a,  b],  a  >  0,m=  \a]  .  Then 
m_1   f(fe)(-n  i         rb 


A.)-E£3ac-»)'  + 


fc  =  0 


IA 


i» 


(C-«)a_1i?f_/(C)dC- 


(23.21) 


Proof.  We  see  that 

I?_D?_f{x)     =  J6a_(-l)m4m_Q/(m)(^) 

=  (-i)mJb"_/bm""/(m)(^) 

=  (-l)m/6a_+m-a/(m)(a;) 

=  {-l)mI?_f{m){x) 


=     (-1)2 


m-1    f(fc) 

/(*)-E 


/(fc)(&),      ^ 


/,■! 


m-l    /•(fc)(7,\ 

/(«)-Enir(*-6)- 


Therefore 


"»-i  f(k)(h\ 

m  =  E;  ()'-   '■■•' 


/,•! 


{x-b)"  +  I?_D?_f(x) 


m~1    f(k) 


z — n  V      J   J  x 


(C-*)a_1i?6_/(C)dC- 


Next  we  mention 

Theorem  23.12.  Let  /  G  ACm([a,  ft]),  a  >  0,m  =  [a]  <  /3.  Then 

C/W  =  E  r(fc  +  i%-a)(& " cc)fc+/3_a  +  K-W-fW'       (23-22) 


Vx  G  [a,  6]. 
That  is 


I  r(c_jr)/)_^1/(c)dC  =  g/«(6)(-l)fc(6-«)fc+"- 


r(/?-o) 


r(k  +  l  +  (3-  a) 


+ 


L/'tc-xr^jm, 


r(/3) 


(23.23) 
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\/x  €  [a,  b] . 
Proof.  It  holds 


rfC 


/£-(&-*)*    =    w^A&-C)(fc+1)-1(C--)(^)-1 

J-  (P  -  a)  Jx 

1         V(k  +  l)V(l3-a)  k+/3_a 

T(/3-a)  T(k  +  l  +  /3-a)  [         ' 

lA  (b-x)k+(i-a.  (23.24) 


We  see  that 

ii_Dt_m  =  (-i)m/f_/ra/(m)(^) 

=  (-l)m/f_~a+m/(m)(a;) 

=  (-l)m/f_-a(/6m_/(m)W 


=  (-i)2mW/(*)-£^(*-&)A 

l  fc=0 

fc=0 


171-1   fCOfM 


(2-4)  ^w-EilTl)^^    (23-25) 


We  also  give 

Theorem  23.13.  Let  /  €  ACm([a,  6]),m  :=  \a]  ,0  <  a  <  f3  <  m.  Then 

/f_i?f  /W  =  ~lI1+"-^'W+E|J^M)(H1+"-^  (23.26) 

k=oL(K  +  z  +  a     p) 

almost  everywhere  in  [a,b]. 
That  is,    we  have 

!£+>-»  fix)  =  g  r^72(+L^)  (b-*)(k+1+a-0)  -  I?.Dt_f{x),  (23.27) 
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almost  everywhere  in  [a,b]. 
Hence 


T(l+a-0)Jx 


m-2      f(h+l)fh\(     i\t 

T(fc  +  2  +  a  -  13) 


(C-*)a-V(C)dC=  E  w,  :  tt^tC'-^) 


T(a) 


(C-cc)"-1^  /(C)dC, 


(23.28) 


almost  everywhere  in  [o,  6] .  All  the  above  are  complete  identities  if  m  +  q  —  /3  >  1 . 
Proof.  Notice  [a]  =  \/3~\  =  m.  We  observe  that 

i?_Dt_f(x)  =  (-i)m/6a_/r/3/(m)(^) 

(a_e.)   ,_^ynj-a+m-(}  Am)  J    \ 
m  Tm+a—f3  I  tl  /     n\("t— 1) 


-I)"1/, 


(/'(s))1 


_jsmj(m-l)+(a-j8+l)  ( /''(x)')  (m~1) 
_1-.mj(m-l)  +  (l-(/3-a))   /  , /  ,     n\  (m-1) 

(_ir/(i-<*-«))(_ir-i   f{x)  _  j-  }-_M{x    bf 


fc! 


,(l+a-/3) 


/(fc+1)w,  ^, 


f'(x)+*£^^>(-l)k(b-x)k 


fc=0 
m-2    j?(fc+l)  / 


=   -j£+a-«/'(*)  +  E  L^rM(-1)fc^+a-,3)(&  -  *)* 

fc=0 
m-2 

=  -/^-^/'w  +  E 

fe=0 


ft! 

fc  =  U 

""2/(fc+1)Wr  lV* 

fc!        l      J 


r(i 


m~2     ■?(*;  +  !)/ 


.7(l+a-/3)  f,(    x         y-    / Wf_n* 1 

b-        /  w+2w      fc!      l  ^  r(i  +  c 


(l  +  o-/?) 


fc!r(i  +  a-/?) 

r(fc  +  1  +  1  +  a  -  /?) 


(b-x) 


(k  +  l  +  a-fi) 
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-J<1+o-«/'(a0  + 


yf W(-l)     ,         )(k+i+a-0)  (         } 


We  further  present 

Proposition  23.14.  Let  /  G  C([a,b]),a  >  0,m  =  [a]  <  /3.  Then 

D?_I§_f(x)  =  I?Zaf(x),  (23.30) 

Vx  G  [&,&]. 

Proof.  Call  /3  =  m  4-  v,  v  >  0.  We  notice  that 


DLiLfW 

= 

(-irir_-a  (itfix)) 

= 

(-1)    4_     D    h_     f(x) 

= 

(-l)mI™_-aDmir_Ib_f{x 

= 

(-1)     4_     Hb_f{x) 

= 

I?_-alLf(x) 

= 

ir_+v-af{x) 

= 

itaf(*)- 

we  have 

Proposition  23.15.  Let  n  G  N  such  that  n  <  m  —  1  <  a  <  m,m  —  \a]  ,  f  G 

ACm-n([a,b}).  Then 

£?_#_/(*)  =  a£r°/(aO,  (23-31) 

Vx  G  [a,  6]. 
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Proof.  Set  m  =  k  +  n.  We  observe  that 


DZ_I£_f(x) 


(notice   \a  —  n] 


•1)    Ib_     D    Ib_f(x) 

-l)mC_-aDkDnl£_f(x) 


\m-j-n  jm  —  a  j-^k 


DKf(x) 

_lyn+nIrr,-aDm-n^x~) 


-1) 


-\-n  r(m  —  n)  —  (ck  —  n)  /•( 


'7, 


f  (x) 


m  —  n) 

/      -i  \m-\-7i  . 


-1) 


m  —  n  t-~)(ol  —  n) 


lD, 


6_ 


f(x) 


=     D 


(oL  —  n) 


fix). 
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Derivative 


Here  see  also  [126],  [23],  p.539-545. 

Let  v   >   0,  n   :—   [v],a  —  v  —  n,0  <  a  <   1,  here  [•]   is  the  integer  part, 
/  G  C([a,  b]),  call  the  right  Riemann-Liouville  fractional  integral  operator 

by 


{JLf)  (x)  ■.=  ^Jjc-xr-'nodc 

x  G  [a,  b].  Define  the  subspace  of  functions 


(23.32) 


Cl_([a,b])  :=  {/  G  Cn([a,b\)  :  J^/W  G  C\[a,b})}  (23.33) 

Define  the  right  generalized  v— fractional  derivative  of  /  over  [a,  b]  as 


BL/:=(-l)""1^6r7(")- 


Notice  that 


exists  for  /  G  C^_  ([a,  6]),  and 


DLf(x)  =  l*)n~\4-  f(c-*ra/(n)(CR. 


r(i  -  «)  efe  7, 


(23.34) 


(23.35) 


(23.36) 
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That  is, 

(Dl_f)  (x)  =     /-1)""1      A  [\c-xr-f^(OdC  (23.37) 

1  (n  —  v  +  1)  ax  J x 

If  v  €  N,  then  a  =  0,  n  =  V,  and 

£L/(z)  =  (-ir7(n)(x).  (23.38) 

Lemma  23.16.  Let  /  e  C([a,6]),v  >  l,ra  =  [v],a  =  v-n.  Then 

((J?_/)  (*))W  =  (-l)kJvb:kf(x),  (23.39) 

fc  =  0,l,...,n-l. 

Also 


((JL/)  (x))w  =  (-l)"Jf_/(«),  (23.40) 


if  a  >  0, 

and 


(J6"_/)(n)  =  (-l)n/,  ifa  =  0.  (23.41) 

Proof.  Clear  by  Proposition  23.14.  ■ 

Theorem  23.17.  J6"_  :  C([a,b])  <-*  C([a,b]),v  >  0  is  (1-1). 

Proof.  Let  /  £  C([a,  b])  such  that  J£_f  =  0. 

If  0  <  v  <  1,  then  J^_  /  =  J^"  J?_  /  =  0,  Hence  j£_  /  =  0. 

That  is  (-1)/  =  (Jf[_/)'  =  0,  and  /  =  0. 

If  now  v  >  1,  then  v  =  n+a,  (where  n  :=  [v],  a  :=  v  —  n,n  >  1,  and  0  <  a  <  1). 

If  a  =  0,  then  Jbn_  /  =  0,  hence  (-1)"/  =  ( Jbn_  /)(n)  =  0,  so  that  /  =  0. 

If  a  >  0,  then  Jb"_  ( Jb"_  /)  =  J™_+" /  =  J6"_  /  =  0. 
Hence  by  first  case  of  this  proof  we  get 

And  as  in  the  second  case  of  this  proof  we  get  /  =  0. 

So  theorem's  proof  now  is  complete.  ■ 


23.2  About  the  Right  Generalized  Fractional  Derivative         347 
Remark  23.18.  Let  /  G  C£_([a,6]).  We  notice  that 

jL(Dvb_f)(x)     =      f  (£>»-/)  (CK 

J  X 

=  (-i)""1  [(jl:af(n))  (b)  -  (j^a)/(n))  (*)] 

=      (-l)nJ6a~a)/(n)(:r)-  (23.42) 

That  is 

j(i-a)f(n){x)      =      (-l)",/^  (££_/)(*) 

=      (-l)"J6a-a)(JL(Kj))W  (23.43) 

Hence  by  Jb~a  being  (1-1)  we  obtain 

f(n)(x)  =  (-l)nJ"_  {Dl_f)  (x).  (23.44) 

Therefore 

Jb_f(n)(x)     =     (-l)"J?_Jf_  (!>?_/)(*) 

Thus 

Jb_f(n)(x)  =  (-1)™  {Jvb_Dl_f)  (x).  (23.45) 

Let  now  v  >  1,  then 


j?_ /(n)w  =  (-i)n  /(*)  -  £  Hd^  - b)k 

I  fc=0  J 


Therefore 


™-i  j.(fc) 


fc! 

fc=0 

That  is 


fc! 

fc=0 


(23.46) 


/(*)  ~  E  f-jT^b-Q"  =  K-^-/)  (*)■  (23.47) 


/(a.)  =  £  ^^(cc  -  fc)fc  +  {Jvb_Dt_f)  (x).  (23.48) 


If  0  <  v  <  1,  then  n  =  0. 
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Then  clearly  we  get 

f(x)  =  (JZ_Dvb_f)(x).  (23.49) 

We  have  proved  the  following  Taylor  fractional  formulae 

Theorem  23.19.  Let  /  G  C%_([a,b]),V  >  0,n  :=  [v].  Then 

1.  If  v  >  1,  we  get 

/W  =  E  :L^!       (*  -  b)*  +  W-W-f)  (*),  (23.50) 

fc=0 

Va;  G  [a,  6] . 

2.  If  0  <  v  <  1,  we  obtain 

f{x)  =  rb_Dvb_f{x),  (23.51) 

Vx-G  [o,6]. 

23.3     About  the  Right  and  Left  Weyl  Fractional 
Derivatives 

Here  we  use  concepts  and  some  results  from  [179],  [226]. 
Definition  23.20.  Consider  the  class  of  good  functions 

E=  \fe  C°°(R)  :     lim    xNf(-k)(x)  =  0,Vk€Z+yNem  (23.52) 

The  right  Weyl  fractional  integral  for  /  £  E  is  given  by 


W-vf{x):=^-rj      {H-x)v-Lf{m,  (23.53) 

v  >  0,Va;  G  R,  and  it  exists.  We  set  W°  :=  I. 

Let  v  >  0,  and  let  v  —  n  —  A,  where  n  G  N  and  0  <  A  <  1. 
We  define  the  right  Weyl  fractional  derivative  as 


Wvf  =  (-l)nDn  W'xf  (23.54) 


for  f  e  E. 

That  is  we  have 


^/(»)  =  ^-^/    K-*)W/m,  (23-55) 
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VxG  R,V/G  E. 

Remark  23.21.  In  [226]  it  is  proved  that 

WaWp  =  Wa+/3,\fa,(3eR,  (23.56) 

So  that  W°  =  -DW-\ 

Let  v  >  0,  then  W~VWV  =  W°  =  I. 

Thus  W~vWvf  =  /,V/  €  E. 

I.e. 

/(i)  =  r*(r/)(i),Vi6R.  (23.57) 

More  precisely  we  get  from  the  above 
Theorem  23.22.  It  holds 

1        f°° 

f{x)  =  W)l  {i~x)    (w"/)(^'  (23-58) 

ViGR,V/G  £. 

One  can  rewrite  the  last  one  as 

■I  /-oo 

fW=rhJ     Zv-1(Wvf)(x  +  z)dz,  (23.59) 

We  need  further 

Definition  23.23.   Next  we  consider  also  the  alternative  class  of  good 
functions 


E*  =  j  /  G  C°°  (R)  :     lim    a;JV/(fc)  (a;)  =  0,V«6  N,  Vfc  G  Z+ 1 

|  x — >  —  OO  I 


(23.60) 


(Notice  that  the  Schwartz  class  of  test  functions  in  distribution  theory  equals 

EnE*.) 

We  define  the  left  Weyl  fractional  integral,  v  >  0, 

wrm  :=  ^  f_  (x  -  o"-V(Ode,  (23.61) 

V/G  £*.  We  set  W°  —  J. 

Fact.  It  is  known  (/x,  v  >  0),  see  [179],  that 

W-vW-'i  =  W-<-v+'l).  (23.62) 
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Definition  23.24.  For  v  >  0,  v  =  n  -  A,  n  <E  N,  0  <  A  <  1,  we  define  the  left 
Weyl  fractional  derivative  as 

W:f(x)       :      =DnW-xf(x)  (23.63) 

1      dn      rx 


r(A)  dx' 


[X   (aJ-0A-V(0«. 

J  — oo 


Vxgr,v/g  £*. 

For  /  G  -E*,  we  notice  that  </(a;)  :=  f(—x)  G  -B. 
Remark  23.25.  We  see  that 

W~vw:     =     W-vDnW~x  (M=5)  W~vW~xDn 

=     W-(v+x)Dn  =  W,-nDn  (2  =  8)  /.  (23.64) 


We  want  to  prove 


Indeed  we  notice  that 


DnW~x  =  W~xDn  (23.65) 


^'/W  =  jr^y  J        *A_7(z  -  z)dz  (23.66) 


Thus 

(W7V(*))("'      =      Y^r)j^00zX-1f{n)(x^z)dz 

=     WVA/(n)(:r),  (23.67) 

proving  (23.65). 

Also  we  want  to  prove 

W~nDn  =  /,  V/  G  E*.  (23.68) 

Indeed  we  have 

w-"fin\x)  =  rJ—  f  (x-zr-'f^HtDdt 

{n-iy.  J_00 

=     f(x),  by  /G  £*,Vi£l,  (23.69) 

see  also  next  Remark  23.27,  proving  (23.68). 
So  from  (23.64)  we  derived  that 

W~vW:f{x)  =  f(x),\/f  G  E*,\/x  G  K.  (23.70) 

The  last  gives 
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Theorem  23.26.  It  holds 


(x-Zy-^VKfXQdS,  (23.71) 


JW  = 

i» 

y_ 

v/g£* 

,Vx  G  R. 

One  can  rewrite 

(23.71) 

as 

/(*)  = 

1 

I 

v/g£* 

,Vi€t. 

zv-1(W:f)(x-z)dz,  (23.72) 


As  related  material  we  make 
Remark  23.27.  Let  /  G  Cn(R),n  G  N. 

I)   The  following  are  equivalent 


/(*)  =  t-AtT  /"   (*  -  *)"_1/(n)(t)*.Va!  G  R, 
(n-  1)!  J_00 


(23.73) 


lim    fw (a)(x  -  a)k  =  0,Va;G  R,  all  fc  =  0,  l,...,n-l,  (23.74) 

— ►  —  oo 

lim    /(fc)(a)(:r-a)fc  =  0,  for  some  a;  G  R,  all  fc  =  0,  l,...,n-l,  (23.75) 

lim    ofc/(fc)(o)  =  0,  all  &  =  0,l,...,n-l.  (23.76) 


f(fc) 

a — ►  —  oo 


a — >  —  oo 


And 

lim    an_1/(fc)(a)  =  0,  all  fc  =  0,l,...,n-l,  (23.77) 


a  — >  —  dc 


implies  (23.73). 

This  equivalence  is  established  mainly  by  the  use  of  Taylor's  formula  with 
integral  remainder,  etc. 

The  subclass  of  functions  /  G  Cn(R)  with  (23.73)  valid  is  rich. 
II)   Similarly,  the  following  are  equivalent 


■1  Z'+OO 

(-l)n/M  =  7-^TTT  /        (*  -  ^)n_1/(n) (t)dt,Vx  G  R,  (23.78) 
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fMfMf'.r.   _    h\k 


lim    f[K)(b)(x~b)K  =  0,\/x£  R,  allfc  =  0,l,...,n-l,  (23.79) 

6 — *+oo 


lim    f(k) (b){x  -  b)k  =  0,  some  z  G  R,  all  fc  =  0,  l,...,n-l,        (23.80) 

b — >  +  oo 


lim    bkf(k)(b)  =  0,  all  fc  =  0, 1, . . . ,  n  -  1.  (23.81) 

b — »-  +  oo 

And 

lim    bn_1/(fc)(&)  =  0,  allfc  =  0,  l,...,n-l,  (23.82) 

fa — >  +  oo 

implies  (23.78). 

The  subclass  of  /  G  Cn(R)  as  in  (23.78)  is  also  rich. 


23.4     Consequences 

1.   By  Theorem  23.11,  for  /  G   ACm{[a,b]),x  G    [a,b],a  >  0,  m  =    [a]  ,  and 
/(fc)(fe)  =  0,  fc  =  0,  l,...,m-  1,  we  obtain 

rt*)  =  FTT  A<  ~  aOa-1Aa_/(CK-  (23.83) 

r(a)  A 

And  when  /(fc)(a)  =  0,  fc  =  0, 1, . . .  ,ra  -  1,  by  Corollary  3.6,  p.40,  [145],  we 
get 


fW  =  TTT  /     (*  "  0"~  D*af(0dC,  (23.84) 

r(«)  Ja 

where  D"af  is  the  left  Caputo  fractional  derivative  of  /     of  order  a  and 

anchored  at  a. 

If  both  /(fe)  (a)  =  fk)  (6)  =  0,  fc  =  0, 1, . . . ,  m  -  1,  then  by  the  above  we  find 

that 


/(*) 


2I» 


(.<•  -  oa_1i>?0/(c)dc  +  Ac  -  xr-'D^fiOdc 


(23.85) 

Va;  G  [a,  6] . 
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2.   Let  /  €  Cb_([a,b]),v  >  l,n  :=  [v],f(k)(b)  =  0,  fc  =  0, 1, .  . . ,  n  -  1.  Then,  by 
Theorem  23.19,  part  (1),  we  derive 


/(*)     =     {Jvb_Dl_f){x) 

=     f^JjC-xy-'iDLfiiQdC,  (23.86) 

Vx  G  [a,  6] . 

Also  let  /  G  CS([o,6])  :=  {/  G  Cn([a,b]) 

1&)  ■■=  (r^3j/«T(a!-*)"a/(")(*)<«)  G  ^(M)}  ,«>M  ==  [«],  with 
/(fc)(a)  =  0,  fc  =  0, 1,  ...,n-  1.  Then  by  Theorem  25.1,  part  (1),  p.  540  of 
[23],  we  get 

f^  =  fTT  A*  "  t)V~lD«f(t)dt,  (23.87) 

Vx  G  [a,  6] . 

Here  CJ([o,  &])  and  Dvaf  :=  7'  are  as  in  p.540  of  [23]. 

If  /  G  Cl([a,b])  n  CJL([a,6]),t>  >  l,n  :=  [v],  with  /<*>(a)  =  fk\b)  =  0, 
fc  =  0, 1, . . . ,  n  —  1,  then 


f(x) 


2T  v) 


['(x-ty-1Dif(t)dt+  Ac-^r1^-/)  (CR 


(23.88) 


3.  Let  I  be  an  interval  C  R  of  finite  or  infinite  length,  xo  G  /,  and  jx  a  positive 
finite  measure  on  the  Borel  a— algebra  of  /.  Let  /  G  Cm(I),m  :=  \a]  ,  a  >  0. 
Then 


/(a;)  =  £  ^L>pZ(a;  _  Xo)*  +  -f-  /    (a  -  C)a-1C?.0/(C)dC.     (23-89) 
fe=0  '  ^    -1  •'a:o 

Vi  6  I  :  1  >  in. 
Also  it  holds 


g/W(*o) 

fc=0 

Vx  G  /  :  x  <  xo 


/(a;)=^i_A££Z(x_a,o)fc  +  _L^   /      (C-^r-^V/KR,    (23.90) 
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Consequently  we  obtain 


f(x)d/j.(x)      =  /         f(x)dn(x)  +  /         f(x)dfj,(x) 

I  {x(EI:x<xq}  {x£l:x~>XQy 

^  f(k)(x0)  f  k 

fc=0  " 

{x(El:x<.XQy 
m  —  1     r(k)  /        \  f 

+  E        fc,  /         (*  -  x0)kdn(x)  +  (23.91) 

fc=0  * 

{a;^/:a;>a?Q} 

So  we  derive 


m —  1 


f{x)dn(x)     =      *£^p±[(x-x0)kdn(x)  + 

fc=0  '  j 


{x£l:x<ixQ} 


(c-xr-iD:0_f(Odc)d^x)  + 


I  iljx  ~  c)a_ii)"o/(c)dc)  d^x)  \  -  (23-92) 

{xG/:a:>a;o}  J 

etc. 

In  (23.92)  we  assume  that  all  integrals  exist. 

We  can  do  similar  things  with  the  generalized  right  and  left  v—  fractional 
derivatives;  see  Section  23.2  and  [23],  p.  540,  and  Section  23.4,  Part  2. 
One  can  exploit  in  analogous  ways  Theorem  23.22  and  Theorem  23.26,  re- 
garding the  right  and  left  Weyl  fractional  derivatives. 


24 

Fractional  Convergence  Theory  of 
Positive  Linear  Operators 


In  this  chapter  we  study  quantitatively  with  rates  the  weak  convergence  of  a 
sequence  of  finite  positive  measures  to  the  unit  measure.  Equivalently  we  study 
quantitatively  the  pointwise  convergence  of  sequence  of  positive  linear  operators 
to  the  unit  operator,  all  acting  on  continuous  functions.  From  there  we  obtain  with 
rates  the  corresponding  uniform  convergence  of  the  latter.  The  inequalities  for  all 
of  the  above  in  their  right  hand  sides  contain  the  moduli  of  continuity  of  the  right 
and  left  Caputo  fractional  derivatives  of  the  involved  function.  From  the  uniform 
Shisha-Mond  type  inequality  we  derive  the  fractional  Korovkin  type  theorem 
regarding  the  uniform  convergence  of  positive  linear  operators  to  the  unit.  We  give 
applications,  especially  to  Bernstein  polynomials  for  which  we  establish  fractional 
quantitative  results. 

In  the  background  we  prove  several  fractional  calculus  results  useful  to  ap- 
proximation theory  and  not  only.  This  chapter  relies  on  [43]. 


24.1     Introduction 

In  this  chapter  among  others  we  are  motivated  by  the  following  results 

Theorem  24.1.  (P.  P.  Korovkin  [213],  (1960),  p.  14)  Let  [a,  b]  be  a  closed 
interval  in  R  and  (Ln)nGN  be  a  sequence  of  positive  linear  operators  mapping 
C([a,b])  into  itself.  Suppose  that  (Lnf)  converges  uniformly  to  /  for  the  three 
test  functions  /  =  l,x,x2.  Then  (Lnf)  converges  uniformly  to  /  on  [a,  b]  for  all 
functions  /  £  C([a,  b]). 
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Let  /  G  C([a,  b})  and  0  <  h  <  b  —  a.  The  first  modulus  of  continuity  of  /  at  h 
is  given  by 

Wi  (/,/»)=      sup      \f(x)-f(y)\. 

\x—y\<h 

If  h  >  b  —  a,  then  we  define  Wi(/,  h)  =  Wi(/,  b  —  a). 

Another  motivation  is  the  following 

Theorem  24.2.  (Shisha  and  Mond  [264],  (1968))  Let  [a,  b]  C  R  a  closed 
interval.  Let  {Ln}n£N  be  a  sequence  of  positive  linear  operators  acting  on  C([a,  b]) 
into  itself.  For  n  —  1, . . . ,  suppose  Ln(l)  is  bounded.  Let  /  G  C([a,  b]).  Then  for 
n  —  1,2,...,  we  have 

\\LrJ  "  /IL  <   H/IL  ll^nl  "  1|L  +  H^1  +  ilL  Wl  (/>*»»)  (24-1) 

where 

M„  =  ||Ln((t-a:)2)(x)||i 

and  ||-||      stands  for  the  sup-norm  over  [a,  6]. 
One  can  easily  see,  for  n  —  1,2,... 

Mn  <  1 1  i«  {t2;x)  -x2^  +  2c\\Ln(t;x)  -Ell,,,  +  c2  ||L„(l;ir)-  l^  , 

where  c  =  max  (|o|  ,  |6|)  . 

Thus,  given  the  Korovkin  assumptions  (see  Theorem  24.1)  as  n  — >  oo  we 
get  fin  -»  0,  and  by  (24.1)  that  \\L„f  -  fW^  -»  0  for  any  /  G  C([a,6]).  That 
is  one  derives  the  Korovkin  conclusion  in  a  quantitative  way  and  with  rates  of 
convergence. 

One  more  motivation  follows 

Theorem  24.3.  (See  Corollary  7.2.2,  p.  219,  [16])  Consider  the  positive  linear 
operator 

L  :  Cn([a,b})  ^  C([a,b]),n  e  N. 
Let 

ck(x)     =     L((t  ~  x)k  ,x),k  =  0, 1,. . .  ,n; 

d„(x)     =      [L(\t  —  x\n  ,x)]"  ;  c(x)  =  max  (a:  —  a,  b  —  x)       I  c(x)  >  )  . 

Let  /  G   Cn([a,  b])  such  that  wi  (/      ,M    <   w,  where  to,  ft  are  fixed  positive 
numbers,  0  <  h  <  b  —  a.  Then 


»      /(fe)(») 
|L(/,aj)  -  /(x)|  <  |/(*)|  |co(*)  -  1|  +  J2        m        lc* (*)l  +  «»•  (24-2) 

fc=i 

Here 

Rn=wcf>n(c{x))  I     "        )     =  —  0„  (  -— r-  I  cC(aO,  where  0„  (  -  I  =  n\<j)n(u)/un , 
V  c(x)  /         n!      Vcw/  W 
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with 

4>n{x)  ■ 
["•]  is  the  ceiling  of  the  number. 


(\x\-t) 


n-1 


(n-1)! 


-dt,  (x  €  R), 


Inequality  (24.2)  is  sharp.  It  is  approximately  attained  by  w4>n((t  —  x)+)  and  a 
measure  /j,x  supported  by  {x,  6}  when  x  —  a  <  b  —  x,  also  approximately  attained 
by  w<j)n((x  —  t)+)  and  a  measure  (xx  supported  by  {x,  a}  when  x  —  a  >  b  —  x  :  in 
each  case  with  masses  Co  (a;)  —  (    "A^   )     and  I    "Ay  )     ,  respectively. 

Using  the  last  method  and  its  refinements  one  gets  nice  and  simple  results  for 
specific  operators. 

For  example  from  Corollary  7.3.4,  p.  230,  [16],  we  obtain: 

let  /  £  C'1([0, 1])  and  consider  the  Bernstein  polynomials 

(Bnf)  (t)  =  J2  f  (£)   (fj  tk  (1  -  t)-k  ,     t  €  [0,  1], 

then    \\Bnf  -  /IU  <  ^^Wi  (/',  3^-)  -So  Bnf  A  f  as  n  -  oo  with  rates. 

In  this  chapter  we  study  quantitatively  the  rate  of  weak  convergence  of  a  se- 
quence of  finite  positive  measures  to  the  unit  measure  given  the  existence  and 
presence  of  the  left  and  right  Caputo  fractional  derivatives  of  the  involved  func- 
tion. That  is  in  the  right  hand  sides  of  the  derived  inequalities  appear  the  first 
moduli  of  continuity  of  the  above  mentioned  fractional  derivatives,  see  Theorem 
24.25  and  Corollary  24.26. 

Then  via  the  Riesz  representation  theorem  we  transfer  Theorem  24.25  into  the 
language  of  quantitative  pointwise  convergence  of  a  sequence  of  positive  linear 
operators  to  the  unit  operator,  all  operators  acting  from  C([a,b\)  into  itself,  see 
Theorem  24.27,  Corollary  24.28  and  Theorem  24.30. 

From  there  we  obtain  quantitative  results  with  respect  to  the  sup-norm  ||-||  , 
regarding  the  uniform  convergence  of  positive  linear  operators  to  the  unit.  Again 
in  the  right  hand  side  of  our  inequalities  we  have  moduli  of  continuity  with 
respect  to  right  and  left  Caputo  derivatives  of  the  engaged  function.  For  the 
latter  see  Theorem  24.32,  a  Shisha-Mond  type  result.  From  there  we  derive  the 
latter  Korovkin  type  convergence  theorem  at  the  fractional  level,  see  Theorem 
24.33. 

We  give  many  of  applications  of  the  fractional  Shisha-Mond  and  Korovkin 
theory,  see  Corollaries  24.35-24.38. 

In  the  background  section  we  present  many  interesting  fractional  results  which 
by  themselves  have  their  own  merit. 

In  approximation  theory  the  involvement  of  fractional  derivatives  is  very 
rare,  almost  nothing  exists.  The  only  fractional  articles  that  exist  are  of 
V.    Dzyadyk    [153]    of   1959,    F.    Nasibov    [233]    of   1962,    J.    Demjanovic    [140] 
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of  1975,  and  of  M.  Jaskolski  [196]  of  1989,  all  regarding  estimates  to  best  approx- 
imation of  functions  by  algebraic  and  trigonometric  polynomials. 
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We  mention 

Definition  24.4.  Let  v  >  0,  n  —  \v~\  ([•]  is  the  ceiling  of  the  number),  /  G 
ACn([a,  b])  (space  of  functions  /  with  f(n~r>  g  AC([a,  &]),  absolutely  continuous 
functions).  We  call  left  Caputo  fractional  derivative  (see  [145],  p.  38,  [160],  [259]) 
the  function 

d:j(x)  =  -  1     f\x  -  tr^-'f^^dt,  (24.3) 

r(n-v)  Ja 

Vx  G  [a,  b],  where  V  is  the  gamma  function  T(v)  =  L00  e~ttv~1dt,  v  >  0. 

We  set  D°af(x)  =  /(a:),Va:  G  [a,  6]. 

Example  24.5.  Take  w  =  §,  then  n  =  1  and  f(t)  =  tp  G  C([0, 1]),  0  <  (3  <  ±, 
i  G  [0, 1].  See  that  /'(*)  =  fit13-1  G  Li([0, 1]). 

We  see  that 

DlJ{x)  =  JL.  f\x  -  tyh^dt.  (24.4) 

By  setting  t  —  xs,  dt  =  xds, 

Dif{x)  =  J*     f1  {x  _  xs)-l  3"- V"1**.  =  r^  +  yy-i. 

Let  0  <  /3  <  i,  then  Af0/(0)  =  +co.  Let  /?  =  §,  then 

O?o/(0)  =  ^  >  0,  (24.5) 

a  positive  real  number! 

Conclusion:  In  general  for  D^af(a)  we  do  not  know  what  it  is,  it  could  be 
infinite,  or  finite  non-zero,  or  zero!  (see  next). 

Lemma  24.6.  Let  v  >  0,  v  £  N,  n  =  \v~]  ,  /  €  Cn_1([a,  6])  and  /(n)  G 
Loo  ([a,  6]).  Then  ZC/(a)  =  0. 

Proof.  By  (24.3)  we  derive 

f  (n) 

P../OI  <  r^  /;  (x  -  o--1  |/ww|  *  <  rjD+i)  (*  - a)^- 

That  is 

f(n) 

p:«/(«)|  <  fjj^fi)^-0)"""'  V*e  [a,*].  (24.6) 
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That  is  Dvtaf(a)  =  0.  ■ 

We  need 

Definition  24.7.  (see  also  [160],  [155],  [44])  Let  /  G  ACm([a,b]),  m  =  \a]  , 
a  >  0.  The  right  Caputo  fractional  derivative  of  order  a  >  0  is  given  by 

D?_f(x)  =  r(~ir  .    [\t-xr-a-1f(m)(0dC,  (24.7) 

r(m  -  a)  Jx 

\/x  G  [a,b].  We  set  D°b_f{x)  =  f{x). 

Lemma  24.8.  Let  /  G  Cm_1([a,  &]),  /(m)  G  Loo([o,  6]),  m  =  [a]  ,  a  >  0.  Then 
DgL/(6)=0. 

Proof.  As  in  Lemma  24.6.  ■ 

Lemma  24.9.  Let  /  G  ACm([a,  b]),  m  —  \a]  ,  a  >  0;  n  is  a  positive  finite 
measure  on  the  Borel  a-algebra  of  [a,  b],  Xo  G  [a,b].  Then 

it  777  —  X        n(  J^\   /  \  /* 

£*o       :       =  /       /(x)dM(x)  -  E  —^  /       (*  -  *o)fcdM(x)  (24.8) 

/        (/"(*"  C)a_1  (D:xJ(0  -  D:xJ(x0))  dA  d»(x) 

J(x0,b]    \Jxa  / 

Proof.  From  [145],  p.  40,  we  get  by  left  Caputo  fractional  Taylor  formula  that 

fW  =  E  i-TT2Z(a;  -  *»)*  +  FTT  /    (*  -  0^1^0/(C)dC,  (24.9) 

for  all  xo  <  x  <  fo. 

Also  from  [44],  using  the  right  Caputo  fractional  Taylor  formula  we  have 


/(*)=  E  i-kr1^-Xo^  +  ft)   r«-^)a~1D^-f«)dC,        (24.10) 

t.— n  '  \     )  Jx 


for  all  a  <  x  <  xo. 

Consequently  we  find 


f(x)dn(x)  =   /         f(x)dfj.(x)  +  /         f(x)dn(x) 

a,b]  J  [a,X(f]  J  (xQ,b] 
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g/(fc)(*o) 


fc=0 

1 


/,-' 


/       (x  —  xo)kdji{x)  + 

J\a,b\ 


(24.11) 


((-x)a-1D:0_f(0d(;)d^x)  + 


(x-0a-1D^X0f(0dC)dn(x) 


(xo,b]    \J X, 

Notice  also  that  D%0_f(x0)  =  D?xof(x0)  =  0. 
The  proof  of  (24.8)  is  now  complete. 

Convention  24.10.  We  suppose  that 

D*xof{x)  =  0,  for  x  <  x0, 


and 


(24.12) 
(24.13) 


D"0_f(x)  =  0,  for  x  >  Xo, 

for  all  x,xo  6  [a,  b]. 

We  mention 

Proposition  24.11.  Let  /  G  Cn([a,b]),  n  =   |V|  ,v  >  0.  Then  Dvtaf(x)  is 
continuous  in  a;  €  [a,  6]. 


Proof.  Wc  notice  that 


and 


DlJ{x) 

Dlaf{y) 


r(n  -  v)  J0 

1 
IYn  -  v) 


z"    "       f       (x  —  z)d2, 

zn~  "_1  /(n)  (y  -  z)dz- 


(24.14) 


Here  a  <  x  <  y  <  b,  and  0  <  a;  —  a  <  y  —  a. 
Hence  it  holds 


ZCJG/)  -  ^0/(z)  = 


-v-1   (An) 


r(n  —  v) 

+   razn-v-1f(n\y-z)dz 

■J  x  —  a 


(f(n)(y-z)-f(n)(x-z))dz 
(24.15) 


We  have  that 


|0«/(w)  -  d:j(X)\  < 


T(n-v) 


(x  —  a)n 
(n  —  v) 


Mfin\\v-x\) 


f 


t«) 


(n  —  v) 


1 1  \n  —  v  i  \n  —  v\ 

{(y-a)        -(x-a)       ) 


r(n  -  v) 


\n  —  v 
&)  r  An) 


/ 


(n) 


u>i(/("\  |y  -  *|)  +  "        '^  ((i/  -  a)—  -  (a;  -  a)"-") 
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So  as  y  —>  x  the  last  expression  goes  to  zero.  As  a  result, 

DlJ{y)  ->  £>:„/(*),  (24.16) 

proving  the  claim.  ■ 

Proposition  24.12.  Let  /  G  Cm([a,b]),  m  =  \a\  ,  a  >  0.  Then  D£_f(x)  is 
continuous  in  a;  G  [&,&]■ 

Proof.  As  in  Proposition  24.11.  ■ 

We  also  mention 

Proposition  24.13.  Let  /  G  C"m_1([a,  6]),  /(m)  G  L00([a,b]),  m  =  [a]  ,  a  >  0 
and 

D**of(x)  =  r(J_  n,   f"(x  -  tr-a-\f(m\t)dt,  (24.17) 

i  ym      a.)  jXQ 

for  all  x,  Xo  £  [a,b]  :  x  >  xo- 

Then  D"x  f(x)  is  continuous  in  Xo. 


Proof.  Fix  x  :  x  >  yo  >  xo;    x,xo,yo  G  [a,  6]. Then 

1 


\D:xj(x)-D:yof(x)\ 


r(m  —  a) 

f(m)  .  .  f(™) 

J  /  f'yo  ,     \  J 


/■wo  .    . 

/     (x-t)m-a-1f(m)(t)dt 

■J  X(\ 


(24.18) 


^n  !i  x.     /      /  .        i\m- oc— 1  , 


F/  Nil     (*-*)  dt  =r7 tttU^^^0  -(x-x0)       ) 

r(m  -  a)  Vj^0  /    "(m  -  a  +  1) 

— >  0,  as  j/o  — »  Xo,  proving  continuity  of  D"x  f  in  xo  £  [a,  6].  ■ 

Proposition  24.14.  Let  /  G  Cm_1([a,  &]),  /(m)  G  L00([a,b]),  m  =  [a]  ,  a  >  0 
and 

g?o-/(*)=r(m-a)/      (C-x)ro-a_1/(ro)(C)dC,  (24.19) 

for  all  x,  xo  G  [a,  6]  :  xo  >  x. 

Then  DXQ_f(x)  is  continuous  in  xo- 

Proof.  As  in  Proposition  24.13.  ■ 

We  need 

Proposition  24.15.  Let  3  G  C([a,b]),  0  <  c  <  1,  x,Xo  £  [0,6].  Define 

L(x,x0)=        {x  -  ty1  g(t)dt,  for  a  >  Xo,  (24.20) 

and  L(ie,Xo)  =  0,  for  x  <  Xo- 

Then  L  is  jointly  continuous  in  (x,  Xo)  on  [a,  6]2. 
Proof.  We  notice  that  L(:ro,xo)  =  0. 
Suppose  x  >  xo,  then 

px  —  xq  fb—a 

L(x,Xo)=l  zc'1g(x-  z)dz=  X[o,x-x0](z)zc~1g(x  -  z)dz,    (24.21) 

Jo  Jo 
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where  \  is  the  characteristic  function. 

Let  xn  — >  x,xqn  — >  xo,N  G  N  and  assume  without  loss  of  generality  that 
xn  >  £oiv- 

So  we  have  again 

rxN-xQN  rb-a 

L(xn,Xon)  =  /  zc~  g(xN-z)dz  =    I         X[o,xN-xON](z)zc~  g(xN~z)dz. 

J(]  JO 

(24.22) 
We  have  that 

X[o,xN-xON](z)  ->  X[o,x-x0](z),    a.e.,  (24.23) 

and 

X[o,xN-xON]{z)zc~1g{xN  -  z)  ->  X[o,o:-I0](2)zc_13(a;-  2),    a.e.  (24.24) 

Notice  that 

Xlo.o^-^jvi^K-1  |s(xjv  -  2)|  <  2C_1  Hslloo  >  (24.25) 

which  is  an  integrable  function. 

Thus  by  Dominated  Convergence  theorem  we  obtain 

L(xn,xon)  — *  L(x,xo),  as  N  —*  00.  (24.26) 

Clearly  now  L(x,xq)  is  jointly  continuous  on  [a,b]2.  ■ 

We  mention 

Proposition  24.16.  Let  g  G  C([a,  &]),  0  <  c  <  1,  x,Xo  £  [a,  &]■  Define 

K(x,  xo)  =  [  °(C  -  aOc_1ff(C)dC,  for  a;  <  x0,  (24.27) 

and  if(a;,xo)  =  0,  for  x  >  xo. 

Then  K(x,Xo)  is  jointly  continuous  from  [a,  b]2  into  R. 

Proof.  As  in  Proposition  24.15.  ■ 

Based  on  Propositions  24.15,  24.16  we  get 

Corollary  24.17.  Let  /  G  Cm([a,b]),  m  =  \a]  ,  a  >  0,  x,Xo  G  [a,  6] .Then 
D*xof(x),  D"  f(x)  are  jointly  continuous  functions  in  (x,Xo)  from  [a,  b]2  into 
R. 

We  need 

Theorem  24.18.  Let  /  :  [a,  b]2  — >  R  be  jointly  continuous.  Consider 

G(3!)  =W1  (/(-,»),  J,  [x,  6]), 

5  >  0,  x  €  [a,  6]. 

Then  G  is  continuous  on  [o,  b]. 
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Proof,  (i)  Let  xn  — »  x,  a  <  xn  <  x,  and  0  <  8  <  b  —  x  first  (The  case  when 
x„  — >  x  with  x„  >  x  is  similar).  Then  we  can  write 

G{xn)  =  ma,x(A,B,C), 

where 

A      =      sup{|/(u,  x„)  —  f(v,  xn)\  ',u,v  £  [a;,  fr],  \u  —  v\  <8},0<8<b  —  x, 
B     =     sup{|/(w,  x„)  -  /(v,x„)|  ;u  £  [x„,x],v  £  [x,  b],  \u  -  v\  <  8}  , 
C     =     snp{\f(u,xn)  —  f(v,xn)\;u,v  £  [xn,x],\u  —  v\  <  8}  . 

Now,  when  xn  — ►  x,  then  A  —*  G(x),  B  — >  K(x)  <  G(x),  C  — *  0  (since  also  u 
converges  to  v). 

In  conclusion,  G(x„)  — +  max{G(x),  ^(x^O}  =  G(x). 

(ii)  If  <5  >  6  —  x,  then  u>i(/(-,  x),  <5,  [x,  6])  =  Wi(/ (•,  x),  b  —  x,  [x,  b\),  a  case 
covered  by  (i). 

That  is  proving  the  claim.  ■ 

Theorem  24.19.  Let  /  :  [a,  b]2  — >  R  be  jointly  continuous.  Then 

H(x)  =  u>i(/(-,x),<5,  [a,x]), 

x  £  [a,  b],  is  continuous  in  x  £  [a,  b],  6  >  0. 

Proof.    As  in  Theorem  24.18.  ■ 

We  make 

Remark  24.20.  Let  \i  be  a  finite  positive  measure  on  Borel  a— algebra  of 
[a,  b].  Let  a  >  0,  then  by  Holder's  inequality  we  find 


.( 


If  \  i 

(xo  -  x)ad^(x)  <       /         (xo  -  x)a+1d/u(x)  ^([a,  x0])(a+1) , 

V/l^o]  / 

(24.28) 


and 


/       (x  -  x0)adii{x)  <  [  [       (x-x0)"+1dM(x))  it{{xo,b])V&V 


(24.29) 
Let  now  m  =  \a]  ,  a  £  N,  a  >  0,  ft  =  1, . . . , m  —  1.  Then  by  applying  again 
Holder's  inequality  we  get 


\x  -  x0\K  dfj,(x)  <       /        |x--x0r+1dM(^)  I  M([a,&])TSTlr-     (24.30) 

a, 6]  \-'[a,b] 

Terminology  24.21.  Let  Ljv  :  C([a,  b])  — >  C([a,  &]),  AT  G  N,  be  a  sequence  of 
positive  linear  operators.  By  Riesz  representation  theorem  (see  [257],  p.  304)  we 
have 

(24.31) 


Ln{/,Xo)=    I  f(t)d/J,Nxo(t), 

J[a,b] 


364         24.  Fractional  Convergence  Theory  of  Positive  Linear  Operators 

Vi'o  G  [a,  b],  where  hnx0  is  a  unique  positive  finite  measure  on  a— Borel  algebra 
of  [a,b].  Set 

LN(1,  xo)  =  HNx0([a,  b])  =  MNxo .  (24.32) 

We  make 

Remark  24.22.  Let  /  G  C—^a.&D,  /(n)  G  Loo([o,6]),  n  =  \v\  ,v  >0,v(£  N. 
Then  as  in  the  proof  of  Lemma  24.6,  we  have 

f(n) 

\D:j(x)\  <  J \\2Z-(x-a)n-v,Vxe[a,b].  (24.33) 

i  (n  —  v  +  l) 


Thus  we  observe 


wi(^0/,*)=  sup  p:a/(x)-D:a/(2/)i 

x  ,y£  [a, 6] 
|sc  —  !/|<i5 


<      SUP      I  ^r ^tt  {x  ~a)"-v  +  — ^ ^Tr^-a)™^  I  (24.34) 

~  x,yela,b]\r(n-v  +  1)  T(n-v  +  l)yy  " 

.x  —  y  |  <  5 

2     f'™-1 

(6-o)n_".  (24.35) 


-  T(n-v  +  l 
Consequently 


2     f'"' 

«i  ipij,  5)  <  f^—Tv) (b  ~  a)"~v  ■  (24-36) 


Similarly,  let  /  G  Cm-1([a,b]),  /(m)  G  L00([a,b]),  m  =  \a]  ,  a  >  0,  a  $  N,  then 

2  II  ft"1' | 

"i(C/,«)<J ^-(6-ar-.  (24.37) 

i  (m  —  a  +  1) 

So  for  /G  Cm_1([a,6]),  /(m)  G  Loo  ([a,  6]),  m  =  [a]  ,  a  >  0,  a  $  N,  we  obtain 

sup    ^(D:xJ,5)[xoM<-^ \\^-(b-a)m-a,  (24.38) 

x0e[a,b]  r(m-a  +  l) 

and 

sup    u,1(D«o_/,5)laj;co]<_J ^(&_a)— «.  (24.39) 

^o6[a,!.]  r(m-a  +  l) 
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We  also  make 

Remark  24.23.  Let  LN  :  C([a,b})  -»  C([a,b}),  TV  e  N,  be  a  sequence  of 
positive  linear  operators.  Using  (24.31)  and  Holder's  inequality  we  obtain  (a;  € 
[a,  b],  k  —  l,...,m  —  l,m=  \a\  ,  a  £  N, a  >  0)  for  k  —  1, . . .  ,m  —  1  that 

|kiv(|--^l\*)||      <\\LN(\--x\a+\x)\\^\\LNl\\{J^TL)  .  (24.40) 

Also  we  see  that 

C([a,  b})  3  |.  -  x\a+1  X[o,x](.)  <  |.  -  x\a+1  ,\/x  e  [a,  b],  (24.41) 

and 

C([o,6])3|--*|a+1X[.,6](0<|--*la+1.Va;e[o,6].  (24.42) 

By  positivity  of  Ljv  we  obtain 

||Mh  "  Aa+1  XMO.^IL  <  llMI"  -  *r+1  ,*)L  ,  (24.43) 

and 

IIMI-  -  x\a+l  x[,,6](-)^)IL  ^  Hmi-  -  x\a+1  >*)IL  •         (24-44) 

So  if  the  right  hand  side  of  each  of  (24.43),  (24.44)  tends  to  zero,  so  do  the 
left  hand  sides  of  these. 
We  also  make 
Remark  24.24.  Let  a  >  0,  a  £  N.  Take  a  <  x  <  x0,  then 

{x0-x)a+1  <  (x0  -  x)a+1l  +  0. 

Similarly,  for  Xo  <  x  <  b,  we  get 

(x-x0)a+1  <  0  +  (x  -  x0)a+1  ■  1. 
So  we  have 

I-  -  x\a+1  <  |.  -  x|a+1  X[a,x](-)  +  I-  -  ^|a+1  X[-,6](0.Va!  G  [a,b].  (24.45) 

Thus,  by  positivity  of  Ljv,we  get 

||LJv(|--a;r+1,a;)||oo     <     \\LN  (|-  -  x\a+1  X[a,x]{-),x)  \\x 

+  \\LN(\--x\a+1xi*M(-)>x)\L-    (24-46) 


So  if  both  ||Ljv  (|-  -x\a      X[a,x](-),  x)  ^  ,  \\LN  (|-  -  x|a      X[^,i>](').a;)  IL  ->  0, 
as  TV  — >  oo,  then  IlLjv  (I-  —  x|         ,  x)  II      — >  0. 

'  II  V  '  '  '       I  \\  oo 
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24.3     Main  Results 

We  present  the  first  main  result 

Theorem  24.25.   Let  /   G   ACm([a,b]),  /(m)    G   L00([a,b]),m  =    \a]  ,  a   £ 
N, a  >  0;ri,T2   >  0,/i  is  a  positive  finite  measure  on  the  Borel  a— algebra  of 

[a,  6],a;o  G  [a,b].  Then 


m-l    „(fc) 


/      f{x)dn{x)  -  £  f-*&  [     (x  -  x0)kdn(x) 

J\a,b]  ,._,,  K-  J\a,b] 


[a,b] 

1 


T(a  +  1) 


li([a,xo])"+1  + 


(a  +  l)n 


wi      D"0_f,n      /         (x0  -  x)"+1dp(a:) 


(24.47) 


[a,x0] 


j 

J  la 


(xo  —  x)        dfi(x) 


(=*r) 


+ 


[(M((cco,6]))I^ 


+ 


(a  +  f  )r2 


Wi     -D?x0/,^2      /         (ce  -  a;0)Q,+1d/x(a:) 


IOi*] 


(x0,6] 


(a;  —  Xo)       d/i(x) 


Proof.  By  (24.8)  we  derive 


(C  -  x)c 


r(«)  [•/[<.,*<,] 

1^0-/(0  -  ^0-/(0:0)1  dC)dM(ar)  + 


(24.48) 


'(x0,b]    \Jx0 

Let  h\,li2  >  0,  then 


(x  -  0"-1  P?-0/(C)  -  ^o/MI  dc   dM(x)    =  (*) 


(*)< 


r« 


((-^r  1  + 


dM(a:)]wi  (!>"„_ /,fti)[Oi!C0]  + 

\x-t)a-1(l  +  ^^)d()df,(x) 


Xo  -  C 

fcl 


(x0,6] 


rfC 


(24.49) 


wi(D?„0/,ha)[ll!0>6]} 
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That  is, 


IE  <       

01      -      r(a) 


r        /  (x0  -  x) a  |    l    r 

J[a,x0]  \        a  h±  Jx 


(x0  -  o  '-L(c  -  x)a-Ldc ; 

z)Ni(£>*0-/.>n)r  +    /  (24.50) 


(x  -  x0) 


hi  Jxn 


(C  -  xq)2    1  <iC  1  d/j,(x) 


I» 

+ 


wi(O»0-/,  hi  )Io>1I!o] 

(24.51) 


^W^Im) 


Hence 


IS, J  < 


r(a) 


—  /         (a?o  —  a:)ad^(x)  + 


hia(a  +  1)  J[a,x0] 


(xQ-x)a+1dfM(x) 


ui(D"f,hi),        ,+ 


—   /  (x  -  xo)ad[i(x)+ 

a  J(x0,b] 


(x  -  x0)a+1dn(x) 


h2a(a  +  1)  J(xo,b] 
Momentarily  we  suppose  positive  choices  of 


^(D:xJ,h2)[xobA.  (24.52) 


(a  +  l) 

hi  =  n  (    /  (a?o  -  ;r)a+1d^(;r)  )  -  0. 

[a,x0] 


and 


h2  —  r2\  (x  -  x{,)a+1dn(x) 

Consequently  we  obtain 

+  [(/i((*o,  &]))<=* 


>0. 


(24.53) 


(24.54) 


7TT7 


.+1)  + 
1 


r2(a  +  1) 


WlWo-/.hl)[a,«0](^) 

Wl(^0/;ft2)[xo6](^a},  (24.55) 
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proving  (24.47). 

Next  we  examine  special  cases.  If  J,      ,,  (x—xo)a+1d(i(x)  —  0,  then  (x— Xo)  =  0, 
a.e.  on  (xo,b],  that  is  x  =  xo  a.e.  on  (xo,b], 

more  precisely  fi{x  £  (xo,b]  :  x  ^  xq}  —  0,  hence  n{xo,b]  —  0. 

Therefore  /x  concentrates  on  [a, xo]. 

In  that  case  inequality  (24.47)  is  written  and  holds  as 

/       f{x)dn{x)  -  J2  ^H       /       (x  -  x0)kdn(x) 

J[a,x0]  fe=0  K-  J[a,x0] 


r(a  +  i) 


k=0 


(a  +  l)ri 


(24.56) 


\  '  ■  I    [a,x0] 


T77-TT 


Since  (6, 6]  =  0  and  /x(0)  =  0,  in  the  case  of  xo  =  b,  we  get  again  (24.56) 
written  for  xq  —  b.  So  inequality  (24.56)  is  a  valid  inequality  when  f,    x  ,  (xq  — 

x)a+1d^{x)  /  0. 

If  additionally  we  suppose  that  J.  ,  (xo  —  x)a+1  dfj,(x)  =  0,  then  (xo  —  x)  —  0, 
a.e.  on  [a,  xo],  that  is  a;  =  xo  a.e.  on  [a,  xo],  which  means  fi  {x  €  [a,  a?o]  :  a  7^  £0}  = 
0.  Hence  /1  =  SXQM,  where  5X0  is  the  unit  Dirac  measure  and  M  —  fi([a,  b])  >  0. 

In  the  last  case  we  get  that  L.H. 5(24.56)  =  R.H.S. (24.56)  =  0,  that  is  (24.56) 
is  valid  trivially. 

Finally  let  us  go  the  other  way  around.  Let  us  suppose  that  J",  x  ,  (xo  — 
x)a+1dfi(x)  —  0,  then  reasoning  similarly  as  before  we  get  that  fj,  over  [o,  xo] 
concentrates  at  xo-  That  is  /i  —  8XQfi([a, Xo]),  on  [o, Xo]- 

In  the  last  case  (24.47)  is  written  and  it  holds  as 


/ 


(x0,b] 
< 


f(x)dn{x)  -  J2 
1 


f(k)(xo) 


/,■! 


T(a  +  1) 


fe=0  '  •'("0.6] 

(n((x0,b]))T^  + 


[x  —  xo)  d/j,(x) 
1 


(a  +  l)r2 


(24.57) 


^\D^Qf,r2{j  (x  -  x0)a  +  1  dfi(x))  j  (J  (x-x0)a  +  1dp,(x)\ 

\  '       "  ■  I    [x0,b] 


777-TT 


If  xo  =  a  then  (24.57)  can  be  redone  and  rewritten,  just  replace  (xo,  b]  by  [a,  6] 
all  over. 

So  inequality  (24.57)  is  valid  when 


(x  —  xo)a+1  dfi(x)  7^  0. 


(x0,6] 
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If  additionally  we  assume  that  J,      ,,(x  —  xo)a+1  dfi(x)  =  0,  then  as  before 
H(x0,  b]  =  0.  Hence  (24.57)  is  trivially  true,  in  fact  L.H.S. (24.57)  =  R.H.S. (24.57)  = 
0. 

The  proof  of  (24.47)  now  has  completed  in  all  possible  cases.  ■ 

We  continue  in  a  special  case. 

In  the  assumptions  of  Theorem  24.25,  when  r  —  r\  —  T2  >  0,  and  by  calling 
M  —  /u([o,  b])  >  fi([a,  xo]),  fj,((xo,  b]),  we  obtain 

Corollary  24.26.  It  holds 


/m— 1    p(k)  /       \      [■ 
^M  fe=Q  fc-  J[a,b] 


1 


r(«  +  i) 


M<°+!)   +  ■ 


(a+  l)r 


J1  I  D°0-/'r(    /,  (*0  -  «0    "•"   <M*) 


T77-TT 


[a,x0] 


W[xn,bl 


TT^uT 


/    f  a  +  1  U^ 

/  (a  -  ^o)  dfj(a:) 


*0] 

[*0,!,] 
(24.58) 


Based  on  Theorem  24.25,  Corollary  24.26  and  (24.31),  we  get 

Theorem  24.27.   Let  /  G   ACm([a,b]),  /(m)    G   LOQ([a,fe]),  m  =    M  ,  a  £ 

N,  a  >  0;r  >  0,and  Ljv   :  C([a,b])  — >  C([a,b]),N  G  N,  a  sequence  of  positive 

linear  operators,  xq  G  [a,  b] .  Then 


LnU,xq)  -  Y^ 


'f^Hxo) 


LN((x  -  xa)    ,x0) 


r(a+l) 


(LN(l,x0))TZ+TJ  + 


(a  +  l)r 


wi  (  D"0_f,r(LN  (\x-x0\a      X[a,x0](x),x0))  <cv+1) 

(Ljv  (|x--x0r+1X[a,a:o](a;),2:o))^STT^  + 
wi  (  D"xof,r  (Ljv  (|a;  -  a?o|™+1  X[*0,b]  (#),£()))  (°+1) 


(24.59) 


^0,6] 


(Ljv  (|a;-a:or+1X[x0,&](a:),#o)) 


:^tt) 
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Corollary  24.28.  (to  Theorem  24.27)  It  holds 


LN(f,x0)  -  ^ 


^ /<*>(*<>) 


A-! 


Ln((x  -  xo)  ,xo)  < 


1 


r(a  +  l) 


(LJV(l,a;o))(°+1)  + 


1 


(a  +  l)r 


wi  f  D:0_/,r  {LN  (\x  -  xQ\a+1  ,x0))  (-+1) 
+wi  (  D?xJ,r(LN  (\x  -  XoF+1,X0))^ 


[x0,b] 


a,x0] 

(L^(j^-xor+1,a;o))(sfT). 
(24.60) 


We  make 

Remark  24.29.  Let  /  G  AC([a,b]),  f  G  Lx(\a,b\),  0  <  a  <  l,x0  G 
[a,6];Ljv  :  C([a,  &])  — +  C([a,  6]),  N  G  N,  sequence  of  positive  linear  operators. 
Then  by  Theorem  24.27  and 


\LN(f,x0)  -  f(xQ)\  <  \LN(f,xo)-f(x0)LN(l,x0)\  +  \f(x0)\  \LN(l,x0)  -  1|  , 

(24.61) 
we  obtain 

Theorem  24.30.  Let  /  G  AC([a,b]),  /'  G  Loo([a,6]),  0  <  a  <  l,x0  G 
[a,6];Ljv  :  C([a,b])  — >  C([a,6]),iV  G  N,  sequence  of  positive  linear  operators. 
Then 


\LN(f,x0)-  f(x„)\       <       |/(x0)||iiv(l,x0)-l|  + 

1 


r(a  +  i) 


(LN(l,x0))(°-  +  D   + 


(a  +  l)r 


(fl;j/(i»  (i*  -  *0r+i  x[a,«0](x),x0)) <a+i)  ) 


Ljv  f  |x  -  x0r+1  X[a,x0](a:),a:o)  )     " 


[a,x0] 

(24.62) 


Wi     D"XQf,r(LN  (\x-xo\a      X[^0,6](:r)';ro))TS+T 


(«*r) 


10.  i>] 


(Ljv  (|x-  Xor+1X[IO,i,](a;),io)) 


We  make 
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Remark  24.31.  We  see  that 
R.H.S.(24.59)     <  ' 


T(a  +  1) 


(a  +  l)r 


sup   wi  I  D"_f,  r  IlLjv  (I 

x€[a,6]  V 

\LN(\--xr+iX[a>x](-),x)\\^  + 


\ct-\-l  /  \        \ 


[a,x] 


sup   wiD";c/,r||Ljv(|--a:|a+   Xb, (,](•), z)  ||^+1) 

x£[a,b]  \  /  [X:b] 


\(LN(\.-xr+iX[x,b](-),*))\La+ 


(tSi) 


=  e. 


(24.63) 


So  that 


<e. 


(24.64) 


We  further  observe  that 


™-i    /(fe)(*)    i 
IM/.*)  -  f(x)\  <Z+  \f(x)\  \LN(l,x)  -  1|  +  X)   '      fc!      '  pJv((-  -  a;)fc,x) 


<|/(a:)|  |Ml,a;)-l|  +  X) 


m-1  \f(k)(x) 


/,■! 


Ljv((--a:)fc,x)   +0.  (24.65) 


We  have  established  the  main  result,  a  Shisha-Mond  type  inequality  at  the 
fractional  level. 

Theorem  24.32.  Let  /  G  ACm([a,b}),  f(m)  G  L00([a,fe]),  m  =  \a]  ,a  £ 
N,  a  >  0,r  >  0,and  Ln  :  C([a,  6])  — *  C([a,  6]),iV  G  N,  a  sequence  of  positive 
linear  operators,  x  G  [a,  6].  Then 


*(*) 


l|i«/-/!L<ll/ILI|i«i-i|U  +  ^  "       "°°  \\LN((--x)k,x)\\     + 


T      flMI  <°+1>    -L. 


(a  +  l)r 


r(a  +  i) 

(24.66) 


■Ji[D^_f,r\\LN(\.-x\a+1X[a,x](.-),x)\\TST^)  \\LN(\.-x\''+1X[a,x](.-),x)    TSTTT  + 

II  Hoc  /  [o,x]  II  II  oo 


sup      W1      r>?x/,r     iw(|--x|a  +  1x[;c,6](-)^)     (Q  +  1)  i«(|- 

*S[a,f>]  V  "  1       '  lloo  /[^i,,11 


qx.bH 
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Next  we  derive  the  following  Korovkin  type  convergence  result  at  fractional 

level. 

Theorem  24.33.  Let  a  £  N,  a  >  0,m=\a~\  ,and  LN  :  C([o,6])-»C([a,&]),iV  G 
N,  a  sequence  of  positive  linear  operators.  Assume  Ljvl  — >  1  (uniformly),  and 

||Ljv(|--x|q:+1,x)||oo   ->   0,  as  N  ->  oo.  Then  Ljv/  A   /,V/  G   ^Cm([a,6]), 
j(m)  g  L00([a, 6]).  (The  second  condition  means  (Ln(\-  —  x\        ))  (x)  A  0,2;  G 

M].) 

Proof.  Since  ||Ljvl  -  l^  -+  0  we  get  ||Ljvl  -  1IL  <  K,  for  some  K  >  0.  We 
write  Ljvl  =  Ljvl  —  1  +  1,  hence 

IlijvilL  <  ll^ivi  -  ilL  +  llilL  <  *  +  i.vjv  g  n. 


oo  II      II  oo 


That  is  ||X(jv1||      is  bounded. 

So  we  are  using  inequality  (24.66). 

By     assumption      ||Ljv(|-  —  x\        ,x)||  — >       0     and     (24.40)     we     get 

Ljv(|- —  x\    ,x)\\      — >  0,  for  all  fc  =  1, . . .  ,m  —  1. 

I  1 1  oo 

Also  by  (24.43)  and  (24.44)  we  obtain  that 

\\LN{\-  -^\a+iXla,x](-),x)\\oo  ->  0,  and   ||Ljv(|-  -  x\a+1  X[x,b](-).:»;)||00  ->  °> 

as  JV  — >  oo. 

Additionally  by  (24.38)  and  (24.39)  we  derive  that 


sup   wi  (£>"_/,  •)[<.,*],    sup   U!(D"xf,  -)[xu  <  =r. ^— (6-a) 

sce[o,6]  x€[a,6]  1  (m  —  a  +  1J 


2     f'"1-1 

J_(6-a)m- 

(24.67) 
so  they  are  bounded. 

Thus  based  on  the  above,  from  (24.66),  we  derive  that  \\LnJ  —  fW^  — *  0, 
proving  the  claim.  ■ 

We  make 

Remark  24.34.  Based  on  Corollary  24.17  and  Theorems  24.18,  24.19,  given 
that  /  G  Cm([a,  b]),  we  get  that 


(i)  sup   u}i(Dx'_f,r\\LN(\--x\a+1xia,x](-),x)\\£+1'>) 

xe[a,b]  \  J  [Q>x] 

=      cu1(D:i_f,r\\LN(\--x\a+1XM(-),x)\\^)  (24.68) 

V  /    [0,!Cll 


— >     0,  as   ||Ljv(|-  —  x\a      ,x)\\      — >  0,  as  N  — >  oo, 
for  some  £1  G  [a,  6]. 
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Similarly 


[x,b] 


(ii)  sup   LU1(D«xf,r\\LN(\--x\a+1Xlx>b](-),x)\\^A 

xe[a,b]  \  J  [ 

=      co1(D:xJ,r\\LN(\--x\a+1X[xM(-),x)\\^)  (24.69) 

\  /  [x2,b] 

— >     0,  as   IlLjvfl-  —  x\        ,x)\\      — >  0,  as  iV  — >  co, 

II  v  '  y  1 1  o© 

for  some  Xi  G  [&,&]■ 

We  give 

Corollary  24.35.  Here  LN  :  C([a,  b])  — >  C([a,  b]),N  €  N, positive  linear  oper- 
ators. Let  0<  a  <  l,r  >  0,  /  G  AC([a,b\),  f  G  Loo  ([a,  6]).  Then 


\\LNf  -  /»«,  <  ll/lloo  II^Jvl  -  1|U  +  -,   1,  -  (  ||Liv(l)||icQ+1)  + 


r(a  +  l)   V  (a  +  l)r 


sup 

x(z[a,b] 


ui(D«_f,r\\LN(\-~xr+1xla,x](-),x)\\ic'1+1))  }\\LN(\--x\a+1X[a,*](-),x)\ 

V  "  Iioo  )  \a,x\)    "  ■        ■  I 

+  (    sup     wifD?1B/,r||LjV(|--xr+1X[a!,i>](-).a:)||7=*IT>)         1 

[xG[a,b]  \  "  "        '  "°°  /[x,b]) 


ijv(|--*|a+1X[«,6](0.ai) 


(24.70) 


24.4     Application 


JV 

Consider  /  G  C([0, 1])  and  the  Bernstein  polynomials  (BNf)(t)  =  E  /  (77)  ( k)*fc 

fc=0 

(i-i)JV_fc,Vie  [0,1],  iVe  N. 

We  have  Bjvl  =  1,  and  Bn  are  positive  linear  operators. 

Here  let  0  <  a  <  1,  r  >  0  and  take  /  G  AC([0, 1]),  /'  G  Loo([0, 1]). 

Applying  Corollary  24.35  we  obtain 

Corollary  24.36.  It  holds 

^f-^^TWTT){1  +  jdw)  (24-71) 


1(D=_/,r|l3N(|.-:rr  +  1x[o,:c](-),*)|T^rTT)  |  BN  (|  •  -  x\a  +  1  X[0,x]  (0.  <0|  T^TJ 

y  ii  ii  oo       y^ii  .  Hoc 

V  "  i  ■  i         iioo       J         ii  iioo       j 


374         24.  Fractional  Convergence  Theory  of  Positive  Linear  Operators 


VAT  G  N. 

Next  let  a  =  ±,  and  r  =  ^-,  that  is  r  =  §.  Notice  T  (|)  =  ^. 

Corollary  24.37.  Let  /e4C([0, 1]),  /'  G  Loo([0,  1]),  N  G  N.  Then 


ll^/-/IL<-7= 


sup    Wi 

z€[0,l] 


Bjv(|--a! 


Here  we  have 


(Dl_f,UBN(\-  -  x\i  xioM-),^) 

V  J  "  llo°/  [0,x] 

3  III  /       1  2   ||  3  ||§\ 

I2  Xio,*] (•),«)       +    sup  wi     D,2J,  -    Bw(|-  -  i|  2  X[x,i]  (•),!) 

"°°         a€[0,l]  \  °>  "  lloo/ 


x,ll 


|Sjv(|--x|2X[x,i](-).a:)| 


|t-a;|3/2X[o,x](t) 


and 


(a;  -  i)3/2  ,  for  0  <  i  <  x, 

0,  for  x  <  t  <  1, 

(i  -  x)3/2  ,  for  x  <  t  <  1, 

0,  for  0  <  £  <  x. 


|*-a;|3/2X[*,i](*)  = 
Consequently  for  a;  G  [0, 1],  we  find 

■search-. 


Bjv(|--*l*X[o,«](-))(a5) 


JV-fc 


(24.72) 


(24.73) 


(24.74) 


(24.75) 


and 


B"(|--*l*X[«,i](-))(*)  =     E     (^-sY'Y^W -*)""*.     (24.76) 


One  further  has 


(|-  -  x|  2  X[o,*](-))  0*0,  Bjv  (|-  -  x|  2  X[x,i]  (•))  (x) 

fc=0  V      / 

(by  discrete  Holder's  inequality) 

<-  few®*-*-)1 

3 

—x(l  -  x))  4  <  rrjjyx  G  [0,  11. 

N    K  7      -  (4AT)3/4 


(24.77) 
(24.78) 

(24.79) 
(24.80) 
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We  have  shown 

Corollary  24.38.  Let  /  G  AC{[0, 1]),  /'  £  Loo([0, 1]),  N  £  N.  Then 


\\BNf-f\\, 


< 


2" 


/WiV 


sup   wi  (  D^_/,  — -=  I 

ce[o,i]        V  3VN  J  [0jX] 


sup   wi     D,2,/,  —^      , 
xe[o,i]       V  ovJV/^,1] 


(24.81) 


Notice  2*  w  1.59. 


So  as  JV  — »  oo  we  derive  again  that  -Bjv/  — *  /  with  rates. 

Discussion  24.39.  From  (24.81),  Corollary  24.17,  and  Theorems  24.18,  24.19 
we  obtain  that 


l|5W-/IL< 


2" 


/^Vn 


wi  [£>],_/,— U)        +wi(r>i2/,^= 


for  some  xi,a;2  £  [0,1],/  £  ^([0, 1]). 
That  is 


(24.82) 


W-/IL< 


2l 


WiV 


^•■-'•^./"■^•"'•^J,.,, 


(24.83) 
i  i 

Further  we  suppose  that  D£     f  and  D*X2f  are  Lipschitz  functions  of  order  1, 

that  is 


Dl_f(x)-Dl_f(y) 


<K1\x-y\. 


(24.84) 


and 


D?xJ(x)-DlJ(y) 


<K2\x-y\,\/x,ye[0,l],  and  K  i ,  K2  >  0.      (24.85) 


Then  from  (24.83)  we  get 


W-/IL< 


25  (K-,  +  K2) 


30FA^4 

Assume  next  that  /'  is  a  Lipschitz  function  of  order  1,  that  is 
\f'(x)  -  f'(y)\  <  K3  \x  -  y\  ,Vx,y  £  [0, 1],  and  K3  >  0. 
Then  from  Section  24.1  the  Introduction,  we  get 


(24.86) 


(24.87) 


(24.88) 
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In  [250],  T.  Popoviciu  for  /  G  C([0, 1])  proved  that 

11*"/  -  /IL  <  §«i  (/■  "i)  =  l-»*  (/■  -i)  ■  (24-89) 


If  /  is  a  Lipschitz  function  of  order  1,  that  is 

\f(x)-f(y)\<K4\x-y\,  (24.90) 

Va;,  y  £  [0, 1],  and  K±  >  0,  then  we  have 

||BJV/-/|L<l^i.  (24.91) 

We  also  notice  that 

4<T^<T^  foriVGN\{l}.  (24.92) 

So  looking  at  (24.88),  (24.86)  and  (24.91),  we  observe  that  as  the  used  in  the 

estimates  differentiability  of  /  increases  so  the  resulting  speed  of  convergence  of 

Bn/  to  /  increases,  in  fact  at  the  used  \—  derivative  the  speed  is  in  between 

the  corresponding  speeds  for  /  and  /'.  Of  course  in  the  last  argument  we  sup- 

1  1 

posed  that  /,  D£  _/,  D,X2f  and  /'  are  all  Lipschitz  functions.  If  /'  is  a  Lipschitz 

1  1 

function  or  just  /  G  C  ([0, 1]),  not  necessarily  D£  _/,  D*X2f  are  Lipschitz  ones. 


25 

Fractional  Trigonometric  Convergence 
Theory  of  Positive  Linear  Operators 


In  this  chapter  we  study  quantitatively  with  rates  the  trigonometric  weak  conver- 
gence of  a  sequence  of  finite  positive  measures  to  the  unit  measure.  Equivalently 
we  study  quantitatively  the  trigonometric  pointwise  convergence  of  sequence  of 
positive  linear  operators  to  the  unit  operator,  all  acting  on  continuous  functions 
on  [— 7r,  7r].  From  there  we  obtain  with  rates  the  corresponding  trigonometric 
uniform  convergence  of  the  latter.  The  inequalities  for  all  of  the  above  in  their 
right  hand  sides  contain  the  moduli  of  continuity  of  the  right  and  left  Caputo 
fractional  derivatives  of  the  involved  function.  From  these  uniform  trigonomet- 
ric Shisha-Mond  type  inequality  we  derive  the  trigonometric  fractional  Korovkin 
type  theorem  regarding  the  trigonometric  uniform  convergence  of  positive  linear 
operators  to  the  unit.  We  give  applications,  especially  to  Bernstein  polynomials 
over  [— 7T,  n]  for  which  we  establish  fractional  trigonometric  quantitative  results. 
This  chapter  relies  on  [46]. 


25.1     Introduction 

In  this  chapter  among  other  we  are  motivated  by  the  following  results. 

Theorem  25.1  (P.P.Korovkin  [213],  (I960)).  Let  Ln  :  C([—ir,ir])  ->  C([-7r,7r]), 

n  G  N,  be  a  sequence  of  positive  linear  operators.  Suppose  Ln(l)  — +  l(uniformly), 
L„(cos  t)  — >  cos  t,Ln(sin  t)  — »  sin  t,  as  n  —*  oo.  Then  Lnf  — +  /,  for  every 
f  £  C([— 7r,7r])  that  is  2-7T—  periodic. 


G.  A.  Anastassiou:  Intelligent  Mathematics:  ComputationalAnalysis,ISRL5,  pp.  377-  397 
springcrlink.com  ©  Springer- Verlag  Berlin  Heidelberg  2011 


378         25.  Fractional  Trigonometric  Convergence  Theory 


Let  /  G  C([a,  &])  and  0  <  h  <  b  —  a.  The  first  modulus  of  continuity  of  /  at  h 
is  given  by 

u>i{f,h)  =  sup{|/(a:)  -  f(y)\;x,y  G  [a,b],  \x-y\<  h} 

If  h  >  b  —  a,  then  we  define 

u>i(f,h)  =u>i(/,6-a). 

Another  motivation  is  the  following. 

Theorem  25.2  (Shisha  and  Mond  [263],  (1968)).  Let  L!,L2,.  . . ,  be  linear  pos- 
itive operators,  whose  common  domain  D  consists  of  real  functions  with  domain 
(—oo,  oo).  Suppose  1,  cos  x,  sin  x,  f  belong  to  D,  where  f  is  an  everywhere  contin- 
uous, 2-K-periodic  function, with  modulus  of  continuity  u>\.  Let  —  oo  <  a  <  b  <  oo, 
and  suppose  that  for  n  —  1,2, ... ,  Ln(l)  is  bounded  in  [a,  b]. 

Then  for  n  —  1,2, ... , 


\\Ln(f)  - /IL  <  H/IL  HMi)  -  ilL  +  IIMi)  +  i|Uwi(/,^),       (25.i) 


where 


^n=K 


Ln  I  sin 


t  —  x 


(x) 


1/2 


and  ||  •  || oo  stands  for  the  sup  norm  over  [a,b]. 

In  particular,  if  Ln(l)  —  1,  then  (25.1)  reduces  to 

IIM/)-/IL<2wi  (/,*«»). 

One  can  easily  see  that,  for  n  —  1,2,..., 


/4<  i^YJ  [||Mi)-ilL 

+  ||(L„(cost))(a;)  -  cosxU^,  +  ||(L„  (sin  *))(#)  -  sinzlloo]  , 

so  the  last  along  with  (25.1)  prove  Korovkin's  Theorem  25.1  in  a  quantitative 
way  and  with  rates  of  convergence. 

One  more  motivation  follows. 

Theorem  25.3     (see  [16],  p.  217).   Let  f  G   Cn([-7r,7r]),  n  >   1,  and  H  a 

measure  on  [— tt,ti\  of  mass  m  >  0.  Set 


1*1 


H(dt) 


l/(n+l) 


(25.2) 


and  denote  by  w  :—  u>i(f^"  ,  /3)  the  modulus  of  continuity  of  f^n'  at  f3.  Then 


fdn-f(0) 


<  |/(0)|  .|m-i|  +  J2 


k\ 


t  fi(dt) 


25.2  Background         379 


^n  on 
r       l/("+l)     ,  II        i     HI       ^    P 

+w [m  /v       '  +  7r/(n  +  1)   ■  : — . 

n! 

Final  motivation  is  [43].  A  great  aid  for  fractional  calculus  is  [259]. 

In  this  chapter  we  study  quantitatively  the  rate  of  trigonometric  weak  con- 
vergence of  a  sequence  of  finite  positive  measures  to  the  unit  measure  given  the 
existence  and  presence  of  the  left  and  right  Caputo  fractional  derivatives  of  the 
involved  function.  That  is  in  the  right  hand  sides  of  the  derived  inequalities  ap- 
pear the  first  moduli  of  continuity  of  the  above  mentioned  fractional  derivatives, 
see  Theorem  25.23  and  Corollary  25.24. 

Then  via  the  Riesz  representation  theorem  we  transfer  Theorem  25.23  into 
the  language  of  quantitative  trigonometric  pointwise  convergence  of  a  sequence  of 
positive  linear  operators  to  the  unit  operator,  all  operators  acting  from  C([— 7r,  n]) 
into  itself,  see  Theorem  25.25,  Corollary  25.26  and  Theorem  25.28. 

From  there  we  derive  quantitative  results  with  respect  to  the  sup-norm 
||  ■  ||oo,  regarding  the  trigonometric  uniform  convergence  of  positive  linear  opera- 
tors to  the  unit.  Again  in  the  right  hand  side  of  our  inequalities  we  have  moduli  of 
continuity  with  respect  to  right  and  left  Caputo  derivatives  of  the  engaged  func- 
tion. For  the  last  see  Theorem  25.30,  a  trigonometric  Sisha-Mond  type  result. 
From  there  we  obtain  the  first  trigonometric  Korovkin  type  convergence  theorem 
at  the  fractional  level,  see  Theorem  25.31. 

We  give  applications  of  the  fractional  trigonometric  Sisha-Mond  and  trigono- 
metric Korovkin  theory,  see  Corollaries  25.34  -  25.36,  etc. 

In  approximation  theory  the  involvement  of  fractional  derivatives  is  very  rare, 
almost  nothing  exists,  with  the  exception  of  the  recent  [43].  The  few  fractional  ar- 
ticles that  exist  are  of  V.  Dzyadyk  [153]  of  1959,  F.  Nasibov  [233]  of  1962,  J.  Dem- 
janovic  [140]  of  1975,  and  of  M.  Jaskolski  [196]  of  1989,  all  regarding  estimates 
to  best  approximation  of  functions  by  algebraic  and  trigonometric  polynomials. 
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We  need 

Definition  25.4.  Let  v  >  0,n  =  [l>]([-]  is  the  ceiling  of  the  number),  /  G 
AC"([a,  b])  (space  of  functions  /  with  /(n_1)  g  AC([a,b]),  absolutely  continuous 
functions).  We  call  left  Caputo  fractional  derivative  (see  [145],  p.  38,  [160],  [259] 
the  function 

DXJ{x)  =         1  f'(x  -  t)"-"-V(,0(t)#,  (25.3) 

Y{n-V)  Ja 

\/x  G  [a,  6],  where  Y  is  the  gamma  function  Y(v)  —  f^°  e~ttv~1dt,v  >  0. 
We  set  D°af(x)  =  f{x),Wx  G  [a,b\. 
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Lemma  25.5  ([43]).  Let  v  >  0,  v  <£  N,  n  =  \v\,f  €  Cn_1([a,&])  and  /(n)  6 
Loo([o,6]).  T/ien  D:„/(o)  =  0. 

Definition  25.6  (see  also  [160],  [155],  [44]).  Let  /  G  ACm([a,  b]),m  =  \a\,  a  > 
0.  The  right  Caputo  fractional  derivative  of  order  a  >  0  is  given  by 

DS-f(x)  =  p        '     .   /    (C  -  x)"l-«-1/(m)(C)dC,  (25.4) 

r(m  -  a)  Jx 

\/x  G  [a,b].  We  set  D°b_f{x)  =  /(x). 

Lemma  25.7  ([43]).  Let  /  €  Cm_1([a,6]),/(m)  G  LOB([a,b]),m  =  [a] ,  a  >  0. 
ThenD%_f(b)  =  0. 

We  also  need 

Lemma  25.8  ([43]).  Let  f  G  J4Cm([a,  b]),m  —  \a] ,  a  >  0;  n  is  a  positive  finite 
measure  on  the  Borel  a-algebra  of  [a,b],xo  G  [a,  b].  Then 

n  T7T.        X       p(\z\{  \  f 

Exo([a,b})  :=   /       f(x)dn(x)-  V  ^f^  /       (*-*„)%(*) 


(C  -  xr-\DaXQ_f{Q  -  D«  _/(x0))dC  )  dn(x)+ 


r(0)     [  ./[„,«,„] 

/       f  f(j  -  C)"-1^^)  -  b«0/Wk)  w)  ■  (25.5) 

Convention  25.9.  We  suppose  that 

D:xJ(x)  =  0,      for     x<x0,  (25.6) 

and 

D°o-f(x)  =  0,      for     x>x0,  (25.7) 

for  all  x,xo  G  (a,  b]. 

We  mention 

Proposition  25.10  ([43]).  Let  f  G  Cn{[a,b]),n  =  [v~|,t>  >  0.  Then  Dv,af{x) 
is  continuous  in  x  G  [a,  6] . 

Also  we  have 

Proposition  25.11  ([43]).  Let  f  G  Cm([a,b]),m=  \v],v>  0.  Then  D%_f(x) 
is  continuous  in  x  G  [a,  b]. 

We  further  mention 

Proposition  25.12  ([43]).  Let  f  G  Cm_1([a,  6]), /(m)  G  L00([o,6]),m  = 
\a] ,  a  >  0  and 

0«o/(*)  =  r,    1      >   A*  -  t)ro"a"1/(",)(*)*.  (25-8) 

T(m  -  a)  ,/xo 


25.2  Background         381 

for  all  x,  xo  €  [a,  b]  :  x  >  xo  ■ 

Then  D"XQf(x)  is  continuous  in  xo- 

Proposition  25.13  ([43]).  Let  f  G  Cm_1([a,  &]), /(m)  G  L00([a,b]),m  = 
\a] ,  a  >  0  and 

(  —  11  m  fX°  ,       s 

D*o-f(*)=r\m_a)J      (C-*)m-a-1/(m)(C)dC,  (25.9) 

for  all  x,  xo  G  [a,  b]  :  xo  >  x. 

Then  D"     f(x)  is  continuous  in  xq. 

We  need 

Proposition  25.14  ([43]).  Let  g  G  C([a,b}),0  <  c  <  l,x,x0  G  [a, &].  Define 

L(x,xo)—   /    (x  —  t)c~1g(t)dt,  forx>xo,  (25.10) 

and  L(x,xo)  =  0,  for  x  <  xo . 

Then  L  is  jointly  continuous  in  (x,Xo)  on  [a,  &]2. 

We  mention 

Proposition  25.15  ([43]).  Let  g  G  C([a,  b}),0  <  c  <  l,x,x0  G  [a,b].  Define 

K{x,xo)  =  Hie-  xy^giOdC,  for  x  <  x0,  (25.11) 

J  X 

and  K(x,xo)  —  0,  for  x  >  Xo- 

Then  K(x,xo)  is  jointly  continuous  from  [a,  b]2  into  R. 

Based  on  Propositions  25.14,  25.15  we  obtain 

Corollary  25.16  ([43]).  Let  f  G  Cm([a,b]),m  =  \a],a  >  0,x,x0  G  [a,b]. 
Then  D"xof(x),D"0_f(x)  are  jointly  continuous  functions  in  (x,  xo)  from  [a,  b]2 
into  R. 

We  need 

Theorem  25.17  ([43]).  Let  f  :  [a,b]2  — >  R  be  jointly  continuous.  Consider 

G(x)=ui(f{;x),6,[x,b]), 

8  >  0,x  G  [a,b]. 

Then  G  is  continuous  on  [o,  b]. 

Also  it  holds 

Theorem  25.18  ([43]).  Let  f  :  [a,b]2  — »  R  be  jointly  continuous.  Then 

H(x)  =u>i(f{-,x),6,[a,x]), 

x  G  [a,  b],  is  continuous  in  x  G  [a,  b],  5  >  0. 

We  make 

Remark  25.19.  Let  p  be  a  finite  positive  measure  on  Borel  cr-algebra  of 
[— 7r,  7r].  Let  a  >  0,  then  by  Holder's  inequality  we  obtain  (xo  G  [—  vr,7r]), 


[— 7T,X0] 


(xo  -  xrdMz)  <  2-  (7     (^V^)  "+1  dM(x) ) 


382         25.  Fractional  Trigonometric  Convergence  Theory 


H([-K,  x0])  <=+1>  <  (27r)«  (  /  (sin((x0  -  x)/4))a+1d/*(x)  ]  ^([-tt,  x0])  ("+1)  , 

V/l-^o]  / 

(25.12) 

by  |i|  <  7rsin(|i|/2),i  G  [-7r,7r]. 
Similarly  we  get 

/   (x-x0)ad»(x)<2a(  [    f^-^iy+1  dfi{x)Ya ' 

•/(*0^1  \/(*0,t]    V  2  /  / 

U((x0,it])^  <(2n)al  [        (Sm((x-Xo)/4:))a+1dn(x))  n((x0,*])^ . 

\J(.*o,*]  ) 

(25.13) 
Let  now  m  =  \a] ,  a  G  N,  a  >  0,  k  —  l,...,m  —  1.  Then  again  by  Holder's 
inequality  we  find 

/  | a;  -  x0|fed/i(x) 

•/  [  —  7T,7rl 


—  7T,7r] 


<  (2yr)fc  I    /  (sin(|a;-a;o|/4))a+1dM(x)  I  n([-K,n])~^+^T ,       (25.14) 

\J[-^,7r]  / 

Terminology  25.20.  Here  C([— tt,  tt])  denotes  all  the  real  valued  continuous 
functions  on  [— 7r,  ir].  Let  Ljv  :  C([— tt,  7r])  — >  C([—  7r,  7r]),  TV  G  N,  be  a  sequence  of 
positive  linear  operators.  By  Riesz  representation  theorem  (see  [257],  p.  304)  we 
have 


LN(f,xo)=  f(t)dnN*0(t),  (25.15) 

J  [  — 7T,7r] 

Vxo  G  [—  7r,7r],  where  jj,nx0  is  a  unique  positive  finite  measure  on  a  Borel  algebra 
of  [— 7r,7r].  Put 

Ljv(l,a;o)  =  hnx0([-tt,tt])  =  MNxa.  (25.16) 

We  make 

Remark  25.21([43]).  Let  /  G   Cn_1([a,  &]), /(n)   G   L00([a,fe]),n  =    \v\v  > 

0,  v^n. 

Then  we  have 

II  f(n)l 
\D:af{x)\  <       |^_J'~      (x-o)"-",Vxe[o,6].  (25.17) 
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Thus  we  see  that 


Ul{DHaf,  5)  =  sup  \DXaf(x)  -  DXaf(y)\ 


< 


sup 

,I/S[a,fc]|x-»|<« 


ll/(n)| 


r(n-v  +  l) 


\n—v,  \\J  k*0         /  \  r. 

[x-a)        -f  — — -(y-a) 


T(n-v  +  l) 


Consequently 


211  /"(n)l 

-  r(n-v  +  iy       ' 


211  f(n)l 


(25.18) 
(25.19) 

(25.20) 


T(n-v  +  l 
Similarly,  let  /G  Cm_1([a,  6]), /(m)  G  L00([a,  b]),  m  =  [a] ,  a  >  0,  a  £  N,  then 


2  II   f(m)  II 
^(Db_f,S)<T{m_a  +  i)(b-a)        . 

So  for /G  Cm_1([o,6]),/(m)  G  L00([a,b]),m=  \a\,a  >0,a£N,  we  find 


(25.21) 


and 


211  f(m)| 

sup    Wi(i3Mo/,(5)[;co,6]  <  =rr- — — r(b-a) 

x0€[a,6]  l(m  —  a+lj 


211  f(m)| 

sup   u>i(Dxo_f,6)[a,xo]  <  =j£ — ^TTT(        ) 

a;0e[a,i>]  l  {171  —  Q+1J 


(25.22) 


(25.23) 


We  also  make 

Remark  25.22.  Let  LN  :  C{[-ir,n])  -»  C([-ir,ir]),N  G  N,  be  a  sequence  of 
positive  linear  operators.  Using  (25.15)  and  Holder's  inequality  we  obtain  (a;  G 
[— 7r,  it],  k  —  1, . . .  ,  m  —  1,  m  =  \a\ ,  a  £  N,  a  >  0)  for  fc  =  1, . . . ,  m  —  1  that 


-x\   ,x 


<  (2tt)* 


LN        sin 


,x 


T^+T) 


II  T      1||(«+l-fc)/(a+l) 

Notice  that  for  any  x  G  [— n,  it]  we  get 


(25.24) 


C([-jr,ir])  9  I  ■  -*!#[_„,,,](•)  <  |  ■  -x|  G  C([-7r,7r]), 
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therefore 


C([-ir,7r])  3     sin 


-x\X[_w^](-) 


<     sin 


a+l 


Consequently,  by  positivity  of  Ln  we  derive 


eC([-n,n]). 
(25.25) 


Lj     sin 


— x\Xi_n, ■*](■) 


Similarly,  for  any  x  £  [— it,  it]  we  have 


LN        sin 


,a; 

(25.26) 


C([-7r,7r])  3  |  ■  -x\X[xM  <  |  ■  -x\  e  C([-tt,it]), 


thus 

C*([-7T,7T])   3    (   Sill 

Therefore 


-x\X[Xt7T] 


<     sin 


a+l 


eC([-7r,7r]). 
(25.27) 


Ljv       sin 


-x\X[Xi7r](-) 


< 


Ln        sin 


(25.28) 
So  if  the  right  hand  side  of  (25. 26), (25. 28)  goes  to  zero,  so  do  their  left  hand 
sides. 

In  fact  we  notice  that 


-x\X{_kiX](-) 


-x\X[Xi7r](-) 


ct+l 


for  every  x  £  [— it,tt\. 
Therefore  it  holds 


Ljv       sin 


(25.29) 


Ln        sin 


— x\X[-ir,x}{-) 


a+\ 


+ 


Ln        sin 


-x\X, 


[x,tt] 


Consequently,  if  both 


n  \      sin 


-x\X[_WtX](-) 


a+1 


(25.30) 
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LN        sin 


■  —  -'r  A'i  , 


0, 


as  N  — >  +oo,  then 


LN        sin 


25.3     Main  Results 

We  present  the  first  main  result 

Theorem  25.23.  Let  f  G  ACm([-n,ir}),  /(m)  G  L00([-n,Tr]),m  =  [a], a  £ 
N, a  >  0;ri,T2  >  0,/i  is  a  positive  finite  measure  on  the  Borel  a-  algebra  of 

[— ty,tt],xo  G  [— 7t,  7t].  Then 


/m— 1 
f{x)dn{x)  -  J2 


'  (x  —  Xq)  dfj,(x) 


/,■! 


—  7T,7r] 


(2tt)° 
r(a  +  l) 


[— ir.xg] 


(M([-7r,x0]))<»+i)  + 


2tt 


(a  +  l)n 

a+1  \   v "      ' 


mil  |  — - —  )  )        djj,{x 


wi    D"0_f,n 

+      (M((x-0,7r]))(^T)    + 

Wi  (  D"xof,r2  _ 
Proof.  By  (25.5)  we  get 


[-7T,X0] 

2tt 


MIL  |    ; ]    ]  dfl(x) 


-ir,x0] 


(a  +  l)r2 


/ 


a;  —  xq 


ct+l 


dfi(x) 


sm  | ; —  )  )        dfi(x) 


(=*t) 


(25.31) 


[sc0,ir] 


T(a) 


[— ir.sco]    V^sc 


Bx0([-7T,7r]) 

'(c  -  xr-'iD^fio  -  D:0_f(xQ)\d<: )  dn(X) 
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+  /  I  /    (x  -  C)^1|^„/(C)  -  D:xJ(x0)\d(  )  dn{x)  )  =  (*).      (25.32) 

Let  h\,li2  >  0,  then 


(*)< 


I» 


[-TV,x0]    V*  V  "l 


<K 


+ 


dfi{x)]oJi{D^0_f,hi)[^!XO] 
C-Xo' 


L,  U>-o"(1+i*r)  *)*<■> 


U>l(D"xof,  fe)[xo,7r] 

(25.33) 


That  is, 


r(«) 


[— 7I",X0] 


BBO([-7r,7r]) 

^^  +  £  (£Vo  -  c)2-x(c  -  *)a-1dC 


+ 


(x0,n] 


I» 


Ul{D"XQf,  h,2)[x0,Tv]} 

((*o-*r  i  i  (*o-sr+1 ),,,,, 

Ul(DX(j_f,  /ll)[-7r,a;0] 


(25.34) 


+ 


(xo.tt]  V         a  fe2     a(a  +  l) 


Wl(-D?x0/;'l2)[x0,7r] 


(25.35) 


Therefore 


Exo([-7r,7r})  < 


—  /  (#o  —  x)ad^{x) 

Q  J[-",x0] 

Wi(-D"0_/,  fri)[-7r,x0] 


+ 


I» 

+  ,    —,      ,,-,   /  {xo  -  x)a+1dn(x) 

ftia(a  +  l)  7[_^,xo] 

-  /  (a;  -  a;0)ad^(x)  +  - — - — — —  /  (x  -  x())a+1  dfi(x) 

aJ(x0,ir]  h2a(a+  1)  J(xoM 


ui(D™X0f,h2){X0^]} 


(25.36) 
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Momentarily  we  suppose  positive  choices  of 


hi  -  n 


hi  -  r2 


[-TT,X0] 


XQ  —  X 


x  —  Xq 


dfj,(x] 


dfi(x) 


>0, 


>0. 


I  (X0,— 7r] 

Consequently,  by  (25. 12), (25. 13)  and  (25.36),  we  derive 


(25.37) 


(25.38) 


EX0([-7T,7T})  < 


r(a+l) 


wi  (£>£„_/,  /m)[-7i-,x0]  + 


(Mh^,  £(>]))  <  =  +  1>    + 

(/x((x0,7r]))T=ilT  + 


2tt 


(a  +  l)ri 

2tt 


(a  +  l)r2 


^l(-D^o/'ft2)[IO,^]} 

proving  (25.31). 

Next  we  examine  the  special  cases.  If 


(25.39) 


(x0,ir] 


X  —  Xq 


dfl(x)  =  0, 


then  sin  ( x~*° )  =  0,  a.e.  on  (xo,tt],  that  is  x  =  xo  a.e.  on  (xo,tt],  more  precisely 
/i{a;  £  (xo,7r]  :  x  7^  £0}  =  0,  hence  /i(#o,7r]  =  0.  Therefore  jj,  concentrates  on 
[— n,Xo]-  In  that  case  (25.31)  is  written  and  holds  as 


/(cc)rfM(cn)  -  J2 

,—ir,xn]  j._n 


k\ 


-TT,X0] 


(x  —  xq)  dfi(x) 


(27T) 


r(«  +  1) 


(p([-TT,X0]))(°^    + 


2n 


[— ir.xp] 


So  —  X 


a+1 


(a  +  l)ri 

(5TT> 


dfi(x) 


">i  I  D"0_f,n  j    /  (sinP0      -jj         d^z 

'[-7I-,X0] 


(25.40) 


Since  (71, 7r]  =  0  and  /i(0)  =  0,  in  the  case  of  xo  =  vr,  we  get  again  (25.40)  written 
for  xq  =  n.  So  inequality  (25.40)  is  a  valid  inequality  when 


/ 


(xo  —  x) 


dn(x)  ^  0. 
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If  additionally  we  suppose  that 


[— 7T,as0] 


mii  i  {xo  .  x)  \  i        dn(x)  =  0, 


then  sin(a!j-^)  =  0,  a.e.  on  [— n,xo],  that  is  x  =  xo  a.e.  on  [— n,  Xo],  which  means 
fi{x  £  [— n,  xq]  :  x  7=  xo}  =  0.  Hence  /i  =  8XQM,  where  6XQ  is  the  unit  Dirac 
measure  and  M  —  /i([— n,  n])  >  0. 

In  the  last  case  we  obtain  L.H.S  (25.40)=R.H.S  (25.40)=0,  that  is  (25.40)  is 
valid  trivially. 

At  last  we  go  the  other  way  around.  Let  us  suppose  that 


l™,  (*mr*w-o, 


'[-7r,X0] 

then  reasoning  similarly  as  before,  we  get  that  p  over  [— n,xo]  concentrates  at 
xo-  That  is  fi  —  8xofj,([—7v,xo]),  on  [— it, Xo]- 

In  the  last  case  (25.31)  is  written  and  holds  as 


m-l    „(fc) 


/        /(s)d/i(aO  -  E  T^  /        (*  -  *o)%(*) 


T(a  +  1) 


(/x((a:o,7r]))<°+i)  + 


2tt 


(sco,7t] 


X  —  #0 


a+1 


(a  +  l)r2 

(a*T) 


dfi(x) 


wi     D"xof,r2 


(x0,ir] 


X  —  Xq 


dfi(x 


[x0,tv]  _ 


(25.41) 


If  xo  =  —Ti",  then  (25.41)  can  be  redone  and  rewritten,  just  replace  (xo,tt]  by 
[— 7r,7r]  all  over.  So  inequality  (25.41)  is  valid  when 


l(x0,ir] 

If  additionally  we  assume  that 


X  —  Xq 


dn(x)  /  0. 


(x0,n] 


X  —  Xq 


dfl(x)  =  0, 


then  as  before  /j,(xo,tt]  —  0.  Hence  (25.41)  is  trivially  true,  in  fact  L.H.S  (25.41)  = 
R.H.S  (25.41)=0.  The  prof  of  (25.31)  now  is  completed  in  all  possible  cases.      I 
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We  continue  in  a  special  case. 

In  the  assumptions  of  Theorem  25.23,  when  r  —  ri  —  r<i  >  0,  and  by  calling 
M  —  /j.([— vr,7r])  >  n([— tt,Xo]),Li((xo,it]),  we  obtain 
Corollary  25.24.  It  holds 


/rn—1     r(k)  (        \       f 
f{xW{x)  -  V  LAE21  /       {x  _  Xo)kd^x) 
.-Tr.irl  ,._n  K!  J[-ir.7rl 


v*r 


r(a  +  l) 


M<"+!)    + 


[  — 7T,7r] 

2tt 


Wi      D"0_f,r 


-ir,x0] 


[-7T,X0] 


#o  —  a; 


(a  +  l)r 

a+l 

dfi(x'/ 


(*) 


X()  —  2! 


dpi(x) 


l-TT,X0} 


+ 


wi     D"X(jf,r 


X  —  Xo 


X  —  Xo 


dfi(x'/ 


(*) 


djj,(x] 


IS+T7 


[a;0,7r] 


(25.42) 


Based  on  Theorem  25.23,  Corollary  25.24  and  (25.15),  we  get 

Theorem  25.25.  Let  f  G  ACm{[-n,n]),  /(m)  G  L00([— tt,  7r]),m  =  [a] ,  a  £ 
N,  a  >  0;  r  >  0,  and  ijv  :  C([—tt,tt])  — >  C([— 7r,  7r]),  n  G  N,  a  sequence  of  positive 
linear  operators,  xo  G  [— it, it].  Then 


M/,*o)-x;/(fc)(a^  ^       ' 


fc! 


-Ljv((x-  xo)   ,  xo) 


T(a  +  1) 


(Ljv(1,x0))^+^  + 


2tt 


(a  +  l)r 


Ljv        sin 


I  IV  /       \  \    \     Cfc+1 

|X  —  iC0|-^-[  — ^-,a;0] 


•'CO 


wi     D™     f,r     LN        sin 


|a;-a!o|<V[_Tia.0](x) 


,  so 


[-7T,X0] 
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+  |  LN  |   I  sin  I  t1 ■ I  ]         ,Xo 


(h¥i) 


wi     Dtxof,r  \LN       sin  (  7*-^ )  )         ,x0 


(25.43) 


Corollary  25.26  (to  Theorem  25.25).  /*  holds 


LN(f,xo)-J2        ^0)LN((x-xo)k,xo) 


-  T(a  +  1 
Wi     D"f,r  \  LN     (  sin 


(Ljv(1,x„))(=+i>  + 
X  —  Xo| 


2tt 


(a  +  l)r 

a+l  \  \    (a  +  1) 


,  -X'O 


wi     D"f,r    ijv        sin 


JC  —  x'o 


,  .X'O 


[sco.*-]. 


Ljv        sin 


X  —  X() 


,  .X() 


(25.44) 


We  make 

Remark  25.27.  Let  /  G  AC([-n,ir]),f'  G  L00([-tt,  tt]),  0  <  a  <  l,x0  G 
[— 7T,7t];Ljv  :  C([— 7r,7r])  — -»  C([— n,  n]),  N  G  N,  sequence  of  positive  linear  opera- 
tors. Then  by  Theorem  25.25  and 

\LN(f,x0)  -  /(xo)|  <  \LN(f,xo)  -  f(x0)LN(l,xQ)\  +  \f(x0)\\Ln(l,xo)  -  1|, 

(25.45) 
we  obtain 

Theorem  25.28.  Let  f  G  AC([-n,ir]),f  G  Loo([— n-,7r]),0  <  a  <  l,r  > 
0,  xo  G  [— 7T,7t];Ljv  :  C([— 7r,7r])  — »  C([—  tt,  7r]),  AT  G  N,  sequence  of  positive  linear 
operators.  Then 

\LN(f,Xo)  -  /(xo)|  <  |/(x0)|  \LN(l,x0)  -  1| 


(2^r 

T(a  +  1) 


(L^l^o))^1'  + 


2tt 


(a  +  l)r 
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Ljv        sin 


\x-  Xo\X[_n,x0]{x) 


:  -X'O 


wi     Dxn_f,r  \LN\     sin    J ! ,a;0 


[-7T,X0] 


+  |L„l(sin(>^k-iMll     .,„ 


(*) 


wi     Dtxof,r  \LN       sin  (  7*-^ )  )         ,a;0 


(25.46) 


We  make 

Remark  25.29.  We  see  that 


#.H.S(25.43)  < 


(27T) 


r  a  +  l 


1^(1)11 


+ 


2tt 


jv        sin 


-x|^[_7r;J.](-) 


,  X 


(a  +  l)r 


sup     wi     D°_f,r 

x£l[  —  7T,7r]  \ 


Ljv        sin 


— x|A,[_7I.;a.](-) 


-7r,a;] 


+ 


Ljv        sin 


sup     wi     D"xf,r 

x£[  —  7T,7r]  \ 


Ljv        sin 


-gjjj^7T](0 


— #|<"f[x,7r]0) 


(-*r) 


[x,tt] 


So  that 


Z:= 


l»(/.».  -e1/'"(i"1' ' 


fc! 


-Ljv((--2:)R,a;) 


(25.47) 
(25.48) 


We  further  observe  that 


m—  i    i  i?ffc)  /   \  i 
|Ljv(/,x)-/(x)|<Z  +  |/(a;)|  |Ljv(1,x)-1|  +  ^    IJ   MWI|Ljv((--x)fc;a;)| 


/,■! 
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<|/(aO||LJV(l,aO-l|+£; 


'■'  '  lLN((--x)k,x)\+e.  (25.49) 


/,■! 


We  have  proved  the  main  result,  a  Shisha-Mond  type  trigonometric  inequality  at 
the  fractional  level. 

Theorem  25.30.  Let  f  G  ACm([—K,ir]),  /(m)  G  L00([-n,ir]),m  =  \a\,a  £ 
N,  a  >  0,r  >  0  and  Ljv  '■  C([— 7T,7r])  — >  C([— ir,  71"]), iV  G  N,  a  sequence  of  positive 
linear  operators,  x£  [— ir,ir].  Then 


IW  -  /IL  <  ll/lloo  II  w  -  ilL  +  E  t1 


■||Ljv((-  -cc)   ,as) 


+JML 

T(a  +  1 
Ljv  I   |  sin 


|Ljv(l)llL/(a+1) 


+ 


2tt 


(a  +  l)r 

^l-y[-7r,a;](-)x  x "  ' 


,  •'£ 


(=*T) 


sup     wi     D"_f,r 

XG[-  7r,7r]  \ 


Ljv        sin 


-x|A'[_7r;X](-) 


[  — 7r,a;] 


+ 


i/v        sin 


-g|jjg^r](0 


(-*r) 


sup     wi      D"xf,r 

X£[  —  7T,7r]  \ 


Ljv        sin 


—  a;|^[a:,ir](-) 


(25.50) 
Next  we  give  the  following  trigonometric  Korovkin  type  convergence  result  at 
fractional  level. 

Theorem  25.31.  Let  a  £  N,  a  >  0,ro  =  [a],  and  Ljv  :  C([-7r,7r])  — > 
C([—  7r,  7r]),  JV  G  N,  a  sequence  of  positive  linear  operators.  Suppose  Ljvl^l 
(uniformly) ,  and 


Ljv        sin 


asN^oo.  Then  LNf^f,\/f  e  ACm([-TY,TY]),f^m)  G  L00([— tt,  it]).  (The  second 

condition  means  I  Ljv  I  (sin  (    ~^  )  )         )  ]  (x)—>Q,X  G  [— 7T,  7r].) 

Proof.  Since  ||Ljvl  —  l||oo  -»flwe  get  ||Ljvl  —  l||oo  <  K,  for  some  K  >  0.  We 
write  Ljvl  =  Ljvl  —  1  +  1,  hence 


liivilL  <  llijvi  -  i|L  +  llilL  <  k  +  i.vjv  e  N 


CO  II       II  oo 
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That  is  ||Ljv1||oo  is  bounded.  So  we  are  using  inequality  (25.50).  By  assump- 
tion ||LJv((sin(!^))a+\:r)||00  -*  0,  as  N  ->  oo  and  (25.24)  we  get  ||Ljv(|  • 
-x|fc,a:)||oo  ->•  0  for  k  =  l,...,m-  1.  Also  by  (25.26)  and  (25.28)  we  get  that 


Ln        sin 


and 


Ljv        sin 


s|-¥[— n-,rc](-) 


-^l^.TrjO 


as  N  — »  OO. 

Additionally  by  (25.22)  and  (25.23)  we  obtain  that 


2||/(m)| 


sup     Ui(D%_f,-),        ,,     sup     wi(-D"x/;.)[      j< 
xe[-7v,k]  l     '  '   xel-ir.Tr]  r(m-a+l) 


(2^ 


so  they  are  bounded. 

Thus  based  on  the  above,  from  (25.50),  we  derive  that  ||Ljv/  —  /||oo  — *  0, 
proving  the  claim.  ■ 

We  make 

Remark  25.32.  Based  on  Corollary  25.16  and  Theorem  25.17,  25.18,  given 
that  /  G  Cm([-7r,7r]),  we  get  that, 


(i)         sup     wi     D"_f,r 

x£[  —  7T,7r]  \ 


Ln        sin 


-g|jj-7^g](0 


:^i      D"1_f,r 


Ln        sin 


-3|-*[-7r,:c](-) 


] 

(25.51) 


LN        sin 


when  JV  — >  oo,  for  some  Xi  G  [—  vr,7r] 
Similarly 


(ii)         sup     wi     D*xf,r 

x£[  —  7T,7rl  \ 


Ljv        sin 


-^l-y[3!,7r](' 


[x,7r] 


=  wi      D"xJ,r 


Ln        sin 


-zI^.ttiO) 


(25.52) 


394         25.  Fractional  Trigonometric  Convergence  Theory 


LN        sin 


0, 


when  N  — >  oo,  for  some  X2  G  [— 7r,  w]. 

Corollary  25.33.  Here  Ln  '■  C([— 7r,7r])  —*  C([—n,n]),N  G  N,  positive  linear 
operators.  Let  0  <  a  <  l,r  >  0,/  €  AC([-7r,7r]),  /'  G  Loo([-7r,7r]).  T/ien 


l|iAr/-/IL<ll/ll«||^l-l|L  + 


(2,r)« 


jv        sin 


r(a  +  l) 

^i-y[-7r,a;](-)x  N " ' J 


IlijvCi)!!^^^  + 


27T 


(a+  l)r 


,  -f 


(*) 


sup     wi     D"_f,r 


Ln         sin 


-a;|A,[_Tj;E](-) 


+ 


Ljv        sin 


-xl^.^CO 


a+l 


(**t) 


sup     wi      D»xf,r 

XG[  —  71", 7r]  \ 


Ln        sin 


-^i-y^.TrjC-) 


(25.53) 


25.4     Application 

Consider  the  Bernstein  polynomials  on  [— 7r,7r]  for  /  G  C([—  7r,  7r] 


iV 


*™<>  =  EI*)/Ht)(^- 


2tt 


iV  G  N,  any  x  G  [— 7r,7r].  There  are  positive  linear  operators  from  C([— 7r,7r])  into 
itself.  Here  let  0  <  a  <  l,r  >  0  and  take  /  G  AC([-ir,Tr]),  f  G  Loo([-t,t]). 
Setting  g(t)  =  f(2nt  -  v),t  €  [0, 1],  we  have  g(0)  =  /(-7r),g(l)  =  /(tt),  and 


?'**■ 


(Biv5)W  =  D  (  ^  )S  (  ^7  )  tK{l-t)"-K  =  (Bff/)(i),l6  [-*,*]. 
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Here  x  =  ip(i)  =  2irt  —  7r  is  an  1  —  1  and  onto  map  from  [0,1]  onto  [— 7r,  7r].  Clearly 
here  g  G  AC([0, 1])  and  g'  G  £,«,([(), 1]). 
Observe  also  that 


(BN((.  -  xY)){x)  =  [(BN((.  -  ty))(t)](2nY  =  *=fi-t(l  -  f ) 


=  <*£*u-5 


I.e. 


(BN((- -  xf))(x)  <  —  yxe[-n,n]. 

In  particular  (Bn1)(x)  =  l,Wx  €  [—ir,ir]. 
Applying  Corollary  25.33  we  obtain 
Corollary  25.34.  It  holds 


|Bv/-/||      < 


(2tt)« 


1  + 


2tt 


Bjv        sin 


r(a+l)  [        (a+  1> 
»|*[-w,-](-)NNM" 


sup     wi     D"_f,r 

x€[— 7r,7r]  \ 


Bjv        sin 


-^I^I-tt,  !C](0 


a+l 


[-7T,X] 


+ 


Bjv        sin 


—  a:|^[a:,ir](-) 


(=*r) 


sup     wi     D"xf,r 

X£[  —  7T,7r]  \ 


ViVG  N. 


a+1 


Bat  I  I  sin  I  J *l*l^](")  I   I         ., 


[x,7r] 

(25.54) 


Next  let  a  =  i   and  r  =  -^r,  that  is  r  =  f .  Notice  IY|)  =  ^. 
Corollary  25.35.  Let  f  G  AC([-ir,ir]),f  G  Loo([— 7r,7r]),n  G  N.  Then 


\\BNf-f\\oo<2V2(27T  +  l) 


BN        sin 


-xj^^giQQNN  2 


/     i      2 
sup    wi     D£_f,- 

X€[  — 7I",7rl  \  *J 


B^llrinl'-^-'-'^V^ 
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+ 


B.ll^l'-^-'^V.a- 


sup    wi     £>4/,  o 

Pf  —  7r.7rl  \  *J 


Bjv        sin 


-x|A,[;Cj7r](-)\\  2 


[x.tt] 


(25.55) 


v    n en. 

By  |  sin  a;   <  \x\,  Vx  6l-  {0},  in  particular  sin  a:  <  x,  for  x  >  0,  we  get 


3/2 


—  X  \  1 


=  SI-* 


3/2 


Therefore 


We  see  that 


^sP" 


(25.56) 


BAr(|--x-|3/2,a;)  =  ^ 


£  +  7T  — 


2nk 

w 


3/2 


iV  \     /X  +  7r\fc/7T  —  X 


K     \    2tr    /     V    2tt 


(by  discrete  Holder's  inequality) 

22q{*+*~—)  [k){—)  {-^r) 

=  (BN((-~x)2,X))3/4<^,V     x£[-ir,n}. 


3/4 


JV3/4 


Consequently  it  holds 


(25.57) 


|BJV(|--x|3/a,a;)||o0<^, 


and 

BN  |  (  sin 
Therefore  we  obtain 


— x\ 
~4~ 


3/2 


TV3'2 
8JV3/4 


v    we 


(25.58) 


(25.59) 


BN        sin 


-x\X[_n,x]v) 


3/2 
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BN        sin 


•^I^x.ti-iC-) 


< 


BN        sin 


3/2 


3/2 


-3/2 


< 


8A^3/4 


v    iVe  N. 


(25.60) 


We  have  established 

Corollary  25.36.  Let  f  G  AC([—K,n]),f  G  ^([-tt.tt]),  iV  G  N.  TTien 


I|Sat/-/IL< 


(2tt  +  1)V2tt 


sup     wi     ZV_  /,  — == 

^e[-7r,7r]        V  6VN 


+     sup     wi     DJX  /,  — — 


(25.61) 


So  as  AT  — >  oo  we  derive  that  Bn  f—*f  with  rates. 

Discussion  25.37.  From  (25.61),  Corollary  25.16,  and  Theorems  25.17,25.18 
we  obtain  that 


IW-/IL< 


(2tt  +  1)V2¥ 


,    nl/2    j.  I" 


6^ 


+wi    oii'/, 


6\/AV  [a;2,7r] 

for  some  £1,0:2  G  ([— 7r,7r]),/  G  C1([— 7r,  7t]). 


(25.62) 


Hence 


\BNf-f\\oo<(^L+^)(V2^ 


'N 


1/2 


«i  oiii/ 


6VAr/  [_Tl!C] 


+0,1  (I^/-  ~ 


6VNJ, 


(25.63) 


Further  we  suppose  that  Dx '    f  and  DJX2  are  Lipschitz  functions  of  order  1,  that 


,1/2 


,1/2 


D^_f{x)-Dx[U{y)\<K,\x-y\, 


and 


(25.64) 
(25.65) 


\\BNf-f\L<n-^^l(K1+K2).  (25.66) 


\Dli22_f(x)-Dlxl_f(y)\<K2\x-y\, 
Vx,y£  [— 7T, 7r],  and  Ki,K2>  0.  Then  from  (25.63)  we  find 
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Extended  Integral  Inequalities 


Here  we  present  very  general  Taylor  formulae,  and  then  a  representation  formula. 
Based  on  the  latter  we  give  general  integral  inequalities  of  Opial  type,  Ostrowski 
type,  Comparison  of  integral  means,  Information  Theory  Csiszar  /-  divergence 
type,  and  Griiss  type.  This  chapter  is  based  on  [45]. 


26.1     Introduction 

We  are  motivated  by  the  following  inequalities. 

First  an  Opial  type  inequality 

Theorem  26.1  ([5]), p. 8).  Let  fit)  be  absolutely  continuous  in  [0,  a],  and 
/(0)  =  0.  Then 


f(t)f(t)\*t<~        (f'(t)fdt 
o  z  Jo 


(26.1) 


Inequality  (26.1)  is  attained  iff  /(£)  —  ct,  c  >  0. 

Theorem  26.2  ([238.0strowski,1938]).  Let  f  :  [a,b]  6  K  be  continuous  on 
[a,b]  and  differentiate  on  (a,b),  whose  derivative  f'(a,b)  —*  R  is  bounded  on 
(a,b),i.e.,  H/'lloo  =  supte{a6)  |/'(i)|  <  +oo.   Then 


b  —  a 


f(t)dt  -  f{x) 


a  +  b\2 
2     I 


1       ^r 

1  +  ~b-a)2 


(b-a)\\f\ 


(26.2) 


for  any  x  £  [a,  b).  The  constant  |  is  the  best  possible. 
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Theorem  26.3  ([180,  Griiss,  1935]).  Let  f,g  mtegrable  functions  from  [a,b] 
into  R,  such  that  in  <  f(x)  <  M,  p  <  g(x)  <  a,  for  all  x  G  [a,b],  where 
m,  M,p,a  G  R.  Then 


±-[f(x)9(x)dx-  (^  /*/(*)*)  (j±-a  [  9{x)dx) 


<I(M-m)(cr-p).  (26.3) 

Here  we  present  very  general  Taylor  formulae,  see  Theorem  26.4,  26.5.  Based  on 
Theorem  26.4  we  produce  a  general  representation  formula,  see  Theorem  26.9. 
Then  based  on  Theorem  26.9  we  prove  new  very  general  inequalities  of:  Opial 
type,  see  Theorem  26.14;  Ostrowski  type,  see  Theorem  26.18,  sharp  inequality 
(26.45);  comparison  of  integral  means,  see  Theorem  26.22;  Information  Theory 
inequalities,  see  Theorems  26.26,  26.27;  and  Griiss  type  inequalities,  see  Theorem 
26.30. 

For  all  these  formulas  and  inequalities  we  give  applications  when  the  power 
function  g  is  e^sin  a;,  cos  a;,  tan  x. 


26.2     Results 

We  present  the  first  result,  a  general  Taylor  formula 

Theorem  26.4.  Let  f,f',---,f,g,g'  be  continuous  from  [a,  b](or[b,a])  into 
R,  n  G  N.  Assume  (g~p\  k  —  0, 1, . . .  ,  n  are  continuous.  Then 


f(b)  =  f{a)  +  J2  [1°9     fc,     [9[a)>(g(b)  -  g(a))k  +  Kn(a,  b),  (26.4) 

where 

Kn(a,  b)  =  ^^  J\g(b)  -  g{s)T-\f  o  g'1)^  (g(s))g'(s)ds 

1  f9(b) 

Proof.  Call  I  =  fog^1.  Then  1,1' , . . .  ,1^"'  are  continuous  from  g([a,  b])  into 
f([a,b]).  Here  g([a,b])  =  [c,d],  from  some  c, d  £  R.  Clearly  g(a),g(b)  G  [c,d\.  So 
we  can  apply  Taylor  formula  for  I  at  g(a)  and  g(b).  Thus  we  derive 

1(9(6))  =  l(9(o))  +  J2         fc,      -(gffl  -  3W)fc 
fc=i 
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1  /•sW  .  . 

+  7^^V   /        (ff(ft)-*)"_1JW(*)<«-  (26-6) 

That  is  proving  the  claim,  since  l((g))  =  f(b),l(g(a))  =  f(a),  also  apply  change 
of  variable  for  the  remainder.  ■ 

The  counterpart  of  previous  theorem  follows 

Theorem  26.5.  Assume  g; /,/',.••,  /  are  continuous  on  [a,b],n  £  N. 

Also  assume  (g  x)  ,  k  —  0, 1, . . .  ,n  —  1  are  continuous.  Assume  f^n'  exists  in 
(a,b)  and  (3_1)(n)  exists  in  (ff([o,6]))°. 

Let  a,  13  £  [a,b],  then  there  exists  7  £  (a,/3)  or  7  £  (/3,  a)  suc/i  i/iai 

n~ ^  /  j?       i\ (fc) 

/(/?)  =  /(«)  +  J2  fc!  (g(Q)) '  (ff(/3)  "  ff(a))fc 

+      (/°g,1)(n)(g(7))-(g(/3)-g(a))n.  (26.7) 

n! 

Proof.  Here  (/oj-1)'''^  =  0, 1,  ...,n—  1  are  continuous  on  g([a,  b])  and 
{fog'1)  exists  in  (g([a,b]))° .  Let  a, (3  £  [0,6],  we  apply  Taylor's  formula  for 
g(ct),g(0)  £  g([a,  &]),  (/  =  /  o  g_1  o  5)  to  the  function  fog'1 .  We  obtain 

n~  1  /  /•       — i\ (fc) 

/(/?)  =  /(«)  +  E  fc!         (g(Q)) '  (ff(/3)  ~  9{a))k 

fc=i 

+      (f     9n]   '      (7i)(g(/3)-g(«))n,  (26.8) 

where  71  between  p(a)  and  g(/3). 

By  intermediate  value  theorem  there  exists  7  between  a,  /3  such  that  3(7)  =  71 , 
proving  the  claim.  ■ 

Remark  26.6.  Here  we  assume  that  /'  '(a)  =  0,  k  —  0, 1, . . . ,  n  —  1. 
By  /  =  /  o  g-1  o  g  we  get  /(a)  =  (/  o  g^)(g(a))  =  0. 

Also 

(/  °  S_1)'(s(a))  =  /'(a)  •  (OrYfoCa))  =  0,  (26.9) 

and 


(/  °  fl_1)"(<7(o))  =  /"(«)  ■  ((fl_1)'(fl(a)))a  +  /'W  ■  arTGrta))  =  0.      (26.10) 
Furthermore  we  obtain 

(/°3-1)"'(s(a))  =  /'"(a)-((5-1)'(S(a)))3 

+3/" (a)  ■  (fl-^'CffCa))  ■  OTT^a))      +  /'(a)  ■  (^TG^))  =  0.        (26.11) 
So  we  have  in  general  that  (/  o  g'1)      (g(aj)  —  0,  all  fc  =  0, 1, . . .  ,n  —  1. 
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Therefore  by  (26.4)  and  (26.5)  we  obtain 


f(b)  =  y^yy  J\g(b)  -  gis))-1  •  (/  o  g-1)(n\g(s))  •  g'(s)ds.        (26.12) 
Similarly  from  Taylor  formula  directly  applied  on  /,  we  have 


(«-!)!  J  a 


(26.13) 


Consequently,  if  f  (a)  —  0,  k  —  0, 1, . . . ,  n  —  1  and  /,  g  as  in  Theorem  26.4,  it 
holds 

[\b-t)n-1f<nHt)dt=  f" (9(b)- git))"-1 -(fog-^igit^-g'^dt.   (26.14) 

Next  we  go  reverse,  we  suppose  (/  o  g~1y\g{a))  =  0,k  =  0, 1, . . .  ,n  —  1  and 
GTYCsW)  +  0,  then  /«(a)  =  0,  fc  =  0, 1, . . . ,  n  -  1. 

Next  we  apply  Theorems  26.4,  26.5  for  g(x)  =  ex.  One  can  give  similar  appli- 
cations for  g  =  sin,  cos,  tan,  etc,  over  suitable  intervals. 

Proposition  26.6.  Let  f^n'  continuous,  from  [a,b]  (or  [a,b])  into  l,n6N. 

Then 

f(b)  =  f(a)  +  £  ^"^r^^  ■  &      «">'  +  *»<«'  ^  (26-15) 

fc=l 

where 

Kn(a,  b)  =  y^-Lyy  j ^   (eb  -  t)n~\f  o  ln)^(t)dt 
=  y^yy  /JV  -  esY~\f  °  to)("V)  •  esds.  (26.16) 


We  continue  with 

Proposition  26.7.  Let  /,/',...,  /(n_1'  are  continuous  on  [a,b]  and  pn' 
exists  in  (a,b),n  €  N.  7/a,/3  G  [a,  b],  then  there  exists  7  between  a,/3  such  that 

/(/?)  =  /(a)+|:^|^(e")-(e^-e°)fc+(/0y(")(e^-(e^-e"r-  (26.17) 
fc=i 

Next  we  present  inequalities  based  on  the  above  Taylor  formula  (26.4). 
We  make 
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Remark  26.8.  Let  f,g  as  in  Theorem  26.4,  and  any  x,y  £  [a,b].  Then,  by 
(26.4)  and  (26.5)  we  obtain 

nx)  =  m + e  (/°g'r(g(y))  ■  <»<*>  -  ^ 
fc=i 

+  ^tt  r(sW-s(«))""1-(/o^1)(n,(sW)-ff'(^.  (26.18) 

Integrating  (26.18)  over  [a,b]  with  respect  to  y,  we  get 


}{x)  =  bh,ja  f{y)dy 

+  Ei^^  /  (f°9-1)(k)(g(y))-(9(x)-g(y))kdy 
fZi  k\(b-a)  Ja 

+7 TWi 7  f  r^-gMT-'-tfog-Y'HgW-g'm,     (26.19) 

(n-  1)!(6 -a)  A  Jy 

Vi£  [a,  6]. 
Define  the  kernel 


K(t,x)  =  {    \~a:aV~X^  (26-20) 

^     t-b,  a<x  <t<b.  v  ; 

By  letting  *  :=  (g(x)  -  g{t))^~^  ■  {fog-1)™^))  ■  g'(t)  we  find 

b   /    rx  \  cx   /    z*^  \  /•&  /    fx  \ 

*  dt)  dy  =         I    /     *  dt)  dy  +   I     I    /     *  dr)  dy 

a       \J  y  /  J  a       \J y  J  J  x      \J  y  / 

X    /    ft  \  r-b    /     ,-y  \ 

*  dy)  dt-         I    /     *  dt)  dy 

a        \-J  a  /  J  x       \J  x  J 

b  rb 


*(t-a)dt+        *{t-b)dt=        *K(t,x)dt  (26.21) 

J  x  J  a 

Above,  we  have  that 

f   a  <  V  5=  x  1         (   a  <  t  <  a;  1 
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and 


x<y<b  \  (    x<t<b  ~\ 

x<t<y  \  &  \     t<y<b  \  (26.22) 


Therefore  we  obtain 


fb  f  (<?(*)  - giy))"-1  •  (/ ° ff_1)(n)(ff(t))  •  g'(t)dt 

a     Jy 

=  fb(9(x)-g(t))n-1-(f°9-1)ln)(0(t))-9'(t)-K(t,x)dt.  (26.23) 


We  have  proved  the  following  representation  formula 

Theorem  26.9.  Let  f,f',---,f'n';g,g'  be  continuous  from  [a,  b]  intoM.,n  G  N. 
Suppose  {g~p',  k  —  0, 1, . . . ,  n  are  continuous.  Then 


f{x)  =  b~o:J  f{y)dy 

i       fn_1  i    rb 
+Jb^T)  \^i.J  (/ ° 9~1]    {9{y)) ' {9{x) " 9{y))kdy 


+- 


u 

l 


/  (j(x)-9(t)r1-(/«»S-1)(,,)(j(t))-!>'(t) 


(n-  l)!(6-a) 

■K(t,x)dt,  (26.24) 

Vi6  [a,  6]. 

Same  applications  of  last  theorem  follow 
Theorem  26.10.  Lei  /  G  Cn([a,  6]),  n  G  N.  Then 


f{x)  =  bL-aja  f^dy+jbhrAllh.Ja{foln)(k){eV)-{eX~eV)kdy 

+  (n_1)l(b_a)  /  V  -  ei)U_1  •  (/  °  ^)("V)  •  eJ  •  K(t,  x)dt,  (26.25) 

V  x  G  [a,  6] . 

Theorem  26.11.  Let  f  G  Cn([-f  +  e,  f  -e]),n  G  N,  e  >  0  smaM. 
T/ien 


+  — —  I  J2  —  /  (/  o  sin_1)(fc)(sin  y)  •  (sin  a:  -  sin  y)fcdy 
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1  ri-£  _j  _1  ,  . 

+  7 T77 r-  /  (sin  £  —  sin  i)n     (/  o  sin     )w(sin  t)cos  t 

(n-l)!(7r-2e)  y-L+e 

■K(t,x)dt,  (26.26) 

Vx€  [-f +e,f -e]  . 

Theorem  26.12.  Let  /  G  Cn([e,7r  -  e]),n  G  N,e  >  0  small.  T7ien 


+     _2    \^2-n  (/  °  cos_1)(fc)(cos  y)  •  (cos  x  -  cos  i/)fcdi/ 

1 


/•7T—  £ 

— ■  /         (cos  x  —  cos  i)n_1(/  o  cos_1)(n-)(cos  i)sin  t  ■  K(t,x)dt, 
(n-  l)!(7r-  2e)  Je 

(26.27) 

Vie  [e,  7r  —  e] . 

Theorem  26.13.  Let  f  G  Cn([-f  +  e,  §  -  e]),n  G  N,  e  >  0  smad.  Tftera 


/(*)  =  — V  /  2    "  /(!/)<*» 

+ 7T  \  Yl  77  /  (/otan_1)(fc)(tan  y)  ■  (tan  x  -  tan  {/)fcdy  \ 

1  fi^  -l  -1    f   1 

+  7 -7- /  (tan  x  —  tan  t)n      (/  o  tan      rn'(tan  i) 

(n-l)!(7r-2e)  J^l+£ 

■  sec2  t  ■  K(t,x)dt,  (26.28) 

Vase  [-f  +e,f-£]. 

Next  we  present  an  Opial  type  inequality 

Theorem  26.14.  Lei  /,/',...,  /',<?,<?'  be  continuous  from  [a,  b]  into  R,n  G 
N.  Suppose  (g1)  ,  fe  =  0, 1, . . . ,  n  are  continuous.  Further  assume  that  f^k'  (a)  = 
0,fe  =  0,  l,...,n-  1.  Herep,q>  1  :  £  +  ±  =  1.  T/ien 


l/HI  K/ofl-^teMJllff'Mdti; 


1     /     /"  ■'"  \  \  1/p 


(j["|(/°<7_1)(n)(<7(w))|*  |ff'Wr^     \  (26.29) 

Vi£  [a,  6]. 
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Proof.  By  assumptions  we  have 

1 


/(*)  =  T^W  [^{x)  -  g{s)Y-\f  o  g-^igis))  ■  g'(s)ds,  (26.30) 


(n-1)! 

V  x  e  [a,  b] . 
By  Holder's  inequality  we  get 


\f(x)\<  j!^l£\(g(x)-g(s))r1\(fog-1)^\g(8))\.\g'(8)\d8 


\(g(x)  -  gisW^ds 

1/9 


1/p 


(£\(f°g-1)(n)(g(s))\q\g'(s)\qdsy  "=:(*). 


We  put 


z(a)  =  0. 
Hence 


and 


*(*)  =  r  |(/  °  ff_i)(n)(ffW)r  is'wr  *  >  o, 

J  a      '  ' 

S(x)  =  \(f°9-1)ln)(g(x))\q\g'(x)\9>o, 

(/(!c))1/«  =  |(/off-1)(")(ff(!r))||ff,(a;)|>01 


(26.31) 
(26.32) 


(26.33) 


Vi£  [a,  6]. 

Consequently  we  obtain 


/HI  Kfog-'r^giw^Wg'iw^ 


±/p 


< 


V,,,^1/? 


(n 


V«i£  [a,  b] . 
Thus 


±Yy[j     \g(w)-g(s)\p(n-1)dsj       (z(w)z'(w)) 


l/MI  \(f°g-1){n)(g(w))\\g'(w)\dw 

i/p 


(26.34) 


^Ty.\J    U  iff(w)-»wi       *»]    (*m*'M) 


v,,,^1/? 


riu; 


(  we  apply  again  Holder's  inequality  ) 
^1)!  {  (/"  (/J  i3(W)  "  5(s)r(n_1)  dS)  dW 


(26.35) 


i/p 
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(   /     z(w)z'(w)dw)        I  (26.36) 


i/p 


(f'\(f°9-1)W{9(v>))\q\9'W\"dw>\     \  (26.37) 

Vi£  [Ot,b],  proving  the  claim.  ■ 

Next  we  apply  Theorem  26.14  to  obtain 
Proposition  26.15.  Let  f  G  Cn([a,b]),n  G  N,p,q  >  1  :  ±  +  i  =  1.  Suppose 

/(fe)  (o)  =  0,  fc  =  0,  l,...,n-l.  T/ien 


|/HII(/°^)(n)(e1")|eu'dW 

^2v^t)t(/;(/;^-t("-i)^^i/p 

2/9 


(/"|(/°M(n)(eu')|,e9U'dW;')     \  (26.38) 


Vie  [a, 6]. 

Proposition  26.16.  Lei  /  G  Cn([-§  +  e,  f  -e]),n  G  N,e  >  0  small;  p,q  > 


1  :  i  +  |  =  1.  Suppose  /w(-f  +e)  =  0,fe  =  0, 1, . . .  ,n- 1.  T/iera 


1-1-1  =  1     ft,^«n«P    f(fc)/  ,    .  , 

|/(ui)|    (/  o  sin-  )'n'(sin  w)    coswdw 


^  2V,(n-l)!  (/_f +e  (/_f +£(8in  W  -  SiD  ^""^J  d™j 

\  2,q 
(/ o  sin-  )(n)(sinw)     (cos  w)qdw  1        ,  (26.39) 

+,1  I  J 

\/xe[-z+e,*-e\. 

One  can  give  in  any  other  similar  applications  to  Theorem  26.14. 

We  make 

Remark  26.17.  By  Theorem  26.9  wc  find 


£n(x)  :=  f{x)  --r^—i  f(y)dy 

0         a  J  a 
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1}!(b,a)  £(<?(*)  -  ait))-1  ■  (/  o  5^)(n)(3W)  •  g'(t) 


r 

(n-l)!(&-o) 

■K(t,x)dt=:In{f)(x),  (26.40) 

Vi£  [a,  6]. 
Hence 

ifn(*)i  =  m/x*)i  <  (n_1)!(b_a)/j(gw-gW)r'1 

l(/  °  ff_1)C"5(ff(*))l  lff'(*)l  \K(t,x)\dt=:e(x).  (26.41) 

We  distinguish  the  following  cases. 
(0 

e(x)<7 — -i- — rlk/ojr^oJI   ||5'|L 

(n  —  l)!(o  —  a)  II  lloo  °° 

\g(x)-g(t)\n-1(t-a)dt+  [   \g{x)  -  g^T'1  [b  -  t)dt    =  6i(*),   (26.42) 
(ii) 

9(^  "  (n  -  l)!(ft  -  a)  ^g^  ~  g(')H^"1  llg1L  max((a;  ~  a)' 

(&-^))||(/°^1)(n)o3||i  =  e2^'  (26-43) 

and 

(Hi)  By  Holder's  inequality  we  find 

e(«)^(n-i)Kt-a)iito(«))-g(-)rV(o 

#(•>*)  IUI  (/°3_1)(n)09  ||p  =:  03(*),  (26.44) 

where  p,  ?  >  1  :  i  +  i  =  1. 

We  have  proved  the  following  general  Ostrowski  type  inequality 

Theorem  26.18.  All  assumptions  as  in  Theorem  26.9.  Letp,q  >  1  :  -  +  -  =  1. 

Then 

\£„{x)\  <  mm(@1{x),e2{x),e3(x)),  (26.45) 

Vie  [a,b]. 
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Inequality  (26.45)  for  a  fixed  x  £  [a,b]  is  attained  by  an  f  £  Cn([a,  b])  such 
that 


\(fog-1)^(g(t))\^A(\g(x)-g(t)r1\g'(t)\\K(t,xW/p,  (26.46) 

where  A  >  0,  and 

[(/  °  g-1)^ (g(t))  ■  (g(x)  -  git))-1  ■  g'(t)  ■  K(t,  x)} 

of  fixed  sign  ,  V  t  £  [a,b]. 

Next  we  apply  Theorem  26.18. 

We  get 

Theorem  26.19.  Let  f,  £  Cn([a,b]),n  €  N,p,q  >  1  :  ±  +  i  =  1.  Then 


>(*)  -  ^7  r  ^^  -  (^y  {£  i  /  v  °  ^^  •  ^  -  ^^ 


b  —  a 

1 


mirJeH|(/o;n)(n)(e(,))| 


e^  —  e  )n     (i  —  a)di 


-  (n-l)!(6-o) 

+  /  (e'-ex)"_1(&-t)rfi 

J  X 

e  (max(eI-e°,e    —  e31))™-    •  max((x  —  a),  (6  —  xj)  ■     (/  o  in)      (e     )      , 
||(e*_e(-))(«-i).e(-).^(.)a;)||    ■||(/oin)(n)(e(-))||    }, 

I  \\q       I  llpj 


(26.47) 


Vie  [a,  6] . 


Inequality  (26.47)  for  a  fixed  x  £  [a,  6]  is  attained  by  an  f  £  Cn([a,  &])  smc/j 


|(/oIn)W(e*)|  =  A{\g"  -  e^-1  ■  e<  ■  \K(t,x)\) 


<i/p 


(26.48) 


where  A  >  0,  and 


[(/ o  /n)(n)(e*)  •  (ex  -  e4)""1  •  e*  •  if(t, 


of  fixed  sign  ,  V  i  £  [a,  6]. 


Theorem  26.20.  Let  f,£  Cn([e,  n-  e]),n  £  N,e  >  0  small;  p,q  >1:  -  +  -  = 
1.  T/ien 

^7!"  — £ 


m-^-J^mdy 


/    _  2£~,  S  X!  fci  /         (/ocos    ^^(cos  y)  •  (cos  cc  -  cos  y)fcdy 
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^-  1  I  II  I  t  -l\(n)  II 

< r—, r  nun  <     (  r  o  cos      y  '  o  cos 

-  (n-  l)!(ir-2e)         \llw  ;  II 

f"7T  — £ 


(cos  £  —  cos  x)n     (i  —  e)dt 


+  I         (cos  x  —  cos  £)n~   (?r  —  £  —  i)dt    , 

J  X 

|| cos  x  —  cos  •  ||^~   max((x  —  e),  (it  —  e  —  xj)    (/  o  cos-  )'"'ocos      , 
||(cosx-cos(-))(n_1)sin(-)A:(-,a;)||    ||(/ o  cos_1)(n)  o  cosll    1,  (26.49) 

II  \\q  II  HpJ 

Vi6  [e, 7r  —  e]. 

Inequality  (26.49)  for  a  fixed  x  G  [e,  7r  —  e]  is  attained  by  an  f  £  Cn([e,  7r  —  e]) 
suc/i  i/iai 

|(/o  cos_1)(n)(cos  t)|  =  A(|  cos  x  -  cos  t\n-1\  sin  t|  \K(t,  x)\)q/p,         (26.50) 

where  A  >  0,  and 

[(/  o  cos-  )(n'(cos  i)  •  (cos  x  —  cos  £)n~    ■  sin  t  ■  K(t,x)\ 

of  fixed  sign  ,  Vie  [e,  n  —  e] . 

We  need  to  make 

Remark  26.21.  Let  /,  g  as  in  Theorem  26.9.  Let  /x  be  a  finite  positive  measure 
of  mass  m  >  0  on  ([c, d],"P([c, d])),  [c,d]  C  [a, 6],  where  "P  stands  for  the  power 
set.  Integrating  (26.24)  against  /i  we  find 

f(x)dfi(x)  =  — I   /    f(y)dy)  m 

[c,d]  l°~  a)     \Ja  J 


+jbLaj  { E  j£F /  d  (/ (/ ° 5_1)(fc)(5^  ■  ^  - s(v))*<*») «fc(*: 


+(,.-D.«-<.)  (L  (/>>  - »"»"  ■  c  •»-)«««»  ■  »'w 

■K(t,x)dt)dfi(x)).  (26.51) 

Therefore  we  have 

M„(/)  :=  -  /      /(x)dM(x)  -  ^^  /   /(y)dy 
^{"fl/  d  (Kj\fo9-1)(k)(9(y))-(g(x)-g(y))kdySjdn(x) 


mib  —  a) 

-±- —  f  /       (  f\g(x)  -  git))-1  ■  (f  o  g-^Oit))  ■  g'(t) 

{n-l)\(b-a)m  \J[C:d]  \Ja 

■K(t,  x)dt)  dfi(x))  =:  J(f).  (26.52) 
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One  can  estimate  J(/). 

We  derive  the  following  comparison  of  integral  means  result 
Theorem  26.22.   Let  the  assumptions  of  Theorem  26.9.  Let  n  be  a  finite 
positive  measure  of  mass  m  >  0  on  ([c,  d],V([c,  d])) ,  [c,d]  C  [a,b].  Then 


|M„(/)|  < 


(n  —  1)K^  ~~  a)m 


led] 


\(g(x)-g(t))\n     -(t-a)dt 


+       \g(x)-g(t)r1-(b-t)dt 


dn{x)\  \\{f°g  1)(n)°5-5/      , 

/       (\\g(x)  -  gt)^1  (™x(x  ~  a),b  ~  x))d^(x)      \\(f  o  3_1)(n)  o  g  ■  g'\\ 
J[c,d]  )   "  Hl 

/      \\(g(x)-g(-)r-1-K(;x)\\    dn{x)  J  Ik/os-^off-s'l 

J[c,d]  q  J    "  "P 


(26.53) 


where  p,q  >  1  :  -  +  -  =  1. 

We  give  some  applications  of  Theorem  26.22. 

Theorem  26.23.  Let  f  G  Cn([a,b]),n  £  N.  Let  fi  be  a  finite  positive  measure 
of  mass  m  >  0  on  ([c,  d],V([c,  d])),  [c,  d]  C  [a,  b].  Then 


m  Ju 


f(x)dn(x)  -  -T r 

c,d]  (b-a) 


f{y)dy 


^7 TTT7I \~ milM       /  /    [ex -e')n_1(£-a)dt 

(n-l)!(6-o)m  W,„dl  [./„ 


+  /  (e'-ex)"_1(6-i)di   dM^))  II  (/ o  Zn)(Tl)(e())  •  e()| 

/  max(e1-e°,e    -e1)  (max(i  —  a,  b  —  x))dfj,(x) 

J [c,d]  ^  ' 

||(/oZn)(n)(e('))-e(')||    , 
/       ||(ea;-e('))"-1-.K"(-)a;)|    dfi(x)  )  II  (/ o  ;n)(n)(e(,))  •  e(,)||    1,      (26.54) 

J[c,d]  "  ''1  I    "  "pJ 
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where  p,q  >  1  :  -  +  -  —  1. 

Theorem  26.24.  Let  f  G  C"n([-|  +  e,  §  -  e]),  n  G  N,  e  >  0  smaZZ.  iei  /i  te  a 
finite  positive  measure  of  mass  m  >  0  on  ([c,  d],P([c,  d])),  [c,  d]  C  [—  -|  +  e,  -|  —  e]. 
T/ien 

1  /      /(s)d/i(a) ^—  /  2    "  /(i/)dtf 


(n-1 


< 


•(tan  x  —  tan  {/)   dy )  d)i(x)  > 

(tan  a;  —  tan  i)n~   (£ 


1 


(n-  l)!(7r-2e)m 


+ 


c,d] 


-  -  e)dt 


-i/71" 


dfj,(x'/ 


(tan  £  —  tan  x)n     (—  —  e  —  t)dt 

||(/otan-1)(n)(tan(-))-sec2(-)||oo, 
max(tan  x  —  tan( e),  tan  I el  —  tan  x)  I 

max  (i'+7r  —  e,7T  —  e  —  a;))  d/i(x) )  |   (/  o  tan-  )       (tan(-))  •  sec  (-)||i  , 

/        II  (tan  x  —  tan(-))n~    •_/•("(•,  a;)||    dp,(x)  I 

||((/otan-1)(n)(tan(-))-sec2(-)||     },  (26.55) 

I  lip 

where  p,q  >  1  :  ±  +  i  =  1. 

Background  26.25.  Next  we  follow  [137].  This  is  related  to  Information 
theory.  Let  /  be  a  convex  function  from  (0,  +oo)  into  R,  which  is  strictly  convex 
at  1  with  /(l)  =  0.  Let  (X,  A,  A)  be  a  measure  space,  where  A  is  a  finite  or  a 
cr-finite  measure  on  (X,  A).  And  let  /Ui,  /U2  be  two  probability  measures  on  (X,  .4) 
such  that  fii  <  A,^2  <  A  (absolutely  continuous),  e.g. A  —  fii  +  fi2-  Denote  by 
p  —  -4t-  ,  g  =  -§r  the  Radon-Nikodym  derivatives  of  fii ,  (12  with  respect  to  A 
(densities).  Here,  we  assume  that 

0  <  a  <  -  <  b,      a.e.on  X  and  a  <  1  <  b. 

The  quantity 


Tf(jJ,l,IJ,2) 


,(,,/(  glj(/A(.r, 


(26.56) 
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was  introduced  by  Csiszar  in  1967  (see  [137]),  and  is  called  the  /-  divergence  of 
the  probability  measures  pi  and  p2.  By  Lemma  1.1  of  [137],  the  integral  (26.56) 
is  well  defined,  and  r/(pi,  P2)  >  0,with  equality  only  when  pi  =  p2.  Furthermore 
T/(/ii,p2)  does  not  depend  on  the  choice  of  A.  Here,  by  assuming  /(l)  =  0,  we 
can  consider  r/(pi,p2)  the  /-divergence,  as  a  measure  of  the  difference  between 
the  probability  measures  pi,p2- 

Here  we  give  a  representation  on  estimates  for  Y / (pi , P2)  via  formula  (26.24). 

We  give 

Theorem  26.26.  All  as  in  Background  26.25  and  Theorem  26.9.  Then 

1        fb 

r/(Mi,M2)  =  j— -  /    /(y)rfy 

5  (|{Sy)  ~5(y))fedy  )  '/Ai.ri  j   }+a„.  (2(,.h) 


where 


•(/  °  ff_1)(n)(sW)  •  fl'(t)  ■  K  (t,  ?&\  dt)  d\(x))  .  (26.58) 

Proof.  By  (26.24)  we  obtain  that 

+^{i;^/w><%<»>>.  (.(^)  -*»)**} 

+<^§U£(KS!)-»<~'-('--~ 

■s'w  ■  *  (*>  f§}) df>  (26-59) 


,.e.  on  X. 
Integrating  (26.59)  against  A  we  derive  (26.58). 
Next  we  estimate  G„,  that  is  we  estimate  T / (pi , P2) 
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Theorem  26.27.  All  assumptions  as  in  Theorem  26.26.  Then 


\Gn\< 


-. -— ; mm  <       /     gix) 

(n-l)\(b-a)  lUx 


q(x) 


-S(t)i"-ii^ri,^i^rfA(^|((/off-i)WoS).S'|oo, 


9{x) 


\\{{f  o  g-1)^  o  g)  ■  A       , 


d\(x) 


g(x) 


■■"$.'-'<■ 


'  p(x)          ,      p(x)  , 
max  I      ,   .  —  a,b r—     dA(a; 


\{{f  ° g-v){n)  ° g)  ■  g'l]  , 


(26.60) 


where  pi,P2  >  1,  suc/i  i/iai  —  +  —  =  1. 


Proof.  By  (26.57),  (26.58) 

In  the  following  we  apply  Theorem  26.27. 

Theorem  26.28.  Alias  in  Background  26.25  with  f  G  Cn([a,b]),n  G  N.  Then 


r/O/i.Ma) 


(•n-1 


b  —  a 


f(y)dy 


■j^a)\T,h(LMI  ^^){k)^ 


Kk=l 


(n-  l)\(b-a) 
p(x 


effel  _  ev  \    dy\  dX(x 


g{x) 


K    t 


q{x) 

g(x) 


(»)„.(■))  .  e(') 


di)  d\(x))  ||((/oZn)(n)oe(0) 
p(ai 


p(x) 
gglxj    _  g 


A' 


q{x) 

f(/o/n)(n)oe°)  -e^ll 

V  /  llP1 


d\(x) 


g(x) 


e«<x)  _  e(  ) 


max  [' EM  _  a,  fo  _  Ekl  )  d\(x) 
\q(x)  q(x)  ' 
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((/o;n)(n)oe°)  •e(,)||    }, 


(26.61) 


where  pi.02  >  1,  such  that  —  +  —  =  1. 

Theorem  26.29.  All  as  in  Background  26.25  with  a  =  — f +e,  b  —  f  — e,  £  >  0 
small.  Here  f  e  Cn([-§  +  e,  §  -e]),n€  N. 

TTien 

1         /"a-5 
r/(^i,/a2)-- — r-  /         f(y)dy 


-Me1 

7T  -  2£     ]   ^    fe! 


7r-2e 

s(a0 


(/  °  sin    2)  *    (sin  y) 


p(x) 


sin  |      '    '    I  —  sin  y  )     dy  I  rfA(x) 


t -7- min  <       /    q(x) 

(n-l)!(ir-2e)  i/1  J 


p(cc) 
sin  [         „   1  —  sin  £ 


tf  ^,  ?&\    alt)  d\(x)\  ||  ((/  o  sirr1) (n)  o  sin) 


9\x) 


»<§§)  —  ■>)""•*(-$ 


dA(x) 


j.  •     -1\(«)  .       |  " 

/  o  sin     )       o  sin  I  •  cos 


9{x) 


sin  I  ^v  )  -sin(-) 

q(x)  ' 


Pi 
n-1 


•  max  f  44  -  a,  6  -  4^H  dA(:r)^  II  f  (/  o  sin"1^  o  sin)  ■  cos II   1  ,      (26.62) 
\q(x)  q(x)J        K    7   II  Vw  '  )  IIJ         v  ; 


where  pi,»2  >  1,  such  that  —  +  —  —  1. 


Next  we  give  a  very  general  Griiss  type  inequality 
Theorem  26.30.  Let  f,h,  f';ti , . . . ,  f(n)  ,h(n);g,g'  be  continuous  from  [a,b], 
intol,n6N.  Suppose  (<7_1)      ,  fc  =  0, 1, . . . ,  n  are  continuous. 
Then 


(b-a)Ja 


f(x)h(x)dx  - 


(b-a)2 


f(x)dx  I  (    /     h(x)dx 


"2(6  _<,)»(§*!  U    U 


[h(*)-(/0  9_1)W(s(»)) 
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+/(*)  •  (h  o  g-1) (fc)  (g(y))]  ■  (g(x)  -  g{y))k  dy)  dx)  }  | 

* min  1 2(»  -  !)■(»  -  ,)a  (r  (r  i|/tw|  •  ii  ((/  °  9~i)(n)  ° g)  •  gi 

+|/(x)|  •  ||((ft  o  g-1)^  o  5)  ■  ff'l^]  ■  \g(x)  -  gUT'1  \K(t,  x)\dt)  dx) , 

\\g{x)  -S(*)||^  (a, ,t)S[0,6]2         r  -l\(n)  \         'II 

2(n_1)!  •  [l|fe||°°-  ll((/°g     )ij°p)-ffl|i 

+    ll/l|oo-((/i05-1)(")o5).5'||1], 

— ^7-TT  [{llftllp,[a,f.]-|l((/°3_1)(n)o3)-p'll9,[a,6] 

2(n  —  1)!(0  —  ap  ^ r>   l  k 

+  ||/||p,[o,6]  '  ll((ft0fl_1)(")ofl)-s'IU,[a,6]}  \\{9{x)  -  git))"'1 

■K{t,x)\\rAaM2]}  ,  (26.63) 

where  p.q.r  >  1  such  that  i  +  -  +  -  —  1. 
Proof.  Here  /,  ft,  g  are  as  in  Theorem  26.9. 
Therefore  by  (26.24)  we  have 

/(*)  =  -r—  f  f(v)dy 

+  JbLa)  IE  £F  /^  °  5_1)(fc)(s(j/))  '  (S(*)  -  ff(v))*  <*»  I 

+  (n_1)!(b_a)  /  (»(*)  -  »W)n_1  '  (/  °  5_1)(n)(5W)  '  9'(t) 

■K(t,x)dt,  (26.64) 


Vi£  [a,  6]. 
We  also  have 


h(x)  =  - /     h(y)dy 

b  —  a 


Jbh)  \  E  hi  (/io^1)(fc)(3(2/))  •  (9(x)  -g(y))kdy 

(g(x)  -  git))"-1 


(n-  l)l(b-a) 

■(h  o  g-^igit))  ■  g'(t)  •  K(t,x)dt,  (26.65) 

Vi6  [a, 6]. 
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We  further  have  Vi£  [a,  b])  that 


(n-l  b 

(T^yJEfcT/    h{x){fog-1)^{g(y)).{g{x)-g{y))kdV 


and 


+  (*- 


(n-  1)!(6 -a)  J a 

•(/  o  3_1)(n)(ffW)  '  9'(t)  ■  K(t,  x)dt,  (26.66) 

f(x)h(x)  =  ^4  f  %)*/ 

r^y  i  E  ^t  /  /(*)(*  °  s_1)(fc)(s(^))  •  (s(*)  -  s(y))fc  ^ 


/(*)(9(x)-9(t))T- 


(n-l)!(6-a) 

■(ft  o  jT^  (<?(*))  •  ff'(i)  •  K(t,x)dt.  (26.67) 

Then  we  integrate  to  find 

bf(XMx)dx  =  ^a([bmdx)([\(X)dx 


+  77^7)  j  E  jJ[  (/    (/  h(x)(fog-1)^(g(y)).(g(x)-g(y))kdy^dx^ 


(k  =  l 

b    /    rb 

n-l 


■(/  »»"')""(»(f))  ■  »'(<)  ■  if («,»)*)  (to)  ,  (26.68) 

and 

/   f(x)h(x)dx  =  -J—  (  /"   /(a;)da!  (  J  h(x)dx) 

+JbLa)  IE  if  (jf  (/" ^W °  s_1)W(sfo))  •  (<?(*)  -  5(y))fc  dy)  <fc) 


(n-l)l(b-a)  \Ja 


'   rbf(x)(g(x)-g(t))n-1 
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{h  o  g-1) (n)  (g(t))  ■  g'(t)  ■  K(t,  x)dt)  dx)  .  (26.69) 

By  adding  (26.68),  (26.69)  and  dividing  by  2(6  —  a),  we  obtain 


A„(/,A) 


(b-a)Ja 


f(x)h(x)dx  - 


f(x)dx  I  (    /     h(x)dx 


(b-a)2 

[h{x)-{fog-^k\g{y)) 

+f(x)  ■  (h  o  g-1) (fc)  («,(„))]  ■  (g(x)  -  g{y))k  dy)  dx)  } 

[h(x)  ■  (f  o  g-1)^  (g(t)) 


•2(6-0)»(IJfc!  U    U 


a       \«/  a 


2(n-l)!(6-a)2 

+/(x)  •  (h  o  g-1)^  (g(t))]  ■  (g(x)  -  g^T'1  •  g'(t)  •  K(t,  x)dt)  dx)  .      (26.70) 
Therefore  we  obtain  the  estimates 

0 


I  A„  (/,h)|< 


2(n-  l)!(b-a)2 


a       \«/  a 


[\h{x)\-\\({fog-'){n) 


9    -9  lloo 


+  !/(*)!  ■  ||  ((A  o  ff-1)^  o  p)  •  </|J  ■  |,;0e)  -  gWI-1  |ff(t,  z)|cft)  dx) 


(26.71) 


also  we  have 
ii) 


lA"(M)l  <  2(n-l)! i"    "°°  '  ||^°5     >       °9)-9  ||x 

(26.72) 


2(ti-1)! 
+  ll/ll00-||((^°^1)(n)°5)-5'| 


finally,  by  the  generalized  Holder  inequality,  we  obtain  that 

Hi) 


|A„(/,A)|< 


2(n-l)!(6-a)2 

(£j\(f°g-1)ln)i9(t))-9'(t)\"dtdx 


I.    l-h  ^  1/p 

fe(a;)|piit(ia; 


1/9 


(26.73) 
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1/P    /     ,-b      ,-b 


J   J    \f(x)\pdtdx^J        (J   J    \{hog-^n){g{t)).g'{t)\qdtdx\ 


1/9 


\\(g(x)-g(t)r-1K(t,x)\\rAab]2 

2(n  -  l)l(b  -  a)2  [{(6  ~  ^  '  l^l'"'^6]  '  (&  "  a)  '  II  (^  °  5_1)<n)  °  9)  s'Wi^.b] 
+(&-a)»-|l/llp,[»,6]-(«'-a)«ll((ftoff"1)(")o9)-ff'll,,[a,6]}  (26-74) 

IKflw'-sC*))"-1  •#"(*,  a)  ||r,[a,i>]2] 

=  2(n-~l)!)(b-a)'  [{l^H-M  '  II  ((/°3_1)(n)  °s)  •3'IU>,M  + 

II/IIp,[o,6]  •  ll(('i0fl,_1)(n)os)-s'IU,[a,6]}  \\{g{x)  -  git))"'1  ■  K{t,x)\\rAaMi]  . 

(26.75) 


That  is  we  derive 


|A„(/,ft)| 


"  2(n-l)!(b-a)(1+*>  [{l|/ll'-M  '  "  ((/°S_1)(n)  °»)  -fl'll«.M 

+  ll/llp,[a,i>]   ■   ll(Cl0fl,_1)(n)°S)-S'lU,[a,6]}    ll(5(^)-3(^))n_1--K'(i,2;)llr,[a,i,]2]    • 

(26.76) 
The  proof  of  the  theorem  now  is  completed.  ■ 

Finally  we  apply  last  Theorem  26.30  to  derive  specific  Grass  type  inequalities. 
Theorem  26.31.  Let  f,h  G  C"([a,  b]),  n  G  N. 
Then 


f(x)h(x)dx  - 


f(x)dx  I  I    /     h(x)dx 


(b-a)Ja    'ww  {h_ay 


2(6- 


kfc=i 


a       \^  a 


<  min 


+/(x)  (ft  o  /n) (fc)  (ev)]  (ex  -  ey)fc  dy)  dx)  }  I 

[|/i(;r)j||('(/oZn)(n)oe(,)) 


2(n-l)!(6-a)2  \Ja 

+  \f(x)\\\((holn)(n)  o  e,  -  e(-)||J  |e-  _  e*|«-i    i^(t,x-)|rft)  <te) . 


420         26.  Extended  Integral  Inequalities 


(eb-ea)"-1 


2(n 


^yi-  [ll^lUIKC/ o  Zn)f">  o  e())  -  e()|| 


+  ||/||00||((hoZn)('l)oe(')).e(')||1], 

— ^ ^^\{\\h\\pAa,b]\\((f°ln)(n)oe")-e"\\q,[aM 

l)!(o  —  a)K  +r>  L  "• 


2(n-l)!(6-o)( 

+  ll/k[a,6]||((ftoIn)Woe")-9"||,,[o,6]}  ||(e--e*r-1if(t,a!)||I.,[o,6]a]}, 

(26.77) 


1. 


where  p.q.r  >  1  such  that  -  +  -  +  - 

Theorem  26.32.  Let  f,  h  G  Cn([-§  +  e,  §  -  e]  ),n  G  N,e  >  0  small. 
T/ien 


f(x)h(x)dx 


(t  -  2e)  7_  ^ 

f(x)dx  )   (    /  h(x)dx 


+f(x)  (h  o  sin-  )       (sin  j/)    (sin  a;  —  sin  j/)    dj/)  da:)  > 


-  1  Jgl 

2(tt  -  2e)2  1  ^  k\ 


o  sin     J       (sin  y) 


<  min 


+ 


2(n-  l)!(7r-2e)2 

/2    "f/2        f|ft(*)|  ||((/osin-1)(n)osin(.))cos(.)|| 
vJ_f +e  \vJ_f +e  L  II  V  /  Hoc 

|/(a;)|     I  (h  o  sin-  )       o  sin(-)  1  cos(-)  |sin  x  —  sin  t\n~    \K(t,x)\dt)  dx) 

+  ||/IL|((ftosin-1)WoSin)cos(-)|i], 

2(n-l)!(^-2e)(1+^  [ill/ll"-[-i+e'* H 
((/osin-1)  ™   osin(-))cos(-) 

+  ll/llp,[_f+£,fH||((ft°sin-1)(")osin(.))eos(.)||  } 
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||  (sin  is -sin  t)n   1K(t,x)\\r_^+e^v. 

where  p,  q,  r  >  1,  such  that  -  +  -  +  -  —  1. 

Theorem  26.33.  Let  /,  ft  G  C"{[e,tv  -  e]),n  G  N,e  >  0  smaJI.  Tften 


(26.78) 


7r-2e 


f(x)h(x)dx  — 


(n-l 


(7r-2e)s 


f(x)dx  )  I    /         h{x)dx 


Elf     I        (/        [/i(a;)  (/ o  cos  ^  fc  (cos  j/) 
fc=i    '  ^£        ^e 

+/(x)  (ft  o  cos-  )       (cos  y)    (cos  a;  —  cos  y)    dy\  dx\\\ 


~2(tt-2£)2  | 


<  min 


7T  —  £      /      fTT  —  E 


o  cos     )      o  cos  I  ■  sinii 


2(n-  l)!(7r-2e)2 
[lM*)l||((/< 

+  |/(x)|     I  (/io  cos-  )       o  cos)  sin  |cos  x  —  cos  t\n~    \K(t,x)\dt)  dx) 

1 1  V  /  II  oo J  /  / 

(cose-cos(7r-e))n_1  r  ||  -i\(«)  \   •    II 

" 2(n-l)!       [llftlloo||((/ocos     )     ;ocos)sm||i 

+  H/Hoo  ||  ((^°  cos-1)(")  o  cos)  sin||J  , 

|  \\h\\p,[e,n-e]  \\  ((/  °  COS_1)  ^  O  Cos)     ' 


2(n-l)!(7r-2e)(1+F) 

+  ll/llp[e,7r-e]  \\((h  o  cos_1)(n)  o  cos)  sin  ||,,[ei7r_e]  } 
(cos  x  -  cos  i)n_1  ^"(*,a;)|L.rc^_cl2|  }  , 


9,[e,7r-e] 


r,  e,7r  — e  - 


where  p,  a,  r  >  1,  sttcft  iftai  i  +  i  +  i  =  1 


(26.79) 
I  +  i  +  i 

p  g  r 

Theorem  26.34.  Let  /,  ft  G  Cn  ( [-  §  +  e,  §  -  e| ) ,  e  >  0  smaJI,  n  G  N.  Then 

f(x)h(x)dx 


1 


(tt  -  2£)2 

'n-l 


Z^  fci 


2(7r-2e)2  ]/->  k\\J   iL+AJ   ^+ 


7r-2£)  ,/_f+£ 

f(x)dx  I   I    /  h(x)dx 

\h(x)  (f  o  taxT1)™  (tim  y) 
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+f(x)  (h  o  tan     )       (tan  y)    (tan  x  —  tan  y)    dy  )  dx )  >\ 


<  min 


'  o  tan     )       o  tan  )  sec 


2(n-  l)!(7r-2e)2 
[lM*)l|((/' 

+  1/0*01     I  (h  o  tan-  )       o  tan)  sec         Mtan  x  —  tan  t\n~    \K(t,x)\dt)  dx) 

(tan(f -e)  ~tan(-|+e))n_1  r  n  /  _l(n)  n        2ii 

"    ll"llcx)     I  (./  °  tan     J       o  tan  I  sec 


2(n-l)! 

+  Il/H^  \\((h  o  tan-  )(n)otan)sec 

2(n-l)!(^-2£)(1+F>  illl/ll^[-f+E 
((/otan-  )       o  tan)  sec 


«'[~2+£'T"£ 


+  II  f  II    r    7t  i     7t     i     (  (hotan     )       otan)  sec 

-r  II J  lip,  -f+e ,f-e       U  7  / 


2  —  2  J    II    V  „gil_t+e,t_eJ 

(tan;r-tant)n-1A:(t,a;)||r^f+£if_£]2]},  (26.80) 


2  TO'  2 
1,1,1 


where  p,  g,  r  >  1,  such  that  — I 1 —  =  1 


27 

Balanced  Fractional  Opial  Integral 
Inequalities 


Here  we  study  Lp,  p  >  1,  fractional  Opial  integral  inequalities  subject  to  high 
order  boundary  conditions.  They  engage  the  right  and  left  Caputo,  Riemann- 
Liouville  fractional  derivatives.  These  derivatives  are  mixed  together  into  the 
balanced  Caputo,  Riemann-Liouville,  respectively,  fractional  derivative. 
We  give  applications  to  a  special  case.  This  chapter  relies  on  [41]. 


27.1     Background 


This  chapter  is  motivated  by  the  well  known  theorem  of  Z.  Opial  [237],  1960, 
which  follows 

Theorem  27.1.  Let  x(t)  G  C1  ([0,ft])  be  such  that  x  (0)  =  x  (h)  =  0,  and 
x(t)>0  in  (0,  h)  .  Then 


h  ,        ,-h 


f    \x{t)x'(t)\dt<j[\x'(t))2dt.  (27.1) 

In  (27.1)  ,  the  constant  j  is  the  best  possible.  Inequality  (27.1)  holds  as  equality 
for  the  optimal  function 


ct,  0  <  t  <  h/2, 

c(h-t)       |<t</i, 


x(t)^'\      ..,/,        -M  ' 
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where  c  >  0  is  an  arbitrary  constant. 

To  prove  easier  Theorem  27.1,  Beesack  [111]  proved  the  following  famous  Opial 
type  inequality  which  is  used  very  commonly. 

This  is  another  motivation  for  this  chapter. 

Theorem  27.2.  Let  x  (t)  be  absolutely  continuous  in  [0,  a]  ,  and  x(0)  =  0. 
Then 

f  \x  (t)  x' (t)\  dt  <  -  f  (x  (t))2  dt.  (27.2) 

Jo  2  J0 

Inequality  (27.2)  is  sharp,  it  is  attained  by  x  (t)  —  ct,  c  >  0  is  an  arbitrary 
constant. 

Opial  type  inequalities  are  used  a  lot  in  proving  uniqueness  of  solutions  to 
differential  equations,  also  to  give  upper  bounds  to  their  solutions. 

By  themselves  have  made  a  great  subject  of  intensive  research  and  there  exists 
a  great  literature  about  them. 

Typical  and  great  sources  on  them  are  the  monographs  [5],  [42]. 

We  need  (see  also  [44],  [155],  [160],  [179],  [259]) 

Definition  27.3.  Let  /  G  ACm  {[a,b])  (space  of  functions  from  [a,b]  into  R 
with  m  —  1  derivative  absolutely  continuous  function  on  [a,  b]),  m  G  N,  where 
m  =  \a]  ,  a  >  0  ([•]  the  ceiling  of  the  number). 

We  define  the  right  Caputo  fractional  derivative  of  order  a  >  0,  by 

DZ-f(x)  =      )    lj         /    (C  -  x)™-*-1  f^  (C)  d{.  (27.3) 

r  (m  -  a)  Jx 

We  set  D°b_f(x)  =  f  (x) ,  Va:  €  [a,  b]  . 

Note  27.4.   Let  /  G   ACm  ([a,b])  ,  m  =   \a]  ,  with  a  >  0,  then  /t™-1)   £ 

AC  ([a,  b])  ,  which  implies  that  /(m)  exists  a.e.  on  [a,  b]  and  that  /(m)  G  L\  ([a,  b]) . 

Consequently  if  /   G    ACm  {[a,  6]),  then  D"_f(x)  exists  a.e.   on   [a,b]   and 

DgL/eM[o,6]),Bee[44]. 

Observe  that  when  a  =  m  G  N,  then 

DT-f  (x)  =  (-I)"1  /(m)  (x)  ,  \/x  G  [a,  b]  .  (27.4) 


We  continue  with  the  right  Caputo  fractional  Taylor  formula  with  integral 
remainder,  see  [44]. 

Theorem  27.5.  Let  f  G  ACm  ([a,  b]) ,  x  G  [a,b]  ,  a  >  0,  m  =  \a]  .  Then 

f^=T,LTrl(x-b)k  +  YT-)         (C-xr^DZ-fiOdC  (27.5) 
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We  need  also  (see  [145],  p. 38) 

Definition  27.6.  Let  /  G  ACm  ([a,b])  ,m  G  N,  where  m  =  \a\  ,  a  >  0.  We 
define  the  left  Caputo  fractional  derivative  of  order  a  >  0,  by 


Waf  {X)  =   -^ r    f  (x  -  tr—1  /(m)  (t)  dt, 

r  (m  -  a)  Ja 


(27.6) 


Vz  G  [a,  b]  .  We  set  D°af  (x)  =  f  (x) ,  \/x  G  [a,  b] . 

Again  here  £)"Q/  exists  a.e.  on  [a,b]  and  L>"Q/  G  L\  ([a, 6]) ,  see  [145],  pp.13. 
When  a  =  to  G  N,  then 

Or./(x)  =  /(m)(x),  Vxe[o,6].  (27.7) 


We  continue  with  the  left  Caputo  fractional  Taylor  formula  with  integral  re- 
mainder, see  [145],  p. 40. 

Theorem  27.7.  Let  f  G  ACm  ([a,b]) ,  to  G  N,  iw/iere  m  =  [a]  ,  a  >  0, 
x  G  [a,  b]  .  Then 

/W=E:Sr^(cc-a)    +fJa)         (x-rr-'DZJ^dT.         (27.8) 
fc=o  '  ^a'  •'a 

Above  r  is  ifte  gamma  function, 

/>O0 

r(a)  =  /     e~T_1cft,  a  >  0. 


We  introduce  the  following  balanced  Caputo  fractional  derivative 
Definition  27.8.  Let  /  G  ACm  {[a,b])  ,m  G  N,  m  =  \a]  ,  a  >  0,  x  G  [a,  b]  . 
We  define 

n'        1%/W,      fora<X<^.  l^-9J 

In  this  chapter  we  establish  Lp,  p  >  1,  Opial  type  inequalities  involving  the 
balanced  Caputo  fractional  derivative  subject  to  high  order  boundary  conditions, 
more  precisely  by  assuming  that 

f(k)  (o)  =  f(k)  (6)  =  o,  fc  =  0, 1, . . .  ,m  -  1.  (27.10) 

We  extend  these  results  to  Riemann-Liouville  fractional  derivatives. 
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27.2     Results 


We  present  the  main  result 

Theorem  27.9.  Let  f  €  ACm  {{a,b})  ,m  €  N,  m  =  \a\  ,  a  >  0.  Suppose 

/(fc)  (a)  = /(fc)  (6)  =  0,  fc  =  0,l,...,m-l; 

p,  q  >  1  :    — I —  =  1,  and  a  >  — . 

p        q  q 


(i)  Case  of  1  <  q  <  2.  TTien 

/  |/H||zr/Hj^< 

«/  a 


2-(^)(b-a)(£i^n±g) 
r(a)[(p(a-l)  +  l)(p(a-l)+2)]1/p' 
6  \  2/l 


(J    \Daf(w)\qdu> 

(ii)  Case  of  q  >  2.  77ien 


6 1/ HIP"/ M|  da;  < 


'«->  (6-a)V        p       ; 


r(a)[(p(a-l)  +  l)(p(a-l)+2)]1/p' 

b  \  2/9 


' j   \Daf(u)\"dJ\ 

(Hi)  When  p  =  q  —  2,  a  >  |,  iften 

/    |/(a.)||Da/(u;)|dw< 

2-(a+i)  (6-a)a 


'(o)[v^o(& 


r  (a)  I  \/2a  (2a  -  I 

6 


(27.11) 


(27.12) 


(27.13) 


7    (Daf(oj))2doJ 

Ja  J 

Remark  27.10.  Let  us  say  that  a  —  1,  then  by  (27.13)  we  derive 
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J   |/(«)||/,(w)|dw< 

J  a 

1^1(£(/'H)2^),  (27.14) 

that  is  reproving  and  recovering  Opial's  inequality  (27.1)  ,  see   [237],  see  also 
Olech's  result  [236]. 

Proof  of  Theorem  27.9.  Let  x  £  [a,  b]  .  We  have  by  assumption  p  '  (a)  =  0, 
fc  =  0, 1, . . .  ,m  -  1  and  Theorem  27.7  that 

fW=rTl  f  {x  -  T)a^  D:j  (r)  dT'  (27A5) 

r(«)  J  a 
and  by  assumption  p  '  (6)  =  0,  k  —  0, 1, . . . ,  m  —  1  and  Theorem  27.5  that 

f  (*)  =  FTT  f  (r  -  ^  ^-/  M  ^  (27-16) 

r  (a)  a 

Using  Holder's  inequality  on  (27.15)  we  obtain 

l/(*)l<r7^  f  {x-rr-l\D-af(r)\dr 

r  (a)  A 

i         /    rx  \  1/p    /    /.x  \  1/9 

<TO(/-((,-rrrdr)        ((iW-r) 
1        ^_„'»Ei2^J±1     /  f-  N1/* 

|I>?a/(T)|«dT)  .  (27.17) 

Put 


Then 

and 

Therefore  by  (27.17)  we  have 


r(«)(p(a-l)  +  l)1/p   \Ja 

z{x):=  [X  \DU  (t)|«  dT,    (*(a)  =  0) 

Z,(*)  =  P?a/(*)r, 


P?a/(x)|  =  (^'(^))1/9,  all  a  <  x  <  b. 


\f(co)\\D:j(co)\<       ' 


r(a) 

^^ —  (,(w)*»)^,  (27.18) 

(p{a- l)  +  l)1/p 


p(a-l)  +  l 
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all  a  <  u)  <  x. 

Next  working  similarly  with  (27.16)  we  derive 

1/  (a;)|  <  TTTT  /' \r-  X)"-1  \DS_f  (t)\  dr 

r  (a)  Jx 

l/P    /     ,-b  \   1/9 

I  i    .     n  \ 

< 


^(/B((r-„-r*)       (/  IDSL/WI'*) 

=  rL„       ^      ia/p      /    |gg-/(T)|'dT)       .  (27.19) 

r(a)  (p(a-  1)  +  1)  lv  \ix  ) 

X(x):=  [b\D?_f(T)\"dT^-  f"\D?_f(T)\"dT,    (A(6)=0). 


Put 

/•6 


./re  ^6 

Then 

A'(ar)  =  -|£»gL/(as)r 

and 

|D?_/(x)|  =  (~\'(x))1/q  ,  alla<x<b. 

Therefore  by  (27.19)  we  have 

l/MII^/MI^ 

(p(a-l)  +  l)1/p  V  '; 


(27.20) 


all  x  <  lo  <  b. 

Next  we  integrate  (27.18)  over  [a,x]  to  get 


|/(w)||D?„/(w)|dw< 


r(a)(p(a-l)  +  l)1/p 


(a>  —  a)        p         (2  (u>)  2'  (w))     q  du>  < 

1 

r(a)(p(a-l)  +  l)1/p 

/     /.x  \    l/p    /     /-a:  \    1/9 

I    /     {Lu-a)p(a-1)+1dco\        I    /     2  (w)  z  (w)  dw  J 

_  1 jx-a)        v  z  (x)2/q 

~  r(a)(p(a-l)  +  l)1/p  {p(a-  l)+2)1/p     21/? 
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P'°-1»+2  ^  ..  -    2/9 


q(-X     a) rr  (  I*  \D:j  (iu)\q  duj)     \      (27.21) 

r(a)[(p(a-l)  +  l)(p(a-l)  +  2)]1/p  VA  J 


So  we  have  established 


r(a)[(p(o-l)  +  l)(p(a-l)  +  2)] 
for  all  a  <  x  <  b. 

By  (27.22)  we  derive 


/(w)||D?„/(w)|dw< 

,  p(J"\D?af(u>)\*du>y\        (27.22) 


2-^(I-a)£^il±2 


|/(«)||D?0/(a;)|<L;< 


(p(o-l)  +  2)  r  (p(q-1)+2)    i    il 

a)         p  2    I         p  "\ 


r(a)[(p(Q-l)  +  l)(p(a-l)  +  2)]1^ 

a+fc  \    2/9 

|i£0/(w)|«dw)       .  (27.23) 


Similarly  we  integrate  (27.20)  over  [x,  b]  to  get 
f    \f(u))\\D?_f(u;)\duJ< 

J  X 


r(a)(p(a-l)  +  l)1/p 
/   (b  -  w)  P<%1)+1  (_a  (w)  A'  (w)) 1/9  dw  < 


r(a)(p(a-l)  +  l)1/p 

1/P    /     ,-b  \  V<2 


(V   (6-w)p(a_1)+1du/)       (V  -A  (w)  A'  (w)  dw  J 
(6-x) 


Ei^il^      (M<B))V. 


r  (a)  (p  (a  -  1)  +  l)1/p  (p  (a  -  1)  +  2)1/p      21/? 
We  have  proved  that 


[b\f(oj)\\DZ_f(u,)\du>< 

J  X 


(27.24) 


430         27.  Balanced  Fractional  Opial  Integral  Inequalities 


,  ,  p(cv-l)  +  2 

2-1/«{b~x) v 


r(a)[(p(o-l)  +  l)(p(a-l)  +  2)] 

for  all  a  <  x  <  b. 

By  (27.25)  we  obtain 


i/p 


"{D^f^du)     \        (27.25) 


f     \f(w)\\D?_f(<j)\du>< 

Ja^ 

(p(o-l)  +  2)  r(p(q-l)  +  2)        1] 

(b-a)         p  2    I         p         +i\ 

T(a)[(p(a-l)  +  l)(p(a-l)  +  2)]1/p 

f  Y/q 

Ja+b\Dt-f^)\qdu\        . 


Adding  (27.23)  and  (27.26)  we  obts 


(27.26) 


\f(u,)\\lTf{u>)\dw< 


~p)  (b-a)\ 


r(a)[(p(a-l)  +  l)(p(a-l)  +  2)]1/p 

2'q       (   ,-b  \  2/<> 

\D«J  M|9  ckj)       +\    la+b  \DS_f  Ml9  du 


(*)       (27.27) 


Suppose  1  <  q  <  2,  then  -  >  1. 
Therefore  we  get 

o~ 
(*)< 


-(^)(&-a)(£^^) 


r(a)[(p(a-l)  +  l)(p(a-i)  +  2)]1/p 

**  /•*  12/9 

Jag, 

2-(^)(&-a)(£^^) 


r(a)[(p(o-l)  +  l)(p(a-l)  +  2)] 

rb  \  2/9 

|Da/(a;)|9da; 


i/p 


So  for  1  <  q  <  2  we  have  proved  (27.11) 


(27.28) 
(27.29) 
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Assume  now  g  >  2,  then  0  <  -  <  1. 
Therefore  we  derive 


(*)< 


21" 


r(a)[(p(a-l)  +  l)(p(a-l)  +  2)] 


|£>?0/(«)|*d«  + 


Ja±b 


1/P 


2/q 


-f(u>)\"du 


"il  (b-a)\ 


■p(c-l)  +  2\ 


r(a)[(p(a-l)  +  l)(p(a-l)  +  2)] 

rb  \  2/9 


1/p 


^    \Daf(u)\qdu?j 


(27.30) 


So  when  g  >  2  we  have  established  (27.12)  . 

(in)  The  case  of  p  —  q  =  2,  see  (27.13)  ,  is  obvious,  it  derives  from  (27.11) 
immediately.  ■ 

We  need  (see  [44],  [155],  [160],  [145],  p.22) 

Definition  27.11.  Let  a  >  0,  m  =  \a]  ,  /  G  4Cm  ([a,  6]) .  We  define  the  right 
Riemann-Liouville  fractional  derivative  by 


©?-/(*) 


(-1)T 


rf 


(t-*)™—1 /(*)«. 


r  (m  —  a)  \d:r, 

T>b-f  (x)  :—  I  (x)   (the  identity  operator). 
We  also  define  the  left  Riemann-Liouville  fractional  derivative  by 

^  <*>  ==  r^by  (i) m  r  <*  -  *)m-a_i '  <*> * 

D2+/(*):=/(x). 


(27.31) 


(27.32) 


We  further  define  the  new  balanced  Riemann-Liouville  fractional  derivative 

T>?_f{x),      ior^<x<b, 


Vaf(x) 


V2+f  (x),     for  a  <  x  <  s±£ 


(27.33) 


Remark  27.12.  Let  now  f  e  Cm  ([a,b])  ,  m  =  \a\  ,  a  >  0.  In  [43]  we  have 
proved  that  D^_f  (x) ,  D"af  (x)  are  continuous  functions  in  a;  £  [a,  b]  .  Of  course 

Cm  {[a,b])  C  ACm  ([a,b])  ,  so  that  /  G  ACm  ([a,b])  . 
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Thus  by  Theorem  9  of  [44] ,  we  obtain  that  also  T>"_  f  (x)  exists  and  continuous 
for  every  x  G  [a,  b]  .  Furthermore  if  /*■  '  (b)  —  0,  k  —  0, 1, . . . ,  m  —  1  we  get 

©£-/(*)  =  £>£_/(»),  (27.34) 

\/x  e  [a,  b]  . 

Similarly,  by  [145],  p. 39,  we  obtain  that  T)"+f  ix)  exists  and  continuous  in 
x  6  [a,  b]  .  Furthermore  if  p  '  (a)  =  0,  k  —  0, 1, . . .  ,m  —  1  we  have 

v:+f(x)  =  D:j(x),  (27.35) 

\/x  e  [a,  b]  . 

So  if  f(k)  (a)  =  /(fc)  (ft)  =  0,  k  =  0, 1, . . .  ,m  -  1  we  get  that 

Daf(x)=Vaf(x),  (27.36) 

\/x  e  [a,  b]  . 

So  by  Theorem  27.9  we  obtain  the  corresponding  results  for  the  balanced 
Riemann-Liouville  fractional  derivative 

Theorem  27.13.  Let  f  €  Cm  ([a,  6]),  m  €  N,  m  =  [a]  ,  a  >  0.  Suppose 
fW  (a)  =  f(k)  (ft)  =  o,  fc  =  0, 1, . . .  ,m  -  1;  p,  «  >  1  :  i  +  i  =  1,  and  a  >  i. 

ft)  Case  of  1  <q<2.  Then 

f\f{L0)\\Vaf{L0)\dL0< 
■J  a 

T(a)[(p(a-l)  +  l)(p(a-l)+2)]1/p' 

?     rb  \   2/9 

y  ^/(wji'dwj    . 

(m,)  Case  of  q  >  2.  Then 


(27.37) 


J 

f 

a 

l/HI 

l^/M 

dw  < 

2" 

-(« 

*i) 

(6 

—  a)V 

-D+2\ 
p          / 

r(a)[(p(a-l)  +  l)(p(a-l)+2)]1/p 

2/9 


(Y    \Vaf{w)\qdu\       .  (27.38) 

(liij  When  p  =  q  —  2,a  >  |,  i/ien 


b|/HI|oa/HI^< 


<a+^(b-a)° 


r(a)[y 


2a  (2a  - 
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6 

(Va  f  (uj))2  dui  )  .  (27.39) 


Conclusion  27.14.  According  to  the  monographs  [5],  [42],  the  presented 
method  of  involving  balanced  fractional  derivatives  into  Opial  type  inequalities, 
subject  to  boundary  conditions,  could  be  expanded  to  all  possible  directions,  by 
producing  interesting  results  and  applications.  Especially  all  these  results  proved 
here,  and  similar  that  can  be  proved,  are  expected  to  have  wide  applications  to 
fractional  differential  equations. 


28 

Montgomery  Identities  for  Fractional 
Integrals  and  Fractional  Inequalities 


In  this  chapter  we  develop  some  integral  identities  and  inequalities  for  the  frac- 
tional integral.  We  obtain  Montgomery  identities  for  fractional  integrals  and  a 
generalization  for  double  fractional  integrals.  We  also  give  Ostrowski  and  Griiss 
inequalities  for  fractional  integrals.  This  chapter  is  based  on  [80]. 


28.1     Introduction 

Let  /  :  [a,  6]  —*  R  be  differentiable  on  [a,  6],  and  /'  :  [a,  b]  —*  R  be  integrable  on 
[a,b],  then  the  following  Montgomery  identity  holds  [230]: 

fW  =  TT—  I  /Wdi+  /  Pi(x,t)f'(t)dt,  (28.1) 

0         a  J  a  J  a 

where  Pi(x, t)  is  the  Peano  kernel 

t  —  a 

,  a  <  t  <  x, 

A(M)H     \-_%  (28.2) 


b  —  a 


x  <  t  <  b, 


Assume  now  that  w  :  [a,  b]  — >  [0,  oo)  is  some  probability  density  function, 
i.e.  is  a  positive  integrable  function  satisfying  f  w(t)  dt  =  1,  and  W(t) 
=  f*w(x)  dx  for  t  G   [a,  b],  W(t)  =  0  for  t  <  a  and  W(t)  =  1  for  t  >  b.  The 
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following  identity  (given  by  Pecaric  in  [241])  is  the  weighted  generalization  of  the 
Montgomery  identity: 

f{x)  =  /   wit) fit)  dt+  f   Pw(x,t)f'it)  dt,  (28.3) 

■J  a  J  a 

where  the  weighted  Peano  kernel  is 

Wit),  a<t<x, 


Pw(x,t)-   y     W(t)-1,  X<t<b. 

In  [107],   [148],  the  authors  obtain  two  identities  which  generalized   (28.1)  for 
functions  of  two  variables.  In  fact,  for  function  /  :  [a,  b]  x  [c,  d]  — >  R  such  that 

the  partial  derivatives      is     ,       at      an<^     dsdt     a^  ex*st  and  are  continuous  on 

[a,  b]  x  [c,  d],  so  for  all  (x,  y)  £  [a,  b]  x  [c,  d]  we  have: 

id-c)ib-a)fix,y)  =  [    [  f(s,t)  ds  dt+  [    [    d^*,t>pix,s)  ds  dt 

Jc     J  a  J c     J  a  "S 

b      r-d 


+/;r^*"" 


a     J  c 
d      rb    o2 


+  /      /     9  ^SdfPix,s)qiy,t)dsdt,  (28.4) 


where 


■    s  —  a,  a  <  s  <  x,  ,      ,      .        ft  —  c,  c  <  t  <  y, 

p(x,s)  —  <  ,  .  ,  ana   qly.t)  —  <     ,       ,  ,    .    , 

1    s  -  6,  x  <  s  <  6,  yvy'  ;       li  -  d,  y  <t<  d. 


(28.5) 


28.2     Fractional  Calculus 

We  give  some  necessary  definitions  and  mathematical  preliminaries  of  the  frac- 
tional calculus  theory  which  are  used  further  in  this  chapter. 

Definition  28.1.  The  Ricmann-Liouville  integral  operator  of  order  a  >  0 
with  a  >  0  is  defined  as 

■£/(*)  =   T^T  ["(x-tr-ifWdt,  (28.6) 

r(")   ia 

■£/(a0  =  fix). 

Properties  of  the  operator  can  be  found  in  [228] .  In  case  of  a  =  1,  the  fractional 
integral  reduces  to  the  classical  integral. 
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28.3     Montgomery  Identities  for  Fractional  Integrals 

Montgomery  identities  can  be  generalized  in  the  fractional  integrals  forms.  The 
main  results  of  generalization  are  given  in  the  following  lemmas. 

Lemma  28.2.  Let  /  :  [a,  b]  — >  R  be  differentiable  on  [a,  b],  and  /'  :  [a,  b]  — >  K 
be  integrable  on  [a,  b] ,  then  the  following  Montgomery  identity  for  fractional 
integrals  holds: 

m  =  f^(b-x)i-aj:f(b)~jr1(P2(x,b)f(b))+j:(p2(x,b)f'(b)),  a>i, 

(28.7) 
where  P2{x,t)  is  the  fractional  Peano  kernel  is  denned: 

f    I— -{b-x)1-cT(a),  a<t<x, 

%*)=      :?        ,  (28-8) 

-(b-x)v-a?{a),  x<t<b. 

\    b  —  a 

Proof.  In  order  to  prove  Montgomery  identity  for  fractional  integrals  in  relation 
(28.7),  by  using  the  properties  of  fractional  integrations  and  relation  (28.8),  we 
have 

T(a)JS(Pi(x,b)f(b))  =    Fib-tr^PiixrffWdt 

J  a 

=   r\-^{b-tr-\f\t)dt 

J  a      b~a 

+  ft1-^{b-tr-if(t)dt 

Jx      °         a 

=      r(&-*r_1/'(t)^  (28.9) 

J  a 

(b-t)af'(t)dt. 


1    'b 


b  —  a 
Next,  by  integration  by  parts  and  using  (28.9),  we  get 

T(a)JS(Pi(x,b)f'(b)) 

=  (ft-a.)«-1/(a:)-^r(«)J?/(6) 

+(a-l)  [X(b-t)a-2f(t)dt 

=  (b-  x)a-1f{x)  -  ^—T{a)JSf{b)  (28.10) 

+r(a)jr1(Pi(x,b)f(b)), 
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finally,  from  (28.10)  for  a  >  1,  we  obtain 


/(*)  =  yzi  (b-^~aJaf(b)  -  jr\P2(x,b)f(b))  +  j:(p2(x,b)f(b)), 


and  the  proof  is  completed.  ■ 

Remark  28.3.  Let  a  =  1  then  formula  (28.7)  reduces  to  the  classic  Mont- 
gomery identity  (28.1). 

Lemma  28.4.  Let  w  :  [a,  b]  — »  [0,  oo)  be  a  probability  density  function,  i.e. 
/o6  iw(i)  dt  -  1,  and  set  W(t)  =  J*  w(x)  dx  for  a  <  t  <  b,  W(t)  =  0  for  t  <  a  and 
W(t)  —  1  for  t  >  b,  a  >  1,  then  the  generalization  of  the  weighted  Montgomery 
identity  for  fractional  integrals  is  in  the  following  form: 

f(x)^(b-x)1-aT(a)J:(w(b)f(b))-Jr1(QA^b)f(b))  +  J:(Qw(^b)f'(b)). 

(28.11) 
Where  the  weighted  fractional  Peano  kernel  is 

LJw{X>t>-\(b-x)1-aT(a){W{t)-l),  x<t<b.  {ZiiAZ> 


Proof.  From  the  fractional  calculus  and  relation  (28.12),  we  have 

j:(Qw(x,b)f'(b))  =  -L-  [  (b-t)a-1Qw(x,t)f'(t)dt 

=  {b  -  x)1-"  (  t  (b  -  *r_1WW(t)  dt        (28.13) 

J  a 

i(6-t)a-1/'(t)dt). 


Using  integration  by  parts  in  (28.13)  and  W(a)  —  0,  W(b)  =  1,  we  get 


(6-t)a-1w(t)/'(t)*=   -r(a)JZ(w(b)f(b)) 


+(a-l)/    (b-t)a-'W(t)f(t)dt,  (28.14) 


and 


j\b  -  tr-'f'it)  dt=    -(b-  x)a-1f{x)  +  (a  -  1)  j\b  -  t)a-'2f(t)  dt.  (28.15) 

J  X  J  X 
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We  apply  (28.14)  and  (28.15)  in  to  (28.13),  to  obtain 
JH(Qw(x,b)f(b))  =  (6-x)1-a[-r(a)J^(w(6)/(6)) 

-(a  -  1)  f\b  -  t)a-'2f(t)  dt+(b-  x)a-lf{x) 

■J  x 


+  (a-l)        (b-t)a-2W(t)f(t)dt 

J  a 

=  f(x)  -  T(a)(b  -  x)1-aj:(w(b)f(b))  +  (b-  xf-a{a  -  1) 


x\[X(b-t)a-2W(t)f(t)dt 

'-J  a 

[\b-t)a-2(W(t)-l)f(t)dt 

■J  X 


rb 

•J  X 

=  f(x)  -  T(a)(b  -  *)1-aJ?(w(6)/(6))  (28.16) 

+Jr\Qw{x,  b)f(b)). 

Finally,  we  derive  that 

f(x)  =  (b~x)1-ar(a)j:(w(b)f(b))-jr1(Qw(x,b)f(b))  +  j:(Qw(x,b)f'(b)), 

(28.17) 

proving  the  claim.  ■ 

Remark  28.5.  Let  a  —  1  then  the  weighted  generalization  of  the  Montgomery 

identity  for  fractional  integrals  in  (28.11)  reduces  to  the  weighted  generalization 

of  the  Montgomery  identity  for  integrals  in  (28.3). 

Lemma  28.6.  Let  function  /  :   [a,  b]  x  [c,  d]  — >  R  have  continuous  partial 

derivatives  ^T1'  ^at^  and  ^df  on  Ia'  fel  x  Ic'  d]<  for  a11  (x>  v)  G  Ia>  61  x  [c<  dl 
and  a,  /3  >  2,  then  the  following  two  variables  Montgomery  identity  for  fractional 
integrals  holds: 

(d  -c)(b-  a)  f{x,  yh  (b  -  xf-^d  -  vf-tTiayrW)  [j^f  (q(y,  d)  ^f(b,  d) 

+  Jta  (/(*,  d)  +  p(x,  b)  d-^f  +  p(x,  b)  qiy,  d)  ^1 

-  Ji'r1  (p(x,  b)  f(b,  d)  +  p(x,  b)  q(y,  d)  ^^ 


c)t 
-Jc,a  '"     q(V, d)  f(b,  d)  +  p(x,  b)  q(y,  d) 


P-ha   I  „(».    A\   UU    J\    ,    „(„    J,W„.    A\  df(b'd) 


ds 

+J^a-1(p(x,b)q(y,d)f(b,d))], 

where 

i  rv    p 

Jc,af(x,y)  =  Y(a)r(8)  /     /    ^  ~~  ^"^^  _  tf~1f(s,t)dsdt, 
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also,  p(x,  s)  and  q(y,t)  are  defined  by  (28.5). 

Proof.    Plug  into   (28.4),   instead  of  /  the  function  g(x,y)    =    f(x,y)(b 
x)a-\d-yf-\ 


28.4     An  Ostrowski  Type  Fractional  Inequality 

In  1938,  Ostrowski  proved  the  following  interesting  integral  inequality  [238]: 

|/(,)-^/VH<[i  +  ^(*-^)>-^       (28.18) 

where  /  :  [a,  b]  —*  R  is  a  differentiable  function  such  that  |/'(x)|  <  M,  for  every 
x  £  [a,  b].  Now  we  extend  it  to  fractional  integrals. 

Theorem  28.7.  Let  /  :  [a,  b]  ->  R  be  a  differentiable  on  [a,  b]  and  \f'{x)\  <  M, 
for  every  x  £  [a,  b]  and  a  >  1.  Then  the  following  Ostrowski  fractional  inequality 
holds: 

i/(x)_IM.  (b-x)i-aj:f(b)  +  jr1P2(x,b)f(b)\  (28.19) 

I  o  —  a  I 


<        M 


a(a  + 
Proof.  From  Lemma  28.2  we  have 


T)  [(b  -  x)  (2a  (£-£)  -  a  -  l)  +  (b  -  a)a(b  -  x)1-*] . 


\f(X)-EM.  (b-x)i-aj:f(b)+jr1(P2(x,b)f(b))\  =  \j:(p2(x,b)f'(b))\. 

I  o  —  a  II  I 

(28.20) 
Therefore,  from  (28.20)  and  (28.6)  and  |/'(cc)|  <  M,  we  obtain 


^y    |    j\b-t)a-1P2(x,t)f\t)dt\<  ^  j'ib-tr-^Pz^t^f'^ldt 
M       fb 

^rr-\  /  ip-tr-^p^x^dt 

T(a)  J  a 

<Mlb-*)1-*'rJ 


b  —  a 
M 


a(a  + 
The  last  proves  inequality  (28.19) 


■(['X(b-t)a-1{t-a)dt+   f  {b-t)adt\ 
T)  [(b  -  x)  (2a  (  jj-£j  -a-l)+(b-a)a(b-  x)1'"]  . 
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28.5     A  Griiss  Type  Fractional  Inequality 

In  1935,  Griiss  proved  one  of  the  most  celebrated  integral  inequalities  [180],  which 
can  be  stated  as  follows 

'    f(x)g(x)  dx  -         1  /    f{x)  dx  f   g(x)  dx\  <  \{M  -  m)(N  -  n), 


\b-aja   "   '^   '  [b-af  Ja   ■"   '        Ja  aw       |-4V 

(28.21) 
provided  that  /  and  g  are  two  integrable  functions  on  [a,  b]  and  satisfy  the  con- 
ditions 

m  <  f(x)  <  M,  n<  g(x)  <  N, 

for  all  x  G  [a,  b],  where  ra,  M,  n,  N  are  given  real  constants. 
We  give 

Proposition  28.8.  Provided  that  f(x)  and  g(x)  are  two  integrable  functions 
for  all  x  €  [a,  b],  and  satisfy  the  conditions 

m<(b-  x)"-1  f(x)  <  M,  n<(b-  x)01-1  g(x)  <  N, 

where  a  >   1/2,  and  m,  M,  n,  N  are  real  constants.  Then  the  following  Griiss 
fractional  inequality  holds 

l(6r^(i)Jr"1(/g)(6)-(^J"/(6)J"g(&)l  "  ifW"-"*"-"'- 

(28.22) 
Proof.  If  replace  h(x)  =  {b-x)'*-1  f{x)  and  k{x)  =  {b-x)*-1  g(x)  in  (28.21), 
we  will  get  (28.22).  ■ 

In  [42]  are  contained  many  related  fractional  inequalities. 


29 

Representations  for  (Co] 

m— Parameter  Operator  Semigroups 


In  this  chapter  some  general  representation  formulae  for  (Co)  m-parameter  oper- 
ator semigroups  with  rates  of  convergence  are  given  by  the  probabilistic  approach 
and  multiplier  enlargement  method.  These  cover  all  known  representation  formu- 
lae for  (Co)  one-and  m-parameter  operator  semigroups  as  special  cases.  When 
we  consider  special  semigroups  well-known  convergence  theorems  for  multivariate 
approximation  operators  are  regained.  This  chapter  is  based  on  [92]. 


29.1     History 

Recently  the  study  of  representation  formulae  for  (Co)  operator  semigroups 
has  attracted  much  attention  (Shaw  [260],  [261],  Butzer-Hahn  [123],  Pfeifer 
[243]- [245]  and  Chen-Zhou  [130]).  They  gave  some  general  formulae  that 
include  earlier  (Post  Widder,  Hille-Phillips  [188]  and  Chung  [135])  concrete 
representation  formulae.  But  most  of  the  work  done  so  far  is  confined 
to  one-parameter  case,  while  Shaw's  method  for  multi-parameter  case  is 
not  an  easy  one  to  get  new  formulae  and  the  results  are  without  rates  of 
convergence.  In  this  chapter  we  try  to  give  some  general  representation 
formulae  for  (Co)  m-parameter  operator  semigroups.  The  main  idea  is  the  use  of 
probabilistic  setting  in  the  representation  of  operator  semigroups, 
initiated  by  Chung  [135]  and  developed  by  Butzer-Hahn  [123]  and  Pfeifer  [243], 
and  so-called   multiplier   enlargement   method   by  Hsu- Wang   [190],    [278]    and 


G.  A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  443-  467 


springcrlink.com  ©  Springer- Verlag  Berlin  Heidelberg  2011 


444         29.  Representations  for  (CO)  m-Parameter  Operator  Semigroups 

Shaw  [260],  [261].  At  the  same  time  by  introducing  a  modified  second  modulus 
of  continuity  of  operator  semigroup  and  a  Steklov-type  element  we  prove  quan- 
titative estimates  of  the  obtained  formulae. 

All  existent  representation  formulae  of  (Co)  one-and  multi-parameter  operator 
semigroups  are  special  cases  of  our  results.  In  particular  Shaw's  formulae  [260], 
[261]  for  m-parameter  operator  semigroups  are  special  cases  of  our  results  when 
specifying  the  random  vectors  considered.  Also  with  our  method  it  is  easier  to 
obtain  new  formulae. 

We  finish  with  examples  to  show  the  application  of  the  results  in  multivariate 
operator  approximation  theory  when  we  consider  particular  operator  semigroups. 


29.2     Background 

Let  X  be  a  Banach  space  with  elements  /,  g, ...,  having  norm  ||/||  ,  ||</||  , ...,  and 
£ (X)  be  the  Banach  algebra  of  endomorphism  oi  X.  If  T  G  £(X),  \\T\\  also  denotes 
the  norm  of  T.  Let  lZm  be  the  m-dimensional  Euclidean  space  supplied  with  the 
usual  definition  of  arithmetical  operations  and  metric.  We  write  t  —  (ti,...,tm)  £ 
1Zm ,  t  —  t\  +  ...  +  tm,  III  =  ii|  +  ...  +  \tm\  and  denote  the  unit  vectors  by  ei,  ...em, 
where  ek  =  (0,  ...1, ...,  0)  with  1  in  the  fe-th  place  and  0  elsewhere.  Further,  let 

TZ+  ={te  TZm;  tk  >  0,  fc  =  1, ...,  m}, 

the  first  closed  2m-ant  in  Hm .  Z+  denotes  the  set  of  all  non- negative  integers  and 

Z+  -  {n  =  (ni,...,nm);  nk  G  Z+,  k  =  l,...,m}, 

while  N  is  the  set  of  all  positive  integers. 

A  family  of  bounded  linear  operators  {T(t);t  G  1Z™}  on  X  is  called  a  (Co) 
m-parameter  operator  semigroup  in  £ (X)  when  the  following  three  conditions 
are  satisfied: 

i)T{t  +  s)=T(t)T(s),      t,s£TZ+;  (29.1) 

ii)  T(0)  =  /     (identity  operator);  (29.2) 

Hi)  s-       lim       T(t)f  =  /,      /  G  X.  (29.3) 

It  is  known  that  {T(t);t  G  7?.+  }  is  the  direct  product  of  m(Co)  one-parameter 
operator  semigroups  in  £  (X)  : 

nm 
k=in(tk),  (29.4) 

where  Tk(tk)  =  T(tk€-k)-  The  operators  {Tfc(ifc);0  <  ife  <  cxj}  (k  —  l,...,m) 
commute  with  each  other. 
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Let  Ak  be  the  infinitesimal  generator  of  {Tk(tk);0  <  tk  <  00}  with  domain 
D(Ak),  k  =  l,...,m.  Then  if  /  £  D(Ak)  so  does  T(t)f  for  each  t  G  11™  and 

AkT(t)f  =  T(t)Akf. 

Further  if  /  G  D(Aj)  and  /  G  D(AjAk)  then  /  G  D(AkA3)  and  AkAjf  =  AjAkf, 
(j,  k  —  1, ...,  m).  In  the  following  we  use  the  notation 

m 

D2  is  a  linear  subspace  of  X . 

To  each  k  —  1, ...,  m,  there  correspond  two  numbers  Mfe  >  1  and  a;*,  >  0  such 
that 

\\Tk(tk)\\  <Mke"kt",  0<tk  <oo. 

Thus  we  have  the  inequality 

\\T(t)\\  <  Mexp(w(ti  +  ...  +  im))  =  Me"1,  t  G  TZ+  ,  (29.5) 

where  M  —  M\...Mm  and  oj  =  max{u>k,  1  <  fc  <  m,}. 

In  the  following  we  always  mean  {T(t);t  G  1Z™}  satisfies  (29.5),  unless  other- 
wise specified. 

For  the  above  definition  and  properties  about  operator  semigroup  we  refer  to 
Butzer-Berens  [122],  Hille-Phillips  [188]  or  W,  Kohnen  [210]. 

Let  (Q,  A,  P)  be  a  probability  space.  For  every  real-valued  random  variable 
X  defined  on  (fi,  A,P),  E(X)  denotes  its  expectation.  If  £  =  E(X)  exists  then 
a2  =  a2(X)  =  E{(X-£)2}  is  called  the  variance  of  X.  Let  further  *^(u)  =  E(ux), 
u  >  0  and  ^*x{u)  —  E{euX),  u  G  TZ  denote  the  probability-generating  function 
and  the  moment-generating  function  of  X  respectively. 

We  need  to  consider  m-dimensional  random  vectors,  also  denoted  by  X,Y, ..., 
on  (Q,  A,  P).  For  m-dimensional  random  vector  X  —  (X01,  ...,Xom),  we  also  use 
E(X)  to  denote  its  expectation: 

E(X)  :=(E(X01),...,E{XOm)) 

and  denote 

a2(X):=a2(X0l). 

It  is  not  difficult  to  extend  the  integration  theory  about  extended-Pettis  integral 
developed  in  [243]  to  mutivariate  case. 

Let  {T(t);t  G  7Z-™}  be  as  above  and  X  is  a  7?.ip-valued  random  vector  such 
that 

$iH  <  00,  X  =  X01  +  ...  +  X0m, 
then  for  every  /  G  X  define 

E[T(X)f]  ~  [  T(X)fdP, 
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which  exists  in  the  Bochner  sense  in  X  by  the  strong  continuity  of  {T(t);t  £  1Z  ™} 
and  (29.5).  Moreover,  the  map  E[T(X)}  :  f  ->  E(T(X)f]  on  X  defines  a  bounded 
linear  operator  E(T(X)}  £  £(X)  with 

\\E(T(X)]\\<M^(u). 

E[T(X)]  is  called  the  expectation  of  T(X)  and  is  understood  as  an  extended 
Pettis  integral  following  [243]. 

If  X,  Y  are  are  independent  7?.+ -valued  random  vectors  such  that  ty*^(uj)  <  oo, 
*^(w)  <  oo  then  E[T(X)],  E[T(Y)]  and  E[T(X  +  Y)\  exist  in  £ (X)  and  there 
holds 

E[T(X)  o  T(Y)]  =  E[T{X  +  Y)]  =  E[T(X)}  o  E[T(Y)], 

where  "o"  denotes  composition. 

For  the  above  please  read  [243],  [244],  [245]  and  the  references  cited  there. 


29.3     Basic  Results 

We  need  a  Taylor's  expansion  integral  formula  for  (Co)  m-parameter  operator 
semigroups. 

Lemma  29.1.  Suppose  {T(t);t  £  TZ™}  is  a  (Co)  m-parameter  operator  semi- 
group satisfying  (29.5).  Then  for  every  g  £  D2  and  s,i  £  7Z+,  there  holds 

T(t)g-T(s)g 

=T(s)[{t1  -  si)Aig  +  ...  +  (tm  -  sm)Amg]  (29.6) 

+   1(1-  u)T(s  +  u(t  -  s))((t-i  -  si)Ai  +  ...  +  (tm  -  sm)Am)2gdu. 
Jo 

Proof.  Let  G(u)  =  T(s  +  u(t  -  s))g  e  X,ue  [0,  1],  then 
G'(u)  :-  dG{u) 


and 


du 
T(s  +  u(t  -  S))[(tl  -  Sl)A!  +  ...  +  [tm  -  sm)Am]g. 


G"(u)  =  T(s  +  u(t  -  s))[{ti  -  Si)A!  +  ...  +  (tm  -  sm)Am\2g. 


Now  (29.6)  follows  from  the  Taylor  formula  with  integral  remainder  for  Banach 
space  valued  functions  (see,  e.g.,  [146],  Theorem  8. 14. [130]). 

For  our  purpose  we  need  a  second  modulus  of  continuity  u>2(Tf,  5)  and  the 
Steklov  operator  Jh(f)(h  >  0)for  (Co)  m-parameter  operator  semigroup  {T(t);t  £ 
11+*}  and  f  ex.  m 
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Definition  29.2. 


W2(Tf,6)=        sup        {||(T(t)-/)2/||,ll(^(t»)--r)(^fe)--r)/ll} 
t=(n,...,tm) 

0<ti,tj<5 


When  (5  -»  0,  by  the  strong  continuity  of  {T(t);  t  G  TZ+},  u2(Tf,6)  ->  0. 


Definition  29.3. 


O  i-h/2  i-h/2 

S  -* 

2m 

-  T(2£i  +  2?ji, ...,  2£m  +  2Vm)}fdZ1drn...dtmdrir, 


The  integral  may  be  considered  as  multi-A'-valued  Riemann  integral. 
We  have  following 


Lemma  29.4. 

i)  Jh(f)  &D2,  for  all/ G  X; 
«)  Wf-Mf)\\<e2(Tf,  h); 
Hi)   \\AiAJJh(f)\\<9Me2(rn'1)hu'uj2(Tf,  h)/h2,  1  <  i,  j  <  m. 

Proof,  i)  Let 


i-h/2  rh/2 

Ji=/        ...  /       T(^1+rn,...,^m  +  Vm)fd^dvi...d4md'nm,  (29.7) 

Jo  Jo 


2m 


r-h/2  i-h/2 

J2=/        ...  /       T(2£i+2r7i,...,2£m  +  2»7m)/d£id»7i...d£mdj?mi 

Jo  Jo 


2m 


(i)2m  /    ...  /  T{t1+r)1,...,tm  +  r)m)fdtidr)i...dZmdr)rn.  (29. 

^        Jo        Jo 
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It  is  not  difficult  to  show  that  Ji  €  D2 ,   J2  €  D2  (cf.[122,  p. 10])  and  hence  (i 
holds. 


H)    \\f-Mf)\\ 

r-h/2  r-h/2 

=  \\(2/h)2m  ...  [f-2T(^+Vl,...,U  +  Vm) 

Jo  Jo 

2  m 

+  r(2|i  +  2771, ...,  2£m  +  2r)m)]fdZidr)idni-d£mdrim\\ 

\\(2/h)2m    [h/2 ...  /fc/2[T(Ci+r7l,...,Cm  +  r;m)-/]2/ 
Jo  Jo 

2  m 

x  d4idr}i...d£mdrim\\ 

<(2/hfm  [h/2 ...  [h2\\im1+Vl,...,zm+Vm)-i}2f\\ 

Jo  Jo 


1m 

x  d4idr)i...d£mdr)r, 

<L02(Tf,    h). 


Hi)  When  i  7^  j,  similar  to  one  parameter  operator  semigroup  case  (ibid.),  we 
can  show 


r-h/2  r-h/2 

Jo  Jo 


,k^i,j 


2m— 2 
X 


(Ti(h/2)  -  I)(Tj(h/2)  -  I)f  \{  dikdVkdVldVj 


and 


h  r-h 


AtA3j2  =(i/2)2m  /  ...  /   n  Tk{ik  +  vkm^mim) 


2m-2 


(Ti(/i)  -  I)(Tj{h)  -  I)f  f]  dikdrikdrndrtj 
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Therefore 


WAiAjJuifiW  =  ||(2//i)2m[2yliyljJ1  -AiAjJ2}\\ 

<(h2m{2[       ...  J  ''  '\\  MkeWk{tLk+f>k)MieWimMjeWiVi 


0 


_/fc^»J 


W(±)  -  I)(T^)  -  I)f 


Y[  d^kdrjkdr)idr)j 


k^i.j 


h  rh 


+  (i)2m/     ...   /      Y[  Mke"Mk+r,k) Mie"ir,i Mje"^ 

-   °       ^       °    -  k^i,j 
2m-2 

x  \\(Ti(h)  -  I){Tj{h)  -  I)f\\  f]  dZkdvkdmdnj} 

<(2/h)2mM{2e(2m'2)"h/2(h/2)2m'2  +  (i/2)2me{2m-2)ulhh2m-2} 
x  wa(T/,  /i) 

<Me(2m-2)^{2(ft)-2+     1    }wz(T/;    ft) 

=  9Me2(ra-1)"''a;2(r/,  ft)/fe2. 

When  i  =  j,  the  same  estimate  holds.  ■ 

Lemma  29.5.     For  any  7?.+  -valued  random  vector  Y  =  (Ybi,  •■•,  Y)m)  with 
■E(Y)  —  X  —  (xi, ...,  xm)  and  f  £  X  there  holds. 

||£[T(Y)]/  -  T(x)f\\  =  \\E[T(Y)f]  -  T(x)f\\ 

<Mco2(Tf,  h){2E(ewY)  (29.9) 

+  |mAfeaa,V(ro_1)h" 

m 

x  [£(e^F)]1/pE(s((y(M  -  ^)29))1/9]A2}, 

where  p  >  1,  q  >  1,   1/p  +  1/g  =  1,   ft  >  0. 

If  cj  =  0,  we  have 

-  _     m 

||£[T(Y)]/  -  T(*)/||  <  2M,2(T/,  ft)[l  +  ^Jf  ^  a2(Y0l)]  (29.10) 


4/i2 


Proof.  It  holds 


\\E[T(Y)]f  -  T(x)f\\  =  \\E[T(Y)f]  -  T(x)f\\ 

<  \\E[T(Y)f]  -  E[T(Y)Jnf}\\  +  \\E[T(Y)Jnf]  -  T(x)Jnf\\ 

+  \\T(x)Jnf-T(x)f\\  (29.11) 

—h+h  +  h- 


450         29.  Representations  for  (CO)  m-Parameter  Operator  Semigroups 


h  <  E[\\T(Y)(Jnf  -  f)\\]  <  E[Me"Y  \\Jnf  -  f\\]  <  ME{e"Y)u2(Tf,  h) 


by  Lemma  29.4. 


h  <  Mewx0J2{Tf,  h)  <  ME(eu'Y)uj2(Tf,  h) 


(29.12) 
(29.13) 


by  Jensen's  inequality. 

Note  that  g  :—  Jh{f)  G  D2,  by  Lemma  29.4.  Apply  Lemma  29.1,  we  get 


h  = 


E{T(x)[{Yoi  -  xi)Ai  +  ...  +  {Y0m  -  xm)Am]g  +  f  (1  -  u) 

Jo 

xT(x  +  u(Y  -  x))[(Y01  -  Xi)Ai  +  ...  +  (Y0m  -  xm)Am]2gdu) 


E{       (1  -  u)T{x  +  u(Y  -  x))[(Y(n  -  x1)A1  +  .. 
Jo 

+{Y0m  -  Xm)Am]2gdu}\\ 

<E{[  (l-«)||T(a;  +  «(y-a;))|| 

Jo 

x  ||[(loi  -  Xi)Ai  +  ...  +  (YQm  -  xm)Am]2g\\  du} 

<ME{  /    (1  -  it)  exp(io(x  +  u(Y  -  x)) 
Jo 

x  II  [(y0i  -  xi)A!  +  ...  +  (Y0m  -  xm)Am]2g\\  du} 


in       m 


<-M<?«*E{e"Y  £  £  \Yoi  -  Xi  \\Yoj  -  Xj  \  \\AtA3g\\} 


m       m 


<\Me2^E{e-Y  J2  E  h(Y(H  -  X^  +  &»  -  ^)2]}9^2(m_1 


-l)hw 


2  L         ^^  21 

i=l  j  =  l 


Xio2{Tf,  h)/h2    (by  Lemma  29.4, Hi)    ) 

m 

1)h"mY,E  [e"F(Fw  -  Xi)2]  u>2(Tf,  h)/h2 


"  Tk  r2    2ujx    2(m 

=  —M  e       e  v 


^    ^         T,  j2    2ujx    2(m—  l)huj  r  m/    pwy^il/p 


xuj2(Tf,  h)/h2 


[E{ep^)]i,P[j2mY0i-xi)2<'))1/<>] 


(29.14) 


by  Holder's  inequality. 

Therefore  by  (29.11)-(29.14)  we  get  (29.9). 

If  u  =  0  we  have  h  <  Mio2{Tf,   h),  h  <  Mcj2{Tf,   h)  and  I2  <   %M2m 
x  EZiff2(Y0i)^(Tf,  h)/h2  so  (29.10)  follows.  "         ■ 
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29.4     Main  Results 

Here  comes  the  first  main  result 

Theorem  29.6.  Let  X  —  (Xoi, ...,  Xom)  be  an  lZ™-vahied  random  vector 
with  E(X)  —  x  —  (xi,...,xm)  and  there  exists  a  S  >  0  such  that  ^^(8)  <  oo. 
Then  for  any  (Co)  m-parameter  operator  semigroup  satisfying  (29.5),  there  holds 
for  all  n  >  max(pcj/(5,   l/<52)  that 

\\{E[T(X/n)}}nf-T(x)f\\ 

<2Mco2(Tf,  1/vMK*  apl^^^^,,)]  (29.15) 

ez  ez\no  —  pus)1 

e  q{o\fn  —  \y 

where  p,  q  >  1,  1/p  +  1/q  =  1  is  an  arbitrary  conjugate  pair. 
When  u)  —  0 

1  Q  m 

||{£[T(A»]r/  -  T(s)/||  <  2MW2(T/;  -i=)[l  +     mMVff2(Ioi)].    (29.16) 

V"  4  Si 

Note.  All  the  right  hand  sides  of  (29.15)  and  (29.16)  are  finite. 
Proof  of  Theorem  29.6:  Let  Xk  be  a  sequence  of  independent  random  vectors 
identically  distributed  as  X,  and  Y  —  —  J^fe=i  Xk,  then 

n 

E(Y)  =  ±^E(Xk)  =  x, 
fc=i 

£[T(y)/]  =  {£[T(X/n)]}"/- 
For  u>0we  get 

<K*y(u)  =  £(e«  E£=i^)  =  (£(e»*))n 

<(l  +  H^)  +  B(!^eS*))- 

2  o 

^   Ci     i     W  -    i      U      I  Z  \2    -2P/    H\xn 

^(1+nX+2^(^^)e     £(e      )) 
9m/2 

when  w/n  <  S. 

Above  we  made  use  of  the  inequalities  (see  also  Pfeifer[244,  p. 275]) 

r<V  <  (^—)°>e-°>eSr  (when  ?)  <  5,  r  >  0,  a  >  0)  (29.17) 

0  —  T] 
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and 

(l  +  r)n<enr.  (29.18) 

So  when  n  >  puj/5  >  uj/8, 


jY^  ^    ux         ,        2nuj 


e2(no  —  w) 


and 


[Eier*)]1'"  <  {6^sexp[e2(y^)2nffl]}1/p 

w2        .       2npuj2        T »  .... 


Observe  that  for  V  =  (Vbi, ...,  lom)  we  obtain 


1     n 

s((yw  -  Xi)2q)  =  E((-  J2  xki  -  Xi)2q) 
fc=i 

<  (^)29e-29£:(-ev/s:|JrES=1xfcI-^K  by  (39.17)) 

Vn 
<(^)29e-29[£(e^E^=1(^-^))  +  £(e^E2=1(^-^)) 
Vn 

(by  Taylor's  expansion  and  (29.18)) 

<  (-7=)    e     *2exp(- — ——=    e     E-e1* 

V^  0  —  l/vn  ^ 

(by  (29.17)  when  1/Vn  <  5) 

<  A%-^2exp[      Jn  —  e-2e"^ffl],  1  <  i  <  m. 


Hence  we  proved  that 


[g((^-^)29)]1/9<^e-221/geXp[  g?  e-V*nffl]. 

n  q(o^Jn  —  l)2 
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Now  apply  Lemma  29.5  and  take  h  —  l/y/n  : 

\\{E[T{X/nW f  -  T(x)f\\  =  \\E[T(Y)]f  -  T(x)f\\ 
<Mu»{Tf,  l/^{2e"'  exp[e2(^)2  Vx{6)] 

,9        .,    2wx    2(m-l)-3-    a.3:  r  2njXJ2  „ 

x  m^e-22^exp[         ^  .'V^^W 

n  q{0y/n  —  I)2 

=2M^(r/,l/^{eMiexP[ea(^)a$>ffl] 

+  21/'9M^e3^e2(m-1^/^exp[(— ^1— 
e2  e2(no  —  pw)2 

2nes* 
e2q(8^J7i  —  1 


+  o2Jn^_n2^W1>- 


When  w  =  0,  noting  that  ct2(Y<m)  =  a2(X0l)/n  by  (29.10),  we  get  (29.16). 

A  ramification  of  Theorem  29.6  follows 

Theorem  29.7.  Let  N  be  a  -2+-valued  random  variable  with  E(N)  —  r),  r\  > 
0,  and  let  Y  =  (Ybi,  •••,  Yom)  be  an  T^-valued  random  vector  independent  of  N 
with  E(Y)  =  7  =  (71,  ...,7m).  Suppose  that  there  exists  S  >  0  such  that 

*jv(*?(<5))  <oo. 

Then  when  n  >  max(pw/5,   l/<52)  there  holds 


\\{9N[E(T(Y/n))]}nf-T(rn)f\\ 

<2Moj2(Tf,  l/y/n){e<""  exp[  J2"""       *N(^(5))} 

e2(no  —  lu)2 

e2  e2(no  —  pw)2 

e2q(Sv'n  —  l)2 


where  p,  q  >  1,  1/p  +  1/g  =  1  is  an  arbitrary  conjugate  pair. 
If  u>  =  0,  there  holds 


H^IECZXY/n))]}"/-^)/!! 

_  9  m 

<  2Mio2{Tf,  l/y/n){l  +  -mM^[,a2(F0,)  +  a2(7V)72]}.  (29.20) 
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Proof.  Consider  Yk    ~    Y,  which  are  also  independent  of  N.  In  Theorem  29.6, 
take  X  =  ~}2k=1  Yk  (as  usual,  an  empty  sum  equals  0),  then 

1  N  oo  i 

e[t(±x)]  =  £[T(i  Yl Y*)]  =  E  p(JV  =  ^^-  E  y*)i 

fc=l  i=0  fe=i 

oo 

=  £  P(JV  =  Z)[S(T(-y))](  =  *K{E{T{-Y))), 

1=0 

oo  £ 

e(x)  =  £  p(jv  =  i)B[E  Ffcl  =  ^(iV)S(y)  =  try- 

1=0  fc=i 

Also 

OO 

**f(<5)  =  £(e**)  =  £(e^"=iyfc)  =  ^  P(AT  =  Z)£(e*E*=i  ?fc) 

i=0 

oo 

=  E^  =  0(£(e'?))' =**(*?(*))■ 

1  =  0 

By  X  =  (X0i, ...,  X0m)  we  get 

JV  oo  I 

a\XM)  =  a2(£  Ffci)  =  £  P(7V  =  J)£((E  Y«)2)  -  ^ 

oo 

=  Y,  P(N  =  0(*£(*w)  +  i('  -  1)7?)  -  ^7? 

;=o 

=  VT2(yoi)+<T2(JV)7?- 

Then  (29.19),  (29.20)  follow  by  (29.15).  (29.16).  ■ 

An  application  of  Lemma  29.5  comes  next 

Theorem  29.8.  For  each  positive  real  number  r,  let  Nr  be  a  ,Z+-valued 
random  variable  with  E(Nr)  —  ttj,  where  r\  €  H+  is  fixed.  Let  X  be  a  7£+- 
valued  random  vector  with  E(X)  =  7  =  (71, ...,  7m),  independent  of  Nr.  Assume 
that  there  exists  a  8  >  0  such  that  9^(8)  <  00  and  further  there  are  p  >  1,  q  >  1 
with  1/p  +  1/g  =  1  such  that 

lim  sup*ivx(*^(  — ))  =  di  <  00,  (29.21) 

r — >oo  T 

lim  supr{_B[(iATT  -  ??)29]}1/9  =  d2  <  00  (29.22) 

r — >oo  T 

and 

lim  suptf^-— iL_ — e^(i))  =  d3  <  00.  (29.23) 

t^oo  T    e^i^/TO  —  1)^ 
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Then  for  r  >  1/S2  there  holds 


\\^NAE(T(X/r)])f-T(m)f\\ 
<Mio2{Tf,  l/y/r){2di  (29.24) 

+  9mMe2"^e2(m-1)"/^d11/p[m21/q(^fd13/q  +  d2J2  7?]}- 


If  lu  =  0,  then 

\\VNT(E[T(X/T)])f-T(m)f\\ 

—  9  m  1 

<  2Muj2(Tf,  1/V7){1  +  -mMV[r,<72(I0i)+7.2V(^)]}-  (29.25) 

4  z — '  r 

»=l 


Proof.  Let  the  random  vectors  X^  ~  '  X,  which  are  also  independent  of  NT. 
Consider  YT  —  ^J2k=i-Xk,  where  YT  —  (ioi, ...,  Vbm),  then  apply  Lemma  29.5 
with  h  =  \j\pf.  We  derive 


E[T(YT)]f  =  J2  P(NT  =  l)E[T{±  J2  *k)]f  =  *^T  (E[T(X/r)]f), 

1=0  fc=l 

oo  I 

E{YT)  =  ^]P(iVr  =  0-S(]^Xfc)  =  -E{NT)E{X)  =  777, 

i=0  fc=l 

£(e"*T)  <  £(epc^)  =  *^T(*^(^))  <  di. 

T 

Furthermore, 


S((YW-  Vli)2q))1/q 

,        "t  1  1 

=  {£([-  V  xfcl  -  -ivr7i  +  -NTli  -  nir]2q)}1/q 

t  z — '  r  r 

fc=i 

1    "T  1 

<  2[£((i  £(Xfcl  -  70)2,)]1/9  +  ^[E{{-NT  -  nf)]1 


/« 

T 
fc=l 

2Ji  +  2/2. 
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We  notice  that 


/?  =  £[(-£(*w-70)2 

T    * * 


T  ' 

<  A^e-^E[eVT\^^i(x^-^\]  (by  (29.17)) 

<  (^=)2«{JE[(S(e*(Xoi_7i)))JVT]  +  E[(E(e^^-Xm)))N-]} 


<  (_?«  )»«{£[(£(!  +  -i=(*w  -  7l)  +  ^(X()l  -  702e*'^ )) 


,„.  _   v..,a„3?l*oi-riK^r 


+  £[(£(i  +  -i=(7i  -  XoO  +  ^-(x0i  -  tO2^1^^71'))^]} 

<  2(^)2^{(exp[£(X0l  -  7l)2e^'^-^l])^^}(^  <  5) 
<2(^)2^{(exp[(-477=)2e-2S(e^— 1)])^/-} 

<2A2^{(cxp[(       y   jV^ffl])"^} 
ev7"  e.{yjTd  —  1) 

<  2(^L)2*d3. 


So  that 


and 


7l<2v^dyq 


/2  =  72(^((iiVT  -  t?)29))179  <  72d2/r. 
r 

Therefore  by  Lemma  29.5,  inequality  (29.9),  for  Y  =  YT  and  h  —  1/^Jt,  we  obtain 

\\^Nr[E(T(X/r))]f-T(V1)f\\ 
<Moj2{T.f,  1/V7){2di  +  |mMe2tJ^e2(m-1)"/^di/p 

771  a     2  2 

x2^[2v,(!|_4/,)  +  d22L]T} 

i  =  l 

=Moj2{T.f,  lv^){2d1+9mMe2u'^e2<-m-1)uj/V¥4/p 

m 

X[m2^(^)24^  +  d2^72]}. 
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2     2 


If  u>  =  0,  we  apply  Lemma  29.5,  inequality  (29.10).  Observe  that 

o\Y0i)  =  a2(i  £]  Xfel)  =  A  £  P(iVT  =  0^((E  X«)2) 
fc=i  ;=o  fc=i 

1     °° 
=  72  E  P(^  =  ')('£(*«)  +  *('  -  1)7?)  -  ^7? 

=  ±E(NT)E(X20i)  +  -1(£(JV2))72  -  i-(£(JVT))72  -  nil 
^-[Va2(X0i)+^-a2(NT)}. 


By  (29.10),  when  h  =  1^/7,  we  obtain  (29.25). 

Another  generalization  of  Theorem  29.6  is  presented  next.  ■ 

Theorem  29.9.  Let  n  =  (N\, ...,  Nm)  be  a  ,Z™-valued  random  vector  with 
E(N)  —  77  —  (771,  ...,rjm).  For  each  i  (1  <  i  <  m),  let  {Yfc;))£Li  be  a  sequence  of 
i.i.d.  real-valued  random  variables  distributed  as  Y  a  fixed  random  variable  with 
E(Y)  =  7.  JV  and  Yj,;  are  assumed  to  be  independent.  Also  suppose  that  there 
exists  a  5  >  0  such  that 

*jv(*y(<5))  <  00. 
Then  for  n  >  max(po;/<5,  l/<52)  there  holds 

{£[T(£  -yfcll)..,  £   -yhmro)]}"/-T(^)/  (29.26) 


<  2M^2(T/,  l/^){e<^  exp[        2f^    -^(^ffl)]  +  21/99M^ 

,.       2npu2  2nehlf<         T     ,-»,....,, 

exp(         / -5  +    -  — — *jv  *y (<5) )  }, 

e2(nd  —  pu))2       e2q(di/n  —  l)2 


3^7772(771.-1)^/^/™ 


where  p,  g  >  1,  1/p  +  1/g  =  1  is  an  arbitrary  conjugate  pair. 
If  lo  =  0,  there  holds 


iVl 


{£[T(g  iyfcll,...,  g  Iyfcmm)]}"/_r(7J?)/ 


<  2Mcj2(Tf,  l/Vn){l  +  jmMY,fo°2{Y)  +  CT2(JVi)72]}.  (29.27) 


Proof.   In  Theorem  29.6,   take  X    :=    (Efc^i^i1.  ■■■>££™=iyfcm«i)   and  let 
Xj,    ~  '  X  then 


Arl 


B(X)  =  (B[^  yfcli],. ..,£[£  yfcmJ„])  =  (SJViBy,...,BJVroBy)  =  7»/. 
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We  derive 

*H<5)  =  E{e"^)  =  E(e(T'>*i=lYkll+-+T''<™=lYkmm)) 

oo  oo  . 

=  E  -  E  P(JV=(ti,...,iro))B(e'E*i=lY^1+-+*i:*»=i1'*m'») 


l1=0       *m=0 

oo  oo 


=  E  -  E  J,(JV=(ti,...,iro))B(e'E*i-lY*ll)...B(e'EC-iYr*« 

J1=0        !m=0 

oo  oo 

=  E-  E  i,(JV=(ii,...,Jro))(B(e'y))'1...(S(e',r))''» 


oo  oo 


=  E  -  E  p(N  =  Ci.  -.  «™))(^(e'y))'1+-+'m 

=  B((B(e*ir))JVl+-+JVm) 

Then  (29.26)  is  implied  by  (29.15). 
If  u>  —  0  we  see  that 

a2(X0l)  =  a2(^]  FM)  =  ^a2(r)  +  a2{Nz)j2. 
fc4=i 

similarly  established  as  the  fact  at  the  end  of  the  proof  of  Theorem  29.7.  Then 
(29.27)  is  implied  by  (29.16).  ■ 


29.5     Further  Results:  Multiplier  Enlargement 
Formulae 

In  this  section  we  modify  the  formulae  obtained  in  the  previous  section  by  so- 
called  multiplier  enlargement  method  (see  [154])  initiated  by  Hsu- Wang  [190], 
[278]  in  60's  and  also  used  by  Shaw  [260],  [261]  in  the  representation  of  operator 
semigroups.  The  modified  representation  formulae  have  a  larger  of  applications 
and  when  we  specify  the  random  vectors  (variables)  considered,  the  representa- 
tion formulae  for  m-parameter  operator  semigroups  of  Shaw  [261]  are  reobtained. 
For  simplicity  we  only  consider  equibounded  operator  semigroups  i.e. 

\\T(t)\\  <  M,  all  te  11+ . 

Here  we  only  need  to  give  two  versions  related  to  Theorems  29.6  and  29.9.  Others 
can  be  similarly  obtained. 
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Theorem  29.10.  Assume  ||T(t)||  <  M,  all  t  €  1Z+,  and  an  is  a  sequence  of 
positive  real  numbers  with  limn^oo  inf  an  >  0.  For  each  n  £  N  let  X(n)  be  a  1Z+- 
valued  random  vector  with  E[X(n)]  =  x/an.  Assume  lmin^oo  supan<r2(X(n))  < 
oo,  i  =  1, ....  m.  Then  there  holds 


{E[T(^I(n))]}7-T(x)/ 


q  m 

<2Muj2{Tf,  (an/n)1/2)(l  +  -mMan^a2(X(n))[.  (29.28) 


Proof.  For  each  fixed  n,  let  Afc    ~  '  X(n),  k  —  1, ...,  n,  and  consider 

n 

V  :=  -  V  On* 
r)  ^ — ' 

Then 


n  ■ 
k=i 


1 
£(Y)  =  £(-  V  a„Xfc)  =  anE{X(n))  =  a„i/o„ 

r).  * — » 


n 
fc=l 


and 


1 
£[T(Y)]/  =  S[T(i  £  a„Xfc)]/  =  {£[T(^I(n))]}7. 
fc=i 

Furthermore 

1      ™  n-2  rv2 

a2(Y)  =  a2(i  Va„Xfc)  =  %na2(X(n))  =  ^a2(A»). 


Now  take  h  =  (an/n)1/2,  then  by  (29.10),  we  get  (29.28).  ■ 

Theorem  29.11.    Let  a„  be  a  sequence  of  positive  real  numbers,  satisfying 

lim  a„/n  —  0  and    lim  inf  an  >  0. 

n — >oo  n — >oo 

For  each  n  G  N ',  let  N(n)  :—  (Ni(n), ...,  JVm(n))  be  a  iJ™-valued  random  vector 
with  E(N(n))  -  (l/a„)»?  =  (l/a„)(»?i, ...,  r?m)  and 

lim  sup  anCTj  (N(n))  <  oo,  all  i  =  1, ...,  m. 

n — >oo 

For  each  i  (1  <  i  <  m),  {Yfci(«-)}fcLi  is  a  sequence  of  ii.d.  random  variables, 
distributed  as  i^(n),  where  K(n)  is  a  fixed  real- valued  random  variable  for  each 
n  €  M  and  E(Y{n))  —  an7-  Assume  that  Yoi(n)  (i  —  l,...,m),  N(n)  are  alto- 
gether independent.  Suppose  also  that 

lim  super  (Y(n))/an  <  oo. 

n — >oo 

Consider  the  equibounded  operator  semigroup  {T(t);t  £  1Z+1}  with 

\\T(t)\\  <  M,  allie  11+ . 
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Then  there  holds 

JVi(n)  JVm(n) 

{EinY,   -Ykli(n),-,    £    -Ykmm(n))]}nf-T(1V)f  (29.29) 


<2M^2(T/,K/n)1/2){l  +  ^mM£[^a2(y(n))  +  72Qnal2(iV(rl))]}. 

i=i  °"n 

Proof.  We  want  to  apply  Lemma  29.5.  Let 


N1(n)  Nm(n) 

Xk  iA~d  ■  X~(J2   Ykll(n), ...,    JT    Ykmm{n)) 

K1=l  km=l 


and 


Then 


n 


And 


k-fc- 

n  ■' 

k=l 


Ni(n)  Nm(n) 

E(Y)  =  E(X)  =  (E(J2  Ykll(nj),...,E(  JT    Ffcmm(n))) 


JVi(n)  JVm(n) 


£[T(y)]/  =  {£[T(£    ^w(») E    lY^m(n))]}nf- 

fcl=l  fem=l 

Furthermore 

1       n  1  JVi(n) 

o?(y)  =  er?(-  V  Xfc)  =  -a2(  V   y^n)) 


=  i[£(JVi(n))ff2(y0i(n))  +  a2(iVl(n))(£(FW(n)))2] 
n 

=  -[— Wcra(y(n))  +  a2(Nt(n))alj2}. 
n  a„ 


Choose 

/i  :=  (an/n)1/2 
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then  by  (29.10)  of  Lemma  29.5  we  obtain 


Nt(n) 


Nm(n) 


{E[T(<T    iyfcli(n),...,    £    \Ykmm(n)Wf-T(in)f 
fci=i  fcm  =  i 

<2Moj2(Tf,  (an  n  1/2  {1  +  — V  -  — ^tr2 Y0i  n 

4      a„  f— f  n  q„ 

i— l 

+  a2(iVi(n))a272]} 

m 

<2M^2(T/>n/n)1/2){l  +  |mM^[^a2(y>)) 
+  72ana2(iV(n))]}. 


29.6     Applications 

In  this  section  we  specify  the  random  vectors  (variables)  and  an  of  Theorems 
29.6-29.11  to  derive  some  concrete  representation  formulae  for  (Co)  m-parameter 
operator  semigroups.  We  also  illustrate  how  to  get  the  results  on  multivariate 
approximation  operators  from  the  corresponding  ones  on  operator  semigroups. 
Unless  otherwise  mentioned  all  (Co)  m-parameter  operator  semigroups  considered 
satisfy  (29.5). 

Example  29.12.    Take  X  —  (Xoi, ...,  Xom)  that  follows  the  multi-point  dis- 
tribution EX  —  x  —  (xi, ...,  Xm)  '■ 


and 


Then 


P(X  =  ei)  =  Xi       (ei  =  (0,...,l,...,0)) 


P(X  —  0)  =  1  —  x,  where  0  <  x  <  1  (x  —  xi  +  ...  +  x„ 


V*x(6)  =  E{esX)  =  P(X  =  0)  +  P(X  =  l)es  =  1  -  x  +  xes  <  co. 


Furthermore  we  have 


E[T(X/n)}  =  1  +  J2  Xi(Ti(l/n)  -  I). 


Hence  by  Theorem  29.6  there  is  a  constant  K  =  K (w,  M,  x,  5,  m)  such  that 


(i+Y,^mi/n)-i)r.f-T(x)f 

<Ku2(Tf,l/y/n)->0     (n-»oo). 


(29.30) 
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From  the  above  result  on  operator  semigroups  we  are  able  recover  the  approxi- 
mation theorem  for  multivariate  Bernstein  operators  as  follows.  Choose 

X  :=  BUC(7lm) 

'■~  {/>     /  is  a  bounded  uniformly  continuous  function  from  lZm  into  72} 

and  define 

T(t)f{x)   ~  f(X  +  t)  =  f(xi  +  tl,  ...,  Xm  +  tm) 

for  each  f  £  X  and  x  £  72m,  then  {T(t);  t  £  72+  }  is  a  (Co)  m-parameter  operator 
semigroup  in  £(X). 

Now  let  x  =  0,  t  =  (*i,...,tm),  0  <  i <  1,  0  <  ti  <  1,  i  =  l,...,m.  Then 


{J+5>PKVn)-/]r/(0) 

=       X]        f{ki/n,...,km/n) 


ki\...km(n~  fci  -  ...  -  fcm)! 


,fci        ,fcm  /i  7\n—  fc 


xtJ1...C™(l-t)T 

=^n  1,^1 1  ■■■?  *m.Ji 

where  B„(ti, ...,  im)  is  m-variate  Bernstein  operator  over  a  simplex  (cf.  [216]).  So 
by  (29.30),  we  derive  that 

lim  Bl(t1,...,tm)  =  T{t)f(0)  =f(ti,...,tm),    uniformly. 


Remark  29.13.  The  fact  that  the  approximation  theorem  for  Bernstein  op- 
erator can  be  derived  from  simple  operator  semigroup  consideration  has  been 
observed  by  many  authors,  see,  e.g.,  [122,  p. 28],  [207]  and  [244].  When  consider 
other  representation  formulae  for  m-parameter  operator  semigroups  in  the  follow- 
ing examples  we  may  derive  other  known  convergence  theorems  for  multivariate 
approximation  operators,  but  we  avoid  to  go  into  detail  here. 

Example  29.14.  Let  an  be  a  sequence  of  positive  real  numbers  with  limn^oo 
inf  an  >0  and  linin^oo  an/n  =  0.  For  each  n£A/"take  X(n)  —  (Xoi  (n), ...,  Xom(n)) 
to  be  modified  multi-point  distribution: 

P(X(n)  =  e»)  =  Xi/<Xn,  1  <i<m, 

P{X(n)  =  0)  =  1  -  x/a„,   (0  <  x/an  <  1  and  Xi  >  0). 


Then 


X 

E\X{n)\  =  — ,  (x  =  (xi,...,xm)) 
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and 

aUX(n))  =  E(X?(n))  -  {E{Xi{n))f  =  ^-  -  4- 

For  equibounded  (Co)  m-parameter  operator  semigroup  {T(t);  t  G  TV^}  with 
\\T(t)\\  <  M,  all  t  G  K+,  we  have 

m 

£[T(^X(n))]  =  T(0)P(X(n)  =  0)  +  £  T(^ei)P(X(n)  =  6i) 

m 


Thus  by  Theorem  29.10,  we  derive 

m 

{i+Y,—m^)-i)}nf-T(x)f 

<  2Muj2(Tf,   («„/n)1/2)[l  +  ?mMa„V(^  -  4)1  (29-31) 

1  —  1 

Q  m  2 

=  2Mu>2{T.f,  (a„/n)1/2)[l  +  jmM  V(a*  -  — )]  -»  0      (n  -»  oo). 


Remark  29.15.  (29.30)  is  the  special  case  of  (29.31)  when  an  =  1,  but 
(29.30)  is  true  for  arbitrary  (Co)  m-parameter  operator  semigroup. 

Inequalities  (29.31)  and  the  following  (29.32)-(29.34)  are  Shaw's  formulae 
[260],  [261]  supplied  with  rates  of  convergence. 

Example  29.16.  Assume  a„  as  in  Example  29.14.  For  each  n,  {X(n)  :=  (Xoi 
(n), ...,  Xom(n))  follows  the  negative  multi-point  distribution: 


P(X(n)  =  (fa, ...,  km))  =  P  )  (1  +  -U)"1  fl( 


va„  +  £ 


for  all  fc  =  (ki,...,km)  G  -2^  =  {{ni,...,nm),  th  G  iT+,  1  <  i  <  m},  where 
a;  =  (xi,  ...a:m)  G  TV2 ,  fixed;  and 


n  \        n(n  —  l)...(n  —  k  +  1) 


Then 


ki\...km\ 
P{Xoi{n)  =  ki)  =  (1  +  —  Xi)-1 


an  +  Xi 


(see  [159,  p.165  (8.4)]) 


E(Xoi(n))  =  V  ki(l  +  —  Xi)-\      Xi      p  =  xi/c 
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and 


xn  t-xn 


For  equibounded  (Co)  m-parameter  operator  semigroup  {T(t);   t  G  7?.+  }  with 
\\T(t)\\  <  M,  all  t  €  1V%,  we  have 


£[T(^X(n))] 

n 

OO  OO  /    7      \  "* 

=  e  -  e  r(^(*i,..,M)  j  a+^r'ifc— - 


fcl=0        fcm=0 


a„  +  x' 


XiTi(an/n)   fc. 


oo  oo         /  y\  1  m 

-E-E    W^i-ni 

fcl=0        fcm=0    \    /  i=l 

,.,   ,     1  _N-irr      a;iTi (a„/n) +  ... +  xmT'm(a„/n)1_i 

=  (1  +  — x)     [I ] 

u„  a„  +  x 

=  {I+—x-  ^iTiK/n) — T^K/h)}"1 

m 

By  Theorem  29.10  we  get 

m 

{I-J2  —m*n/n)  -  I)ynf  -  T(x)f 


<  2Mu2(Tf,   (a„/n)1/2)[l  +  jmMan  V(—  +  %) 


(29.32) 


*7l  L^n 

2 


2Maj2(Tf,  (an/n)1/2)[l  +  ^mMy(x,  +  ^-)}^0     (n  -►  oo) 

4-  ^ — ■*  rv„ 


Example  29.17.  In  Theorem  29.11  take  JV(n)  that  follows  the  multi-point 
distribution: 

P(N(n)  =  ei)  =  cE;/a„:  1  <  i  <  m, 
P(N(n)  —  0)  =  1  —  x/ctn,  where  x  =  (xi, ...,  Xm)  G  7?.+ ,  fixed. 

Here  an  is  as  in  Example  29.14.  Let  Yoi(n),   1  <  i  <  m,  be  exponentially  dis- 
tributed with  density  ^-e'"/a",  v  G  71+ .  Then 

E(N(n))  =  — a;  =  ( — Xi, ...,  — xm),  E(Y0i(n))  =  an, 

Oin  Otri  0/.fi 


a  (Ni(n))  =  — \  and  a  (Yoi(n))  =  a„ 


*n  "^n 
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E[Ti(-Yoi(n))}  =  /      T,(v/n)—e-v/a"dv  =  (I-^A,)-1 


Also 


(cf.[188,  p.360]    and  [261,  p. 226,  -3  lines]). 
Furthermore  we  derive 


JVi(n) 


Nm(n) 


z — '    n  z — '     n 

fel  =  l  fcm  =  l 

m  1 

=  T(0)P(A(n)  =  0)  +  V  £[Tl(-Ffci(n))]P(iV(n)  =  e») 
^^  n 

i=l 

m 

=  /+E— K7-— ^)_1-71- 


By  (29.29)  of  Theorem  29.11  for  equibounded  (Co)  m-parameter  operator  semi- 
group {T(t);te  11+}  with  \\T(t)\\  <  M,  all  t  €  11+ ,  we  obtain 


{/  +  Y^^/^W  -  ^AC)-1  -  J]}"/  -  T(x)f 


<2Mu2{Tf,   (an/n)1/2){l  +  -mMj2 


— -OLn  +  Q„ 


x-n  L*Ti 


}     (29.33) 


=  2Mw2(Tf,   (a„/n)1/2)[l  +  -mM^(2i,  -  4/a„)]  ->  0     (n  ->  oo). 


Example   29.18.  Take  an,  Yoi(n)  as  in  Example  29.17.   Let  N(n)  be  the 
negative  multi-point  distribution: 


P(N(n)  =  (/!,...,  Jro))  =         (1  +  —  x)-1  II(— X-) 


for  all  I  —  (h,...,lm)  £  -Z+ ,  where  a;  =  (a;i, ...,  xm)  €  1Z+ ,  fixed.  Then 


E(N(n))  =  — a;  =  ( — xi,...,  — xm),  E(YQi(n))  =  a„, 

Q^n  Q^Ti  Q^Ti 

(T2(JVi(n))  =  %  +  —  and  a2(Yw(n))  =  a*. 
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Furthermore  we  notice  that 

JVi(n)  Nm(n) 


fel  =  l  fcm  =  l 

m  ^       1  ^m       1 

=  £  P(N(n)  =  I)S[T(X;  -y*1i(n)),...,T(E   -^-W)l 

l£Z™  ki=l  krn  =  l 

i  m 

=  {/+J_jg/_y£L(/_*Lj4i)-1}-1 

I— 1 

m 

=  {/-E?[(/-vA*)"1-i]>"1- 


Thus  by  (29.29)  of  Theorem  29.11,  for  equibounded  (Co)  m-parameter  operator 
semigroups  {T(t);  t  G  TZ+}  with  \\T(t)\\  <  M,  all  t  G  11™,  there  holds 

m 

{/  -  e  —  i(i  -  ^r1  -  i]rnf  -  nx)f 

q  m  2 

<2Mui2(Tf,  (a„/n)1/2){l  +  \MV[^  +  a„(^  +  %        (29.34) 

I  — 1 

Q  m  2 

=  2MLj2{Tf,  (a„/n)1/2)[l  +  ;raMV(2i,  +  B-)]  -*■  0     (n  -  oo). 


Example  29.19.  Take  iV  to  be  the  non-negative  integer- valued  random  vari- 
able that  follows  the  geometric  distribution  over  Z+  : 

P(N  —  k)  —  ( )   ,  for  all  k  G  Z+,  where  r\  >  0  is  a  parameter. 

V  '  1+7^1+V 

Let  also  Y  =  (xi,...,Xm)  G  71+ ■  Then 

E(N)  =  r)  >  0,  EY=(xi, ...,  xm)  =  x. 
Furthermore, 

<M*i(*))  =  S(e'<-+-+->")  =  __-l___  <  oo, 
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for  S  <  |  ln(l  +  l/77). 

So  by  Theorem  29.7,  there  is  a  constant  K  —  K(M,u>,S,r),x)  such  that  for 
sufficiently  large  n 

\\{*N(E[T(Y/n)})rf-T(Vx)f\\ 

\\{I  +  n\I  -  T(xi/n, ...,  xm/n)]}-nf  -  T(Vx)f\\  (29.35) 

<  Kco2{Tf,  ly/n)  ->  0  (n  ->  00). 


Example  29.20.  In  Theorem  29.8,  take  p  —  q  =  2,  and  iVT  to  be  the  Poisson 
process  (r  £  1Z+)  : 

T(riT)k  m 

P(NT  =  k)  —  e   T|T  ,  for  all  k  £  -Z+1,  where  r;  >  0  is  a  parameter. 

k\ 

Consider  X  =  (xi,  ...,xm)  —  x  £  7?.+  .  Then 

E(NV)  =  77-r,   *ivT(s)  =  e(s"1),,T,  and  #*j(<5)  =  eSs  <  00. 
Furthermore  note  that 

di  =   lim  sup  vl/jv,.  (<&*£ ( — ))  =   lim  supexp[(e~r3:  —  l)??r] 

T — >00  7"  T — >00 

^     ,.  r         2W  _     Zaixn 

<    lim  supexp[?7r — ze  T    ]  <  00, 

T — >oo  7" 

1  2 

d2  =   lim  supr{E[(-NT  -  j?)4]}1/2  =   lim  supr(3\  +  ^)1/2  <  00 

and 

d3  =   lim  sup^}VT(  _  —  e^^)) 

T^oo  e*{y/T0  —  1) 

o 

=   lim  supexp{(exp[  TTTjC2fa]  -  1)j?t} 

<  TUmsuPCxp{e2(^_1)2e2igexp[ei!(^_1)2e2^r}  <  00. 

So  by  (29.24)  of  Theorem  29.8  there  exists  a  constant  K  —  K(5,M,cu,di,d2,d3) 
such  that  for  sufficiently  large  n  we  have 

\\9NT(E(T(X/r)))f-T(rix)f\\ 

=  ||eicp[tp-(T(*i/T, ...,  xm/r)  -  /)]/  -  T(Vx)f\\  (29.36) 

<  Kco2(Tf,  l-/r)  -►  0  (r  ->  00). 
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Simultaneous  Approximation  Using 
the  Feller  Probabilistic  Operator 


In  this  chapter  a  quantitative  estimate  for  the  simultaneous  approximation  of 
a  function  and  its  derivatives  by  the  Feller  probabilistic  operator  is  given  using 
probabilistic  approach.  This  covers  the  cases  of  some  classical  approximation 
operators  such  as  the  Bernstein,  Szasz,  Baskakov  and  Gamma  operator.  This 
chapter  relies  on  [91]. 


30.1     Basics 

For  a  sequence  of  i.i.d.  non-negative  r.v.'s  Xi,  X2,  ...,  with  _B[Xi]  =  x,  the  Feller 
operator  (cf.  [158,  p. 218],)  is  defined  by 


Fn(j,x):=E 


/(|} 


f(t)dP{-Sn  <  t),  (30.1) 

n 


where  Sn  =  XlILi  -^ii  P  \n^n  —  V  ^s  ^ne  distribution  function  of  —  Sn  and  /  is 
a  continuous  function. 

The  Feller  operator  Fn  contains  some  well-known  classical  operators  such  as 
Bernstein,  Szasz,  Baskakov  and  Gamma  operator  as  special  cases,  and  has  been 
studied  by  many  authors  about  various  approximation  properties  (see,  e.g.  [182], 
[204],  [205],  [272],  [285],  and  their  citations.) 

The  purpose  here  is  to  investigate  the  simultaneous  approximation  of  a 
function  and  its  derivatives  by  the  Feller  operator.  A  quantitative  estimate 
is   obtained    by   using   probabilistic    methods.    The    general   setting   allows    us 
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to  prove  results  similar  to  already  known  ones  for  the  above  mentioned  specific 
classical  operators,  as  well  as  to  produce  another  different  related  result.  This  is 
demonstrated  in  the  last  Section  30.4. 


30.2     The  Main  Result 

Let  (£l,J-,  P)  be  a  probability  space  and  X(x)  be  a  stochastic  process  defined 
on  (fi,  J-,  P)  with  E[X(x)]  —  x  >  0.  The  variance  and  the  moment  generating 
function  of  X(x)  will  be  denoted  by  a2(x)  :=  E[{X(x)  -  x)2]  and  ^*X(x)(t)  :- 
E[ex.p(tX(x))],  respectively.  For  each  fixed  x,  let  Xn  =  Xn(x),  n  =  f,2, ..., 
be  a  sequence  of  independent  r.v.'s  identically  distributed  as  X(x).  Define  the 
corresponding  Feller  operator  Fn(f,x)  as  in  (30. 1).  Denote  by  Z+  the  set  of  all 
non-negative  integers,  D  :=  ■£-  and  ua{/,S)  the  first  modulus  of  continuity  of 
function  /  in  the  interval  [0,  A]: 

LUA(f,8)~sup{\f(u)-f(v)\;     u,V€[0,A],    \u-v\<8}. 

The  main  result  follows. 

Theorem  30.1.  Let  r  G  Z+  and  A  >  0  be  fixed.  Suppose  for  each  fixed  t  that 

P(X(x)  >  t)  e  Cr((0,  A))  (30.2) 

and  there  exist  two  positive  constants  M  and  a  such  that 

\DkP(X(x)  >  t)\  <  Me-at  (30.3) 

uniformly  for  all  0  <  k  <  r  and  0  <  x  <  A. 
Suppose  further  that  /  G  Cr([0,oo))  and 

|/(fe)(t)|  <Ke0t,  0<k<r,  (30.4) 

for  some  constants  /3  and  K  >  0. 

Then  for  each  x  G  (0,  A)  there  holds  for  large  n  that 

I  I         9  A/f r  1 

\DrFn(f,  x)  -  /<*■>(*)   <  ^-(1  +  a(x))u>A(f(r\  -j=) 

+  {r\Ke0A  Y  kMk(-)k+1  +  T±_2lKe^  +  ul 
^^  a  2  n 

(30.5) 

Comment.  By  assumption  (30.3)  it  is  easy  to  see  that  ^*X(xJa/2)  <  oo  and 
consequently  a(x)  <  oo.  So  the  l.h.s  of  (30.5)  is  finite  and  tends  to  0  as  n  — >  oo. 
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30.3     Proof  of  Theorem  30.1 

To  prove  the  Theorem  30.1  we  need  the  following  two  lemmas. 

Lemma  30.2.  Under  the  hypotheses  of  Theorem  30.1,  there  holds  for  large  n 
that 

£T£[/(^iM)] 

(n)k   r       f°°    w  M+...+U 


fc=0 


—      n       In  n  n  *-*-i=l  *-J-j  =  k+l 


(30.6) 

where  (n)k  '■—  n...(n  —  k  +  1)  and  arfc  =  ark(x,  ti, ...,  £&,  Xi, ...,  Xk)'s  satisfy  the 
recurrence  relation 


arh  =  Dar-i,k  +  ar-i,k-iDP(Xk(x)  >  tk),  (r  >  0)  (30.7) 

with  initial  condition  ooo  =  1  and  the  conventions  a,ko  —  0  for  fc  >  0  and  a^-i  = 
flfc,fe+i  =  0  for  k  >  0. 
Furthermore  we  have, 


**n^*={;:  h  5  <  rk  <  r,      (3°-8) 


and 

{J\,f  e-a(ti  +  ...+tr)  fc        —       r 

r!Mfce-a(t1+...+t;);       0     <      fc      <     r.  (3°-9) 

Proof.   Consider  the  general  function  a(j/)   =   a(y,ti, ...,  tk)  satisfying  a(y)   G 
(^((0,  A))  and 

|Dla(y)|  <  Me-a(tl  +  -+tk)  (30.10) 

for  z  =  0,  1  and  for  all  y  £  (0,  A).  If  fc  <  r  put 


CO  /*oo 


p(k)ftl  +  •••  +  ^n 


/(y):=/    .../    /«(^_l^)aWrjs    ftrj»       ^(^^^ 

/n  /n  Vt  l  —  -L  .7  —  fe  +  1 
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then 


DI[x)=  lim (I(y)-I(x)) 

y^x  y  —  x 


urn  r...rfW(^±^±^fM^^^  /iiir    dP(Xj 


(»)  <  *i) 


+  lim  

2/^*  y-XJ0 


oo  /•  oo 


7     *•  n 


)a(^nfe     *i 

-1-  AI  — 1 


x  fir  lx,  dp(^(^)  ^  *i)  -  n"  txl  dp(^-(«)  ^  *i 

— D1+D2. 
We  see  that  when  n  >  — 


/     ( )£>o(a;) 


<_ftTe 


|(ti+...+t„) 


Me 


"(*!+.• -+ifc) 


(30.11) 


and 

lim 
y-*xJo 


oo  /*oo 


(        l(tl  +  ...+tfe)ef  (tfe  +  l  +  .-.+tn) 


-*-Ai=  1  J-A5  — fc+l 


a  2 

by  Lebesgue  convergence  theorem  and  using  the  condition  (30.3). 
New  Proposition  11.18  of  [258,  p.270]  implies  that 


OO  /'CO 


d1=/  .../  /»>(* + -n + «■ wx) nL rffa n;fc+1  ^w ^>- 


(30.12) 
Note  30.3.  We  encounter  several  integral  operations  such  as  changing  integral 
with  limit  or  changing  integration  orders.  The  conditions  (30.2)-(30.4)  and  the 
exponential  bounds  of  the  integral  functions  will  guarantee  the  validity  of  those 
operations,  which  can  be  taken  care  of  similar  to  the  above  we  will  not  go  into 
further  details  each  time. 
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Back  to  (30.11)  we  get 


1 
D2  =    V     lim  

^-^     y-*x  II  —  X  In 

j=k+i         y        Cr 


OO  />00 


fc)^^!  +  ...  +  tn 


/(K;( 


a(x)  T~[       dti 

-1-  -Li=  1 


[ir  tJ.,^ft(!/)<un''   dP{xv(X)<t 


=    V     lim  — 


oo  /*oo 


n 
iT  ,  **IT~L  dP(X^y)  <  iM)n"    .x1  dP(Xv(x)  <  U).     (30.13) 


Notice  that 


f(k)(fa  +  ■■•  +  _; 


)rf[P(X,(j,)<^)-P(X,(a;)<tj)] 


Ak)  Al  +  ■■■  +  ^r. 


)d[-P(Xi(i,)>ti)+P(Xi(x)  >«,-)] 


+ 


il  +...  +  U, 


)[-P(Xj(y)>tj)  +  P(Xj(x)>tj)} 


^f(k+1)(tl  +  -n  +  tn)[P(x3(y)  >  W  -  P(x3(x)  >  t3)]dt3 


^f(k+1Htl  +  -;n  +  tn)[P(XAy)  >  *i)  -  P(^-(«)  >  ti)]dti- 


(30.14) 
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Using  (30.14)  in  (30.13)  we  obtain 


oo  poo 


D2=£lim/      ...   /      ^/(fc+V1  +  -^X*) 

j=k+i      y       ■/u  , 

77. 

v  [P(Xi(j/)>ti)-P(Xi (a;)  >*,-)] 


2/  -a; 

rfe       ,     ttJ-1 


-dij 


II.      duff  dP(X»(y)<t^l[n  dP{Xv{x)<U) 

-*-AI  — 1  -*-AU  — fe+l  A  -*-L7—  7  +  1 


n 

3  =  fc+l 

rJ'-1 


o  J  a 


J^     if      ...   f     ;(*+!)(*!  +  -  +  y  )a(.)I)P(X3(,)  >  tj.)dtj.  n"   i  dU 

7b    In  In  Tl  1 — ^ 


x 


n  ~ _  dP^c*)  <  t„)  n  .x1  «*p(^(»)  <  tu) 

■M--L/J,  —  fe  +  l  J-A^  —  j  _|_  1 

—  /"  .-  /°°/(fc+1)(tl  +  -  +  t")a(a;)Z3P(Xfc+1(x)  >  tfc+1) 
n     Jo         Jo  " 


nfc+1  t — rn 

■   7  *'IL   fcJ. ,dP(^(*)<*i).  (30-15) 

i— 1  -*--1-?  — fc+2 


the  last  step  being  true  due  to  the  fact  that  Xj's  are  identically  distributed. 
Combining  (30.11),  (30.12)  and  (30.15)  we  derive 


of ...  £°fM{h±^±±)a(X)  n;=1  *  n;fc+1  ™i  <  *> 


CO  /•  oc 


0  JO 


f(k\tl  +  -  +  t")Da(X)Hk     duff,  dPiX^Ktj 

tl  J--Ll-1  J--Lj-  fe+l 


+  2^*  f°  ...  /°°/(fc+1)(tl  +  -+U)a(3;)gP(Xfc+1^)  >  ife+1) 
n     Jo         Jo  n 


,dtU  dPiX^x)^^).  (30.16) 

i—l  ■*-  ■Lj  —  k-\-2 


Now  we  are  ready  to  start  the  proof  of  (30.6).  It  is  easy  to  prove  that 

£[/(__M)l=  r    r  /(t1+   +t  -^n 


0  ^0 
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In  (30.16)  take  k  =  0,  a(x)  —  aoo  =  1  we  obtain 


DE[f(^M)] 


co  poo 


rf  ftl    +    ■••    "\~tv 


0  JO  n  ±±^2 


So  (30.6)  (with  (30.7))  is  true  for  r  =  0, 1. 
Assume  (30.6)  is  true  for  r  —  1,  i.e. 

n 

F(fc)/£i  +  ••■  +  ^ 
nK   J0  Jo     "  n  ''"-L-Li=i      ~-L-Lj=fc+i 


fc=0 


Z— '      nK      /n  In  11  -L-Li=l  -L-Li  =  fc+1 


Substitute  a(x)  in  (30.16)  for  each  ar_i:fc  we  obtain 

DpE[/(^iM)]  (30.17) 


r-l 


f^0   n     Jo         Jo  n  ■"■■•■  »=i       xxJ=fc+i 

n 

r  —  1 

+  ;>     — /  •■•  /      /       ;( )ar-1>kDP(Xk+1(x)  >  tk+i) 


fc=0 


0  ■/(> 


-*-J-i=  1  A-Lj  =  fe+2 

=  E  ^T  f  -    /'°°/W(*1+""K")POr-M  +  Or-Lfc-lDP^fcCx)   >  tfc)] 

n 

xiT  ,**n"   dp(.x^)<h) 

-*-Ai=  1  J-AJ  — fc+1 

and  (30.6)  follows  for  r. 

To  prove  (30.8)  we  need  the  following  facts.  Because 

/'OO  Z1  oo 

x  =   /      tdP(X(x)  <  t)  =   /      td(-P(X{x)  >  t), 
Jo  Jo 

integration  by  parts  yields 

/•oo 

a;  =  /     P(-X"(a;)  >  t)d*. 

JO 
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Thus 


/•■  DC 

1  =   /      DP(X{x)  >  t)dt 
Jo 


(30.18) 


and 

0  =   /      DiP{X{x)  >  t)dt  for  2  <  i  <  r.  (30.19) 

Jo 

By  introduction  on  r  it  is  not  difficult  to  show  that  ark  is  the  sum  of  the  terms 
of  the  form  Di:LP(Xi(x)  >  ti)...Dik P(Xk{x)  >  tk)  with  h  +  ...  +  ik  =  r  >  0.  If 
k  <  r  then  at  least  one  of  ij  's  is  greater  than  1,  so  by  (30.19) 

DilP(X1(x)  >  ti)...DikP(Xk{x)  >  tk)T]k     dU 

-■-  xi— 1 

W       /      Di*P(Xj(x)>tj)dti  =  0.  (30.20) 


arr  =  Da, —  i,r  +  a, —  l,, —  iDP(Xr(x)  >  ir)  =  ar-\,r-\DP(Xr(x)  >  tr)  —  •  •  • 
=  DP(Xl(x)  >  ti)  •  •  ■  DP(Xr(i)  >  tr)  (30.21) 

and  so 

/-oo  /-oo  r  r  roc 

/      ...  /      arrT]        dii  =  TT         /      DP{Xi{x)  >  U)dU  =  1  (30.22) 

■/()  ■/()  i=1  -L-Li=1io 

r 

by  (30.19).  Now  (30.20)  and  (30.22)  prove  (30.8). 

Finally  we  come  to  (30.9).  Denote  drk  the  number  of  terms  of  the  form 
D'1  P(Xi(x)  >  t)...(Dlk P(Xk(x)  >  tk)  in  ark  when  ark  is  decomposed  as  the 
sum  of  such  terms. 

Let 

dr  =  max{<irfc;   0  <  k  <  r}, 

then  Dar-itk  counts  at  most  kd, —  i  <  (r  —  l)dr_i  such  terms,  and  flr-i,nD-P 
(Xk(x)  >  tk)  gives  no  more  than  dr-i  terms.  By  (30.7)  we  find  that 

dr  <  (r  —  l)dr_i  +  d, — i  =  rd, — i. 

Note  that  d\  —  1  we  get 

dr  <  r\.  (30.23) 

Moreover  by  condition  (30.2)  of  Theorem  30.1 

iD^PiX^x)  >  ii)...DlfcP(Xfc(a;)  >  tk)\  <  Mfce_a('1+-+'fe). 
Together  we  have  for  k  <  r  that 

lOrfel  <r\Mke-a{tl  +  -+tk) 
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and  by  (30.21)  \arr\  <  Mre_a('1+"+*r),  therefore  (30.9)  holds.  Q.E.D.    ■ 

Lemma  30.4.  Under  the  hypotheses  of  Theorem  30.1,  there  holds  for  large  n 
that 


n 


<  (1  +  <T(x))wA{f,  -4=)  +  2Ke0A(pA(x))n,        (30.24) 


where  (pA(x))2  =  init>0  E\et(x(x)-A)]  <  1. 
Proof.  We  get 


£[/(S!1(x) 
n 

<   (     \f(t)  -  f(x)\  dP(±-Sn(x)  <t)+  r  \f(t)  -  f(x)\  dP(-Sn(x)  <  t) 


:=Ri  +  R2, 


(30.25) 


and 


Ri<  [    u>A{f,\t-x\)dP(-Sn{x)<t) 
Jo  n 

<«a(/,4=)  /    {l  +  y/n\t-x\)dP(-Sn{x)<t) 

Vn    Jo  n 

<  UA(J,  -L)(l  +  V^(E[(-Sn(x)  -  x)2])1'2) 


=  (l  +  <r{x))u>A{f,-r) 


R2<2K         eptdP(-Sn(x)  <  t) 


(30.26) 


<  2K(E{e^s™<-x)])1/2(P(-Sn(x)  >  A))1'2. 
n 

Furthermore,  Theorem  1  of  [132]  (see  also  [205,  Lemma  3])  leads  to 

P(-Sn(x)  >A)<  (pA(x))2n, 
n 

where  pA(x)  is  as  in  (30.24).  At  the  same  time  Theorem  3.1  of  [244]  implies  that 

2jOM  ,„  2(2l3)2^*xl^<a/2) 

^Wl<^e^^^},      (»>**/«).  (30.27) 


Note  here  ^*X(xAa/2)  <  oo  due  to  (30.2),  and  thus  when 
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n  >  max.{64/3$>*x,x-)(a/2)  /e2a2  (A  -  x),  8(3/a}  we  have 

E[e^s"(x)]  <  e2f3A.  (30.28) 

Hence  there  holds  for  large  n  that 

R2  <  2Ke,3A(pA{x))n.  (30.29) 

Now  (30.24)  follows  from  (30.25),  (30.26)  and  (30.29)  ■ 

The  proof  of  Theorem  30.1 

In  the  case  of  r  —  0  inequality  (30.5)  can  be  easily  derived  from  Lemma  30.4. 
We  thus  suppose  r  >  1  in  the  following. 

By  (30.6)  of  Lemma  30.2  there  hold 


DrFn(f,  x)-r>{x)\  = 


DrE[f( 


ME))]_/M(a.) 


-  (n)r 


OO  f  OO 


'  /(r)(i+-+  reK,nr  t^nn  4.1dP(^-(x)<tJ-)-/(p)w 

0  n  ■*■■■■  t=l  XJ-J= r+l 

nk  -i — r-Ti 

.=1  dti  [[j=k+1  dPiXjix)  <  tj) 


gw,r.../>)(!i±^ 


+ 


1_  {n)r 


r'w\ 


:=7i  +  /a  +  J3 


(30.30) 


First  we  treat 


/i 


(n)r 


OO  /■  OO 


(r)  ti  +  ...  +tr    ,   n-r 


o         jo 

r+l 


If,  —  I  T — r< 

+ t)arr  |{  _   dU  (30.31) 


xdP( S„_r(a;)  <  t)  -  r'{x) 

n  —  r 


(3CK8)    (n), 


oo  /*oo 


/^(r)/*l  +  -*r   ^  "■-■y^  _    f(r) 


n  -L-Li=i 


XdP{ Sn-r(x)  <   1) 

n  —  r 
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f(r)t1+^U  +  n-r  t)_f(r){x) 

n  n 


MV 


i(ti+...+tr) 


IL  dU 


X  dP{ Sn-r(x)   <t) 

n  —  r 


OO         /»00 


r>e  +  ^t)-r>(x 


(r)< 


Ms       e        as 


n  n 


(r-1)! 


x  dP( Sn-r(x)  <  i),   (let  ii  +  ...  +  ir  =  s  and  i;  =  i;  for  i  <  r) 

n  —  r 


A+x        .(A- 


+ 


+ 


CO  /"OO 


=  1  ill  +  Jl2  +  il3- 


We  obtain 

hi  <  LJA(f(r>  ,\) 
1 


OO       /*oo 


; ,  +  I(£  +  ^  +  |t  _ o,|)}      ^.MY'V"8 


X    n       n 


(r-1)! 


x  dsdP< Sn-r(x)  <  t),  (X  >  0) 

n  —  r 

=  ^M(/M,X){1  +  ^| 


—  S„-r(x)  -  X  ]  +  ^-  +  -^—} 

-  r  '       Xn       Xna 

Mr       ,  „,vi     1   .  .  x/n       ,  .        rx  r    ,  1   „ 

<  —  Wa(/W,  -=){1  +  -^=<7(:i;)  +  -=  +  — =},   (X  =  -=) 


< 


a' 

2Mr 


y/n  —  r 

(1+<7(I)W/W,4) 


/n       a</n 


(30.32) 


for  n  >  (2ra)2  +  (2r/a)2  +  4r/3.  Furthermore 

/(A-aQ 

/■  OO 


lv><    I  I  K(e^+f3t  +  e?x) ,     1  - ,, Mrsr-xz-a3dsdP(^—  Sn-T (x)  <  t) 

-  I0  J(A-x)n  (r-1)!  n-r 


< 


rrso0A 


(r-1)! 


MrKe 


(A-x), 


sr-e~-sds,  (n  >  2/3/a). 


(30.33) 


Using  inequality  (see  (3.6)  of  [244]) 

v—  1     -s    i 

S  <   ( 


:      1  ^   l^\r  ~  -0  V — 1     f  s 


(s>0) 


it  is  straight  forward  to  show  that 

hi  <  Cft, 

where  C  =  8MriCe'SA(4(r  -  l)/ea)r^1  /a(r  -  1)!  and  pi  =  e-a(A-*)/s  <  1.  Thus 
when  n  is  large  enough  there  holds 


hi  < 


2n' 


(30.34) 
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Also  it  holds 


Ia±xJ0  {r-l)\ 


Mrsr-e-asdsdP(— —  Sn-Jx)  <  t) 

n  —  r 


-     ,     2  ^.KMr  r  sr-1e~^sds  [°°    eptdP(^—Sn-r(x)<t),       (n  >  — ) 


(r-1)! 

2r+1KMr 

2r+1KMr 


n  —  r  2 


e         (PA+x(x)Y 


when  n  is  sufficiently  large,  which  can  be  proved  similarly  as  (30.29).  Thus  when 
n  is  large  enough  there  holds 

/is  <  ttt  (30.35) 


2n 


In  summary  we  have  for  large  n  that 
2M 


(r)        1 


ii<— (i+^)wr,i)+ 


(30.36) 


Next  we  are  going  to  estimate  J2.  By  (30.9)  of  Lemma  30.2  we  have  for  k  <  r 
that 


oo  />oc 


Ak),tl  +  ■■■  +  ^n  , 

1      [  n 


nk  -| — |-n 

2  —  1  1A1  =  fc  +  1 


oo  /«oo 


/      ( 1 *)  -  /      ( *))<M= 

n  n  n 


JJ^dtidPC^-^^-fc^)  <  i) 


^(fc),*i  +  -  +  *fc  +  n-fc      _  j(k)(ri-k 
n  n  n 


r\MKe 


fc    -a(tl  +  ...+tfc) 


Ilti  dt^dp(^TkS^-k(x)  <  t) 
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OO        fOO 


r\-  +  — t)  -  r\ — t) 

n  n  n 


(fc-1) 


fc— 1     —as 

■s       e 


x  dsdP{ rSn-k(x)  <t) 

rooroa  i  -t 

</       /      ^e^+^l^_^MfcSfe-1e-asdSdP(^TS'n_fc(a;)<i) 
Jo     Jo  n(fc-l)!  n-k 

(by  mean  value  theorem  and  (30.4)) 

<  -KMkkr\(-)k+1E[e^s"-k(x)]  <  r\Ke0AkMk(-)k+1-y 

n  a  an 

when  n  >  (32/3*^w(§  )/a2e2(A  -  a;))  +  (4/3/a)  +  r,  similarly  shown  as  (30.28). 
Therefore  when  n  large  enough  there  holds 


I2<r\Kel3Ay  kMk(-)k+1-.  (30.37) 

^^  a         n 

fc=i 

Finally  (cf.  [208,  p.27]), 

/3  <  riLzil  l/W^I  <  !fcl)«-^.  (30.38) 

In       \  I  2n 

Now  (30.5)  follows  from  (30.30)  and  (30.36)-(30.38).  ■ 

30.4     Applications 

When  specifying  the  underlying  r.v.'s,  the  Feller  operator  (30.1)  collapses  to 
various  concrete  operators.  We  discuss  four  such  operators  in  this  section  to 
demonstrate  the  applications  of  the  general  results. 

Example  30.5.  (Bernstein  operator)  Let  X(x)  have  the  Bernoulli  distribu- 
tion: 

P(X(x)  =  1)  =  x,  P(X(x)  =  0)  =  1  -  x  (0  <  x  <  1), 

then  (30.1)  becomes  the  Bernstein  operator: 


Bn(f,    X)=pj(±)fyxk(l-xr-k. 


Furthermore  for  0  <  x  <  1 


r    1,  t  <  0, 

P{X(x)  >  t)  =  I    x,  0  <  t      <      1 

{    0,  t  >  1, 

C    0,  i  <  0, 

DP(X(x)  >  t)  =  I    1,  0  <  i      <     1, 

0,  t  >  1, 
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and  DjP(X(x)  >t)  =  0(J>  2).  By  (30.6)  of  Lemma  30.2  we  have 
\DrBn(f,  x)-/W(x)| 


,(n)T 


f     *(r),tl  +  ...  +tn 


(n)r 


n  *n    dP{xAx)<t3)~^\X)\+\^-i 


/W(*) 


/M( 


.tl+...  +tr, 


)-/lr;(») 


IF  ,*IT  X1  ^pow  <  ^ 

XXt-l  J-Aj—  r-j-l 


+^|/<"H 


»r    r1 


o       Jo   Jo 


f(r),tl  +  ■■•  +tr        n-r 


t)-f(r\x) 


TT "     dUdP{— —  5„_r(a;)  <  i)  + 


<MnWl(/«,x) 


n  —  r 
i         /.l    /.l 


o        Jo   Jo 


(1  + 


X 


ii  +  ...  +  ir        n  —  r 

1 £  —  a; 

n  n 


TTr      d£tdP( Sn-r(x)  <t)  + 

-Li-i=i  n  —  r 


±  -  1) 
2n 


f(r)(4 


<^(/«,  x){i  +  -L  +  ™  +  i^K^^w  -  «)»])  v} 


(n)r 


<i^lWl(/W)-^){l  + 


r(l  +  cc)       ^/a;(l  -  a;)-\/n 


+ 


Vn  —  r 


} 


r(r-l)  \Ar)l 
2n 


+  ^^-L\rK*)\,  ^  =  -!=) 


=(1  +  x/^T^)  +  o„)u;1(/w,  -L)  +  ^— ^  |/M(x)| 

i/n  2n       i 


where 


(n)r       ,       .  (n)r      \/«  ,n    r~ t- r      (n)r  r(l  +  x)        „     ,  . 

an  :=  ^-f  -  1  +  (^r-^=  -  1)  Vx(l  -  x)  +  ^-f    v  ;  ->  0,   (n->oo). 


nr    ypn^r 
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I.e. 

\DrBn(f,  x)  -  f{r\x)\  <  (l  +  ^(l-x)  +  a„h(/M,  _L)  +  lll_zil  I /«(*)!  . 

For  the  simultaneous  approximation  by  the  Bernstein  operator  Bn  see  [174],  [208] 
and  [222]. 

Example  30.6.  (Szasz  operator)  Let  X{x)  follow  the  Poisson  distribution: 

k 

P(X(x)  =  k)  =  e-*^,  (*  =  0,1,2,...) 
then  (30.1)  becomes  the  Szasz  operator: 

k,n      k 


Sn(f,x)  =  e—  E/OtT* 


' '  n    k\ 

fc=0 


Furthermore  we  derive 


P{X(x)>t)  =  l-P(X{x)<t)  =  e-x    E     J\ 

k=[t]+i 

and  DP(X(x)  >  t)  =  7jTjart'e~a\  From  now  on  '[  ]'  will  denote  the  integer  part 
function.  So  by  Leibniz's  formula  we  get 


fc-i  /, 
DfeP(X(a;)  >t)=a;['Ie-xE 

i=o  V 


ft  -  l\  (-i)fe-i-J 


J     /    (W-J)! 


Now  by  Stirling's  formula  we  can  find  constants  M  and  a  >  0  such  that  (30.3) 
holds. 

Therefore  by  Theorem  30.1  we  have 

\DrSn(f,  x)  -  /M(aO|  =  0(Wa(/w,  -4=)  +  -),  (n  -  oo) 

for  x  and  /  in  Theorem  30.1. 

The  simultaneous  approximation  of  the  Szasz  operator  has  been  studied  by 
many  authors.  One  can  find  related  expositions  in  [6],  [121],  [209],  and  the  papers 
cited  there. 

Example  30.7.  (Baskakov  operator)  Let  X(x)  have  the  geometric  distribu- 
tion: 

p(x(x)  =  k)  =  YTx~{rh)k' {k  =  °' 1;  2'  -0 
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then  (30.1)  becomes  the  (special)  Baskakov  operator  (cf.  [205]  or  [285]): 


BM,x)  =  (l  +  x)-nY,f&[n  +  kk         KT^i' 

n=0  \ 


■1  +  x' 


We  have  for  0  <  x  <  A  that 


oo  1 


fc=[*]+i 


Also  it  holds 


\DkP(X(x)  >t)\ 


3=0 


^2[k)(Djx[t]+1)Dk-j(l  +  x) 


-([*]+!) 


([*]  +  l-i)-fc 


^  E  [f\  (W  +  ^-(W  -  J  +  2)*M+W(M  +  i).-([t]  +  fc  -  J)(l  +  X)' 

<  2r([tl  +  r)r(^—)[t]-r,  for  all  fc  <  r. 

Now  it  is  clear  that  there  exist  M  and  a  >  0  such  that  (30.3)  holds.  By  Theorem 
30.1,  we  have 


kX(/,  »)  -  /(p)(s)   =  0(Wj,(/W,  ^;)  +  -).  (/,  -  x  ) 


1, 

n- 


for  x  and  /  as  in  Theorem  30.1. 

Note  that  the  simultaneous  approximation  of  general  Baskakov  operators  has 
been  studied  in  [209]. 

Example  30.8.  (Gamma  operator)  Let  X(x)  follow  the  exponential  distribu- 
tion with  density: 

g(v,x)  —  x~  e-       ,  v  >  0,  0<a<:r<b<  oo, 

then  (30.1)  becomes  the  Gamma  operator: 

-n  fco 

Gn(f,  x)  =  j^—  /      fi^v-'e-^dv. 
(n-iy.Jo  n 

f°°  1 
P(X{x)  >t)=  -< 

Jt      x 


Now 


-e-v/xdv  =  e 


-t/x 
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and  it  is  easy  to  show  that  for  k  <  r  there  exist  bkj  's  such  that 


iE^,e" 


-t/x 


\DkP(X(x)  >t)\ 

3  =  0 

(r  +  l)max(|bfcj|  ;k<r,j<  fc)(max(b,  l))r  r  _it 
(min(a,l))2''  ' 

Thus  we  can  find  M  and  a  >  0  satisfying  (30.3)  and  by  Theorem  30.1  there  holds 
\DrGn(f,  *)  -  /W (*)|  =  Oh(/W,  -4=)  +  -),  (n  -  oo) 


for  x  and  /  as  in  Theorem  30.1. 


31 

Global  Smoothness  Preservation  and 
Uniform  Convergence  of  Singular 
Integral  Operators  in  the  Fuzzy  Sense 


In  this  chapter,  we  study  the  fuzzy  global  smoothness  and  fuzzy  uniform  con- 
vergence of  fuzzy  Picard,  Gauss-  Weierstrass  and  Poisson-  Cauchy  singular  fuzzy 
integral  operators  to  the  fuzzy  unit  operator.  These  are  given  with  rates  involving 
the  fuzzy  modulus  of  continuity  of  a  fuzzy  derivative  of  the  involved  function. 
The  established  fuzzy  Jackson  type  inequalities  are  tight,  containing  elegant  con- 
stants, and  they  reflect  the  order  of  the  fuzzy  differentiability  of  the  involved 
fuzzy  function.  This  chapter  is  based  on  [55]. 


31.1     Fuzzy  Real  Analysis  Background 

We  use  the  following  background 
Definition  31.1  (see  [283])  Let  /x  :  R  — >  [0, 1]  with  the  following  properties 

(i)   is  normal,  i.e.,  3xo  £  R;  (J,(xo)  —  1. 

(ii)   p,(Xx  +  (1  —  X)y)  >  mm{(j,(x)  n{y)},  Vx,j/  £  R,  VA  £   [0,1]   (/i  is  called  a 
convex  fuzzy  subset). 

(iii)   n  is  upper  semicontinuous  on  R,  i.e.  Va;o  £  R  and  Ve  >  0,   3  neighborhood 
V(x0)  :   fi(x)  <  p,(x0)  +e,  \tx  £  V{xo). 

(iv)   The  set  supp(/j.)  is  compact  in  R  (where  supp(fi)  :=  {x  £  R  :    p.(x)  >  0}). 
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We  call  /i  a  fuzzy  real  number.  Denote  the  set  of  all  jj,  with  K^. 
E.g.,  X{x0}  £  R..^,  for  any  xo  £  R,  where  X{x0}  is  the  characteristic  function 
at  xo. 

For  0  <  r  <  1  and  fi  £  Kr  define 

[H]r  :=  {x  £  R  :    //(»)  >  r} 
and 

M°  :=  {i£R:    n(x)  >  0}. 

Then  it  is  well  known  that  for  each  r  £  [0, 1],  [jj]r  is  a  closed  and  bounded 
interval  of  R  ([172]). 

For  u,  v  £  R;f  and  A  £  R,  we  define  uniquely  the  sum  u  ©  v  and  the  product 

A0tiby 

[u®v]r  =  [u]r  +  [v]r,     [\Qu]r  =  \{u]r,  Vre  [0,1], 
where 

•  [u]r  +  [«]r  means  the  usual  addition  of  two  integrals  (as  subsets  of  R)  and 

•  \[u}r  means  the  usual  product  between  a  scalar  and  a  subset  of  R  (see,  e.g., 
[283]). 

Notice  l0ti  =  u  and  it  holds 

u(Bv  =  v(Bu,  A©u  =  w©A. 
If  0  <  n  <  r2  <  1  then 

[uY2  c  [uY1. 

,(r)     -.Ml    „,V,QvQ  „,(r)  <-  ..M     „,(r)     „» 


Actually  [u]r  =  [w^,  u(+>],  where  u^  <  «V  ,  u(I> ,  <    £  R,  Vr  £  [0,1] 
For  A  >  0  one  has  Au^    =  (A  0  u)±  ,  respectively. 
Define  Z>  :  R^  x  Rjr  ->  R+  by 

rw        ^  (i    M  Ml     I    M  Mil 

L>(u,  v):=    sup   max-Mwl    —  v_  |,   |u_j_    —  V+   |  f  , 


r€[0,l] 

where 


[«W,  v^];  u,veRT. 


We  have  that  D  is  a  metric  on  R^r. 

Then  (R^,D)  is  a  complete  metric  space,  see  [283],  [284]. 

Let  /,  g  :  R  — »  Rjr.  We  define  the  distance 
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D*(f,g):=  sap  D(f{x),g(x)). 

Here  S*  stands  for  fuzzy  summation  and  0  :=  X{o}  S  R:f  is  the  neutral  element 
with  respect  to  0,  i.e., 

w©O  =  O0u  =  u,  Vue  Rr- 

We  need 

Remark  31.2  ([29]).  Here  r  €  [0, 1]  xf  ),yf)  €  R,i  =  1, . . . ,  m  £  N.  Assume 
that 

sup   max  (x\r  ,  y\r  )  €  R/or  i  =  1, . . . ,  m. 

rg[0,l]  ^  ' 


Then  one  sees  easily  that 

/  m  m  \  m 

sup   max     \     xf  ,  >     j/t      1  <  >      sup   max  I  xp ,  y\r 
re[o,i]  Vfct  fet         /       fcl^0.1]  V 

Definition  31.3.  Let  /  :  R  — »  R^r,  we  define  the  fuzzy  modulus  of  continuity 
of  /  by 

wf\f,S)=  sup  £>(/(*),  /(»)),  S  >  0. 

Note  31.4.  For  /  :  R  ->  R^,  we  use 

[/]r  =  [/M,  /|r)], 

where  /ir)  :  R  -*  R,  Vr  €  [0,  1]. 
Let  g  :  R  — >  R,  define 

wi(g,6)=  sup  |fl(a;)-s(y)|,  <5  >  0. 

x.i/SER,     x— y|<<5 

We  need 

Proposition  31.5.  Let  /  :  R  — >  Rjr.  Suppose  that  wj     (/,  <5),   Wi{f_   ,6), 
u>i(f+   , (5)  are  finite  for  any  5  >  0,  r  G  [0,  1]. 
Then 

u^  (/,<*)  =    SUP   max{Wl(/M,5),  wi(/|r),5)}. 

r€[0,l] 

Proof.  By  Proposition  1  of  [37].  ■ 

We  define  by  C^(R),  the  space  of  fuzzy  uniformly  continuous  functions  from 

R  — >  Kr,  also  Cf(R)  is  the  space  of  fuzzy  continuous  functions  on  R. 
We  mention 
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Proposition  31.6([37])  Let  /  €  C£(R).  Then  w[T)(f,d)  <  oo,  for  any  5  >  0. 
Proposition  31.7([37])  It  holds 


limW^;(/,d)  =  WP(/,0)=0, 

o — >(] 


iff/eC£(R). 

Proposition  31.8([37])  Let  /  G  C;f(R).  Then  /j_  are  equicontinuous  with 
respect  to  r  G  [0, 1]  over  R,  respectively  in  ±. 

Note  31.9  It  is  clear  by  Propositions  31.5,  31.7,  that  if  /  G  C^(R),  then 
f±    G  Cfy(R)  (uniformly  continuous  on  R). 

We  need 

Definition  31.10.  Let  x,  y  G  Rr-  If  there  exists  z  G  Rt  :  x  =  y  0  z,  then  we 
call  z  the  H-difference  on  x  and  {/,  denoted  x  —  y. 

Definition  31.11([283])  Let  T  :=  [x0,  x0  +  /3]  C  R,  with  /3  >  0.  A  function 
/  :  T  — >  Rjr  is  H-differentiable  at  a;  G  T  if  there  exists  an  f'(x)  G  R^  such  that 
the  limits  (with  respect  to  D) 

lim    /(a;  +  ft)  - /(a;)       ^    f(x)  -  f(x  -  ft) 
h-*o+  ft  '  h->o+  ft 

exist  and  are  equal  to  fix). 

We  call  /'  the  H-derivative  or  fuzzy  derivative  of  /  at  x. 

Above  is  supposed  that  the  H-differences  f(x  +  ft)  —  /(#),  f{%)  —  f(x  —  ft) 
exist  in  R?r  in  an  neighborhood  of  x. 

Definition  31.12.  We  denote  by  C"(R),  N  G  N,  the  space  of  all  iV-times 
fuzzy  continuously  differentiable  functions  from  R  into  R^. 

Here  higher  order  fuzzy  derivatives  are  defined  via  Definition  31.11  in  the 
obvious  way,  as  in  the  ordinary  real  case. 

We  mention 

Theorem  31.13  ([202])  Let  /  :  [a,  b]  C  R  ->  R^  be  H-fuzzy  differentiable, 
0  <  r  <  1,  t  e[a,b].  Clearly 

[f(t)Y  =  [f(t)(l\  MIcr. 

Then  (f)±    are  differentiable  and 

[f'(tw  =  [(/wM)',  (f(t)^n 

That  is 

(/)«  =  (/«)',  Vre  [0,1]. 

Remark  31.14  ([35])  Let  /  G  C"f  (R),  iV  >  1.  Then  by  Theorem  31.13  we 
obtain  /£r)  G  CN  (R)  and 

[/(0(t)]r  =  [(/(t)Lp))(0,  (/(t)ip))(i)l. 
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for  i  —  0,1,2 ...  ,N,  and  in  particular  we  have 

(/w)Lr)  =  (/ir))w, 

for  any  r  G  [0,  1]. 

For  the  definition  of  general  fuzzy  integral  we  follow  [10]  next. 

Definition  31.15.  Let  (£1,  E,  /x)  be  a  complete  cr-finite  measure  space.  We  call 
F  :  n  -*  Rr  measurable  iff  V  closed  B  C  R  the  function  F_1(B)  :  SI  ->  [0, 1] 
defined  by 

F_1(B)(w)  :=  supF(ra)(i),  all  w  e  ft 
xeB 

is  measurable,  see  [206]. 

Theorem  31.16  ([206])  For  F  :  fi  ->  R^, 

F(w)  =  {(F(r)(u;)-,  FJr)(w))|0  <  r  <  1}, 
the  following  are  equivalent 

(1)  F  is  measurable, 

(2)  Vr  G  [0,1],  FM,  FJr)  are  measurable. 

Following  [206],  given  that  for  each  r  £  [0,  1],  F_  ,  FJ.  are  integrable  we 
have  that  the  parametrized  representation 

F^d/J,,     (  FJr)j    0<r  <  1 

is  a  fuzzy  real  number  for  each  A  G  E. 
The  last  fact  leads  to 
Definition  31.17  ([206])  A  measurable  function  F  :  Q  ->  R^, 

F(w)  =  {(F(r)(w)_,  F{r)(w))|0  <  r  <  1} 

is  integrable  if  for  each  r  G  [0, 1],  FJJ"    are  integrable,  or  equivalently,  if  F±     are 
integrable. 

In  this  case,  the  fuzzy  integral  of  F  over  A  G  E  is  defined  by 


FdM  :=  <     {   /    ^M,    /   ^|r) 


0<  r  <  1 


By  [206]  F  is  integrable  iff  w  — >  ||F(w)||^r  is  real-valued  integrable. 
Here 

||w||^  :=£)(«,  0),  VueRy. 

We  need  also 

Theorem  31.18  ([206])  Let  F,  G  :  fi  ->  R^  be  integrable.  Then 
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(1)   Let  a,  b  €  R,  then  aF  +  bG  is  integrable  and  for  each  AeE, 


(aF  +  bG)d^  =  a        Fdfi  +  b       Gd[i; 

A  J  A  J  A 

(2)   D(F,  G)  is  a  real-  valued  integrable  function  and  for  each  i£E, 


D(    /   Fdfi,    /   Gdfij  <    /    D(F,G)dfi. 


In  particular, 


Fdfi 


<  /    \\F\\rdn. 

J  A 


Above  fi  could  be  the  Lebesgue  measure,  with  all  the  basic  properties  valid 
here  too. 

Remark  31.19.  Basically  here  we  have 


Fdfi 


FMdfi,     I   F(r) 


Fdfi 


(r) 


Fir)d^, 


W  £  [0,  1],  respectively. 

Notation  31.20.  In  this  chapter  we  define  the  fuzzy  singular  integral  opera- 
tors: Picard  P^,  Gauss-  Weierstrass  Wj,  and  the  Poisson-  Cauchy  M{,  £  >  0. 

Their  real  analogs  are  defined  and  denoted  exactly  the  same  way  in  [33],  [81], 
[82],  and  we  are  motivated  from  there. 

Here  their  fuzzy  or  real  versions  for  convenience  are  denoted  with  the  same 
symbols  P£,  Wt;,  M£,  respectively.  According  to  the  context  we  understand  if 
the  operator  on  hand  is  fuzzy  or  real  one. 

Related  work  was  done  in  [31]. 


31.2     Main  Results 

Let  /  :  R  — >  Kr  be  a  fuzzy  measurable  function  and  consider  the  fuzzy 
Lebesgue  integrals, 


A(/,z):=-^©   /        f(r  +  t)   •  o     \-,lt. 


(31.1) 
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£  >  0,  x  £  R,  also  consider 


W((f,x) 


Af£ 


0  /        f(x  +  t)Qe    Tdt, 


Here  the  gamma  function  is 

r09)  = 


(t2a  +  £2a)/3 


(31.2) 


dt,         (31.3) 


e'H^dt,  /3  >  0. 


We  present  the  global  smoothness  preservation  property 
Theorem  31.21.  Let  h  >  0.  Suppose  w[T\f,h)  <  oo;   P((f,x),   W((f,x), 
M((f,x)  £  R;f,  then 


(i) 
(ii) 
(iii) 
Proof,  (i)  Notice  that 


wf\Pif,h)<w[T\f,h) 
w[T)(Wd,h)<w[T\f,h) 
wf\Mif,h)<wf\f,h) 


(31.4) 
(31.5) 
(31.6) 


,.(D( 


-Wrj(/,  |a;  -  y\)  j       e-~dt  =  w^>(f,  \x  -  y\), 

taking  the  supremum  over  all  x,  y  :  \x  —  y\  <  h  we  prove  the  claim. 
Properties  (ii),  (iii)  follow  similarly. 
Remark  31.22.  We  observe  that  (r  G  [0,  1]) 


[P£(f,x) 


l 

2? 


f(x  +  t)0e    «  dt 


2? 


f(x  +  t)  0  e     «  dt 


(r) 


/(a:  + 1)  0  e    rdt 


(r) 


D(Pttf,x),PZ(f,y))  =  ^DU       f(x  +  t)Qe--dt,  J       f(y  +  t)Qe--dt) 

1     f°°  1*1 

^y       D(/(*  +  t),/(i/  +  t))e   ~dt< 
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1 
I.e.  we  proved 


Vr  €  [0,1],  VrG  R. 
Similarly  are  valid 


i  \  1*1  /         i  \  i*i 

f^'(x  +  t)o'~dt,    /       /}r,(:r  +  t)e~~dt 


[pC(/M,x),Pe(/|r),^)] 


(P€(/,2))M=P5(/i'V), 


(we  (/))£>  =  w€(/£p)), 


(31.7) 

(31.8) 
(31.9) 


Vr  G  [0,1]. 

Assumption  31.23.  From  now  we  suppose  /  G  C£(R),  with  w[r\f^n\h)  < 
oo,  h  >  0,  n  €  N. 

Assume  further  that  P£(f,x),  W£(f,x),  M£(f,x)  G  R^,  V£  >  0,  Vz  G  R, 
with  /3  >  2tt2. 

Here  |_-J  denotes  the  integral  part  of  the  number. 

We  give  the  following  convergence  results. 

Theorem  31.24.  It  holds 


(i) 


|n/2j 


D(P€(/,x),/(x))<    X)    D(/l2m)W,0){2m  +  yrwr)(/w,fl,  *GR,  5>0. 

m— 1 

(31.10) 
(ii)   Assuming  D*(/(2m),0)  <  oo,  m  =  1, . . . ,    [n/2j ,  we  obtain 


Ln/2j 


13 


D*(Pef,f)<  E  ^'(/^.o^  +  ^r^a^.O,  C>o.    (3i.il 


D(We(f,x),f{x))<   ]T 


L'    2J  D(/(2m),0)  /$V"   ,     2£ 


(n-l)/2 


+  ■ 


1)!V5F 


2(n  +  1)        8 


;:\L"VrJ     1("-2-2s)  VT  LVl    X  (n-l-2s) 

n    - — = — -Mn-i  +  ir-  n  - — = — -Mr, 


(31.12) 


Vz  G  R,  £  >  0. 
Here 
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M„ 


i,  n  —  odd 

-^-,  n  —  ewen, 


(31.13) 


for  n  =  1,  we  put 

[n/2J-l 

n  =i 

(iv)   Assuming  that  D*(/(2m),  0)  <  oo,  m  =  1, . . . ,    \n/2\ ,  we  obtain 

t(n-l)/2 


D*{Wef,f)<  J2 


L«/2j    D(/(2m)i0)     /^yr.     ^        2?i 


+ 


n-l)!0F 


^^(n-l-Z.) 
2n     Al  2 


wW"\0. 


V£>0. 


L"/2J    n,,(2m),    ,    jr..       ^  (2m+l\  -n  In         2m+l\ 

D(Mdf,X),f(X))<  y:  Dif  J^]'0)  ■  i^lJf,~7r)em+ 


-i)'r(£)r  (/?-£) 


(2m)! 
1 


r(£)r  (/?-£) 


n»±2Vf/3-2±2,|  + 


2n  2a  P         2a 


(n + 1)71  v  2a  y  v     2a 

n  +  2 


Hr(s)r(>- 


2o 


Vx  G  R,  £  >  0. 
(vi)   Assuming  that  D*(/(2m),  0)  <  oo,  m  =  1, . . . ,    Ln/2J ,  we  get 


(31.15) 


^^g  — r(£)r  (,*-£)     ?    + 
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(n-i)!r(£)r  (/?-£) 


1     -T(«±*]rh-»±?]  + 


(n  +  l)n      V    2a 


£r(^W'-^Hr(£)r('-£) 


(31.16) 


V£>0. 


Proof,  (i)  We  notice  that 


D(P€{f,x),f{x))=    sup  max{|(P€(/,3))M-/ir)(aO|,  I  (A(/-*))? ^/j^)!} 

r€[0,l]  l-1  II  '  ' 

■{  I A  (/M ,  *)  -  /M  (a?)  I ,  I  Pe  (/|r) ,  x)  -  #>  (x)  I } 


sup   max  - 

re  [0,1] 


(by  Proposition  1  of  [33],  see  there  (51)) 


<    sup   max       £   I  (fMym,(*)\em  +  f  Cm  ((/«)<">, g) 

re[o,i]  [  ^  I  V       /  I  8  V  / 

L™/2J  ") 

E|(/r)    w|c2m+f  r»i((/r)w^)  = 

m  —  l  ) 

I      V^     I   /((2m)/     \\  ^  |>2m    .     13    ^n  / /  *(n)\(r)     A 

<  2^  \{f      (x))_  |£     +y  £  ™i  [if    )_  ,£)  > 

l.    m  —  l 

El   (  Aim),     \\  ^  \y-2m     ,     13    ,n  // (  (n)  n  (r)     ,A     I     ^ 

|  (r     (a;)j+  |£     +-g-  €  wi((r;)+ ,£)  r  < 

m  —  l  '  J 

E>2m  J   I   (Aim),     \\(r)|     I   (Aim),     ^^  \\ 

i        sup   ma         /l      '(a;)  ,    [f     ;(;r)  V 

r6[0,l]  (IV  )-    \W  J+    \j 

+  f  rpsup  max  Li  ((/(rl))M,e)  ,«i  ((/(n))ir),C)  }  = 


sup   max 

r£[0,l] 

Ln/2j 


r6[0,: 
Ln/2j 


13 


m  —  l 

proving  the  claim. 

(iii)  Proved  as  in  (i)  now  using  Proposition  1  of  [81],  see  there  (52). 
(v)  Proved  as  in  (i)  by  using  Proposition  1  of  [82],  see  there  (62). 


(i) 
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Remark  31.25.  As  £  — >  0  from  (i),  (iii),  (v)  we  derive  that 

D(PZ(f,x),f{x))->0,  nGN; 
D(W£(f,x),f{x))^0,  nGN-{l}; 
£>(MC(/,s),/(x))-0,  nGN. 
Also  by  assuming  D*(/'2m-),0)  <  oo,  m  —  1, . . . ,    [n/2]  we  obtain 

P*  (P£f,  f)  -  0,  n  G  N; 
O*(W€/,/)-0,  nGN-{l}; 

We  give 

Corollary  31.26.  (n  =  2  case) 

It  holds 

D(Pi(f,x),f(x))  <  e  (D(f"(x),0)  +  fw[r\f",0^j  ,  (31-17) 


xeR,  £  >  o. 

(ii)   when  D*(f",0)  <  oo,  we  get 


o*  (p«/,/)  <  C2  ( £*(/",  o)  +  Hwot(/»i?)  ) ,  ^  >  o. 


(31.18) 


D(Wdf,x)J(x))  <  D(f"(x),0)  (  |  )  +wf\f",0 


xeR,  £  >  o. 

(iv)   when  D*(/",0)  <oo,wc  find 


M 


i  +  i 

7T  8 

(31.19) 


d*  (we/,/)  <  d*(/",o)  ( | )  +»r)(/",C) 


N)< 

/    7T           8 

,  e>o. 

(31.20) 
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D(Me(/,x),/(x))   < 


ndrw-i 


d(/"Qe),Q)  r/  3 


(£)r(»-£)-i"''"-« 


HjM>-iKr(5)r(<-sKrG)r('-i 


Vx  G  R,  VC  >  0. 
(vi)   when  D*(f"(x),0)  <  oo,  we  get 


(31.21) 


D*(Mef,f)  < 


D'(f",0)   r(   3  \       /  3\  (jr,      „ 


H!W>-!)+H=M>-£HrG)r(>-; 


V£>0. 

Corollary  31.27.  (n  =  1  case) 
It  holds 


(31.22) 


(i) 
(ii) 
(iii) 


D(Ps(f,x),f(x))<^  *wFV,0,  VxGR,  V£>0.  (31.23) 


D*{P€f,f)<Y  Zw{r\f',0,  v?>o. 


r>(We(/,a:),/(aO)<ti;FV,0 


1  £\  i  /c 
-  +  -  +  -V  - 
4       8/       2V  7T 


(31.24) 

Vx  G  R,  V£  >  0. 

(31.25) 


(iv) 


MKVf 


D*(We/,/)<tt;P(/,>0 

If  /'  G  C^(R),  then  as  $  ->  0,  we  obtain 

D  (Waf,  x),  f{x))  ->  0,  D*  (W£/,  /)  -  0. 


V£  >  0.  (31.26) 
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D  (Me  (/,*), /(*))< 


r(£)r(/3-£) 


irf3 

2        V  2a  , 


Or("-a+ir(ar("-9+ir(i)r("-=)]^'«- 

(31.27) 

Va;  G  R,  V£  >  0. 

D(M(f,f)<  '' 


r(£)r  (/?-£) 


i  r(  —  )  rf/3-—  )+i  rfi")  r(p--)+-  r(  — )  r(p- 

2        \2aJ       V  2a/       2        \aj       \  ocj       8        VSa/       V         2. 

V£>0. 

Next  we  cover  case  of  n  =  0. 
We  make 
Remark  31.28. 

We  have 

1     f°°        1*1 
—  /       e     i  dt  =  1, 


and 

T(/3)  a  i2^-1       [°°  dt 


r(£)r  (/?-£)  ■/_,„(**• +  **»)<' 

a€NJ>f;(>0. 


Put 


(31.28) 


=  1,  (31.29) 


1-1*1 

1  t2 

^2,e(t)  :=  -=e     «  , 

*«(')  -  r(£)r(/3_£)  •  (^  +  e*r  f  e R-        (3L30) 

Here  let  /  €  CV(R)  which  is  fuzzy  bounded. 
Set 

Li,e  =  P0  L2,e  =  VKC,  L3,e  =  Me,  £  >  0.  (31.31) 
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So  we  have  the  fuzzy  Lebesgue  integrals 

/oo 
f{x  +  t)QK^{t)dt, 
-oo 

with  the  real  integrals 

/oo 
Kj:i(t)dt  =  1,  all  j  =  1,  2,  3,  Va:  G  R. 
-OO 

Notice  that  (r  G  [0,1]) 

[f(x)Y  =  [/(*)M,  /(*)£>] 

/OO 
(/(*))£' #i,e(t)<tt 
-oo 

/•OO 

(/(a)  0  Kji€(t)f>  dt,    /       (/(a)  0  Jfil€(t))<p>  dt 


Therefore 


f(x)QKM(t)dt 


/OO 
f(x)QKJ!((t)dt. 
-oo 


Hence  we  have 


(31.32) 


(31.33) 


D(LJi€(J,x),f(x))  =  D{  f(x  +  t)QKM(t)dt,  f(x)QKM(t)dt)< 


/OO  /'OO 

D(f(x  +  t),f(x))KM(t)dt<  /      u;P(/,|t|)  #;,«(*)#  = 
-oo  •/  — OO 

(for  j  =  1,3  we  have  next) 


w^f/^9)  KjAt)dt< 


(by  [37],  Proposition  2- (3)) 


/oo     /  I  ,i  \  r  -j      roo 


We  have  proved  so  far  that 

D(LJAf,x),f(x))<w(T)(f,0 


1  +  jJ      tKjti(t)dt 


(31.34) 
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for  j  =  1,3. 

Similarly  one  establishes  that 


D{L2^f,x),f{x))<wf\fJi) 
We  see  that 

t  KlitL(t)dt  =  1 


l  +  -7=  /      tK2,z(t)dt 


2 

?7o 


vT 


f°°  1 

/      tK2^{t)dt=—, 

Jo  V71 


2  r°°  r  f^-1  r  (0-  -)  1 


(31.35) 

(31.36) 
(31.37) 
(31.38) 


We  have  proved 

Theorem  31.29.  Let  /  G  CV(R)  which  is  fuzzy  bounded.  Then  (£  >  0) 


(i) 
(ii) 


D*(Pif,f)<2wf\f,Z), 


(31.39) 
(31.40) 


D 


5  I      r(^)r(/3-^);    1 


a  e  N. 


(31.41) 


Given  that  also  /  G  C£(R),  as  £  -►  0,  we  get  D*  (P€/,  /)  -*  0,  D*  (W£/,  /) 
0  and  D*  (M£/,  /)  ->  0,  with  rates. 


32 

Real  Approximations  Transferred  to 
Vectorial  and  Fuzzy  Setting 


Here  we  transfer  basic  real  approximations  to  corresponding  vectorial  and  fuzzy 
setting  of:  Bernstein  polynomials,  Bernstein-Durrmeyer  operators,  genuine 
Bernstein-Durrmeyer  operators,  Stancu  type  operators  and  special  Stancu  op- 
erators. These  are  convergences  to  the  unit  operator  with  rates.  We  also  give  the 
convergence  with  rates  to  zero  of  the  difference  of  genuine  Bernstein-Durrmeyer 
and  special  Stancu  operators.  All  approximations  involve  Jackson  type  inequali- 
ties and  moduli  of  smoothness  of  various  orders.  In  order  to  transfer  we  develop 
basic  and  important  general  results  at  the  vectorial  and  fuzzy  level.  Our  tech- 
nique goes  from  real  to  vectorial  and  then  to  fuzzy  setting.  This  chapter  is  based 
on  [58]. 


32.1     Results 

Let  (X,  ||-||)    be  a  normed  vector  space  over  K,  where  K  =  R  or  K  =  C.  Similar 
to  the  real  case  we  give  the  following 

Definition  32.1.   (see  also  [166])   For  /  :   [0,1]   — >  X    we  define  the  first 
modulus  of  continuity 

wi  (/,*)  =  sup{||/ («)-/ (u)|| ;  u,«  6  [0,1],    \v-u\<8},  (32.1) 

and  the  second  Ditzian-Totik  modulus  of  smoothness 

u>%  (/,  5)  =  sup  {sup  {||/  (x  +  hV  (x))  -  2/  (a;)  +  f  (x  -  hp  (x))\\  ; 
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xeh,h},  he  [0,5]},  (32.2) 

where  I2,h  =  [j£p,  jtw]  ,<P(*)  =  \/x(l-x),  0  <  S  <  1. 

We  need 

Theorem  32.2.  ([232],  [166])  Let  (X,  ||-||)    be  a  normed  space  over  K,  where 
K  —  R  or  C  and  denote  by  X*  —  {x*  :  X  — >  K;  x*  is  linear  and  continuous}  . 
Here  \\\x*\\\  =  sup{|cr*  (x)\  :     \\x\\  =  1}  . 

\\x\\  =  sup {\x*  (x)\  ;  x*  £  X* ,    |||a;* || |  <  1}.  (32.3) 


We  need 

Definition  32.3.   Let  continuous  function  /   :    [0, 1]   — >  X.  The  vectorial 
Bernstein-Durrmcycr  operators  are  defined  by 

n  „i 

Dl  (/,  x)  =  (n  +  1)  V  Pn,fe  (x)  /    /  (£)  p„,fc  (t)  di,  (32.4) 

fe=o  ^ 

0  <  k  <  n,  pn,k  {x)=(nk\xk{l-  x)"-k  ,  x  €  [0, 1]  . 

Here  the  integral  J   g  (t)  dt  (g  :  [0, 1]  — >  X)  is  defined  as  the  limit  for  m  — > 
oo  in  the  norm  ||-||  of  all  (usual)  Riemann  sums  Yl  {xi+i  ~  xi)  f  (CO  • 

Put||/||00=8up{||/(*)||;  see  [0,1]}. 

We  present 

Theorem  32.4.   Let  f  :  [0, 1]  — >  X  continuous.   Then  there  are  universal 
constants  Ci,  Ci  >  0  such  that 

Cl("r(/'^)+"1(/'n 
<  \\Dlf  -  /|L  <  C2  (W  (/,  ^=)  +  «i  (/,  i))  .  (32.5) 

Proof.  By  [177],  [178],  we  have  for  g  £  C([0,  1])  that 
a  (  w£  (  g,  — 1=  )  +  wi  (  3,  -  )  )  < 


IPn  (<?)  -  SlL   <  C2  (u#   U,  -^=j   +  Wl   (  <?,  - 

here  Dn  is  the  real  Bernstein-Durrmeyer  operators  (when  X  = 


32.1  Results         505 


Let  x*   G  X*  be  fixed  with  |||cc*|||   <   1.  Then  g  =  x*  o  /  :   [0, 1]   — >  R  is 
continuous. 
Therefore 

Cl(^("*0/'^)+"1("*°/'n))- 

\\Dn{x*  of)-x*  o/Hoo  <  C2  f  <(  cc*o/,  — =J  +W1  (  X*  O  f,  - 

Because  x*  is  linear  and  continuous,  it  commutes  with  Yl  and  integral  f ,  and 
therefore 

Dn  (x*  o  /)  (x)  -x*of(x)  =  x*  {DIJ  (x)  -  f  (x)) . 

Also,  since 

o>i(g,^\  =sup{\x*(f(v)-f(u))\;  «,U6[0,1], 

l«-«|<^}<Bup{|||!r*|||-||/(«)-/(u)||; 

V,  U  €  [0,  1]  ,    It)  -  u\  <  -  \  <  Wi  (  /,  - 
n  \      n 


that  is 


Also  we  have 


wi  (  S,  -  ]  <  wi  (  /,  - 


^2  (  3,  -j=  )  =  sup  {sup  {\x*  (/  (a;  +  ft</3  (a;))  -  2/  (a:)  +  /  (x  -  hip  (x)))\ 


€  h,h},  he 


<8up{sup{|||a!*|||-||/(a:  +  ft¥>(x))-2/(s) 


+/  (a:  -  hip  (x))\\  ;  x  e  h,h]  ,  h  £ 


<  ^     f,  -F= 


I.e. 


.,(         *    )<WW/     * 


Therefore 


|s*  (2£  (/)  (*)  -  /  (s))|  <  C2  fw£  (/,  ^=)  +  wi  (f,  i)) 
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hence 

snp      \x*  {Dl  (/)  (x)  -  f  (x))\  <  c2  [u%  (f,  -±=)  +uJi  ( f,  - 
Ill-Ill^ 
and  by  Theorem  32.2  we  obtain 

\\Dl  (/)  (x)  -  f  (x)\\  <  c2  L*  (f,  -±=)  +  eft  (f,  \ 


Vx  G  [0,1],  that  is 


\\Dl  (/)  -  /|L  <  c2  (w£  (/,  ^J  +  eft  (/,  i 
We  also  have 

sup{|**  (DJJ  (/)  (*)  -  /  (*))| ;  as  G  [0, 1]}  < 
8up{|||*'|||-|Pn(/)(a!)-/(!c)l|;  xe  [0,1]} 

<IPn(/)-/IL- 

Next,  for  any  a;  G  /2,h,  ft  €    0,  -7=    ,  v, «  G  [0, 1]  with  \v  —  u\  <  — ,  we  have 

ci  |x*  (/  (z  +  ft^  (*•))  -  2/  (rr)  + 
f(x-h»p{x))\  +  \x*(f(v)-f(u))\)< 
d  (W  (**  o  /,  -L)  +  Wl  (V  o  /,  I))  <  UK  (/)  -  /IL  ■ 
Therefore 

ci      sup     {|s'(/(a!  +  Ma:))-2/(aO  +  /(a:-Ms)))|} 

Ill-Ill^ 

<l|0»(/)-/IL. 

also  it  holds 

C1  sup  {^(/(^-/(tim^ii^aj-ziL. 

llk'lll<i 
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Consequently  by  Theorem  32.2  we  derive 

ci  ||/  (x  +  hip  (xj)  -  2/  (x)  +  f(x-  hV  {x))\\ 

<Pn/-/IL. 


and 

The  last  imply 


Cl||/(«)-/(u)ll<IPn/-/llc 


finishing  the  proof  of  the  theorem.  ■ 

We  make 

Remark  32.5.  Let  us  recall  a  few  facts  concerning  fuzzy-number  valued 
functions. 

Given  a  set  X  7^  0,  a  fuzzy  subset  of  X  is  a  mapping  u  :  X  — >  [0,  1]  and 
obviously  any  classical  subset  A  of  X  can  be  considered  as  a  fuzzy  subset  of  X 
defined  by  XA  ■  X  — >  [0, 1],  XA  (x)  =  1,  if  x  €  A,  XA  (a:)  =  0  if  x  £  AAA  (sec 
e.g.  [287]). 

Let  us  denote  by  Rjr  the  class  of  fuzzy  subsets  of  real  axis  R  (i.e.  u  :  R  — > 
[0, 1]),  satisfying  the  following  properties: 

(i)    Vu  £  R;f,  u  is  normal  i.e.  3a;u  £  R  with  u  (i„)  =  1; 

(ii)  Vu  £  R;f,  M  is  convex  fuzzy  set  (i.e.  u  (tx  +  (1  —  t)  y)  >  min  {«  (a;) ,  u  (y)}  , 

vte  [0,1],  1,1/eR); 

(iii)  Vw  G  R^,  m  is  upper  semi-continuous  on  R; 

(iv)  {x  £  R  :  u  (x)  >  0}  is  compact,  where  A  denotes  the  closure  of  A. 

Then  R^r  is  called  the  space  of  fuzzy  real  numbers  (see  e.g.  [149]). 

Obviously  R  C  R.f,  because  any  real  number  xo  £  R,  can  be  described  as  the 
fuzzy  number  whose  value  is  1  for  x  =  xq  and  0  otherwise. 

For  0  <  r  <  1  and  u  £  R^  define  [u]r  =  {x  £  R;  it  (2)  >  r}  and  [u]°  = 
{a?£R;u(a?)  >  0}. 

Then  it  is  well  known  that  for  each  r  £  [0, 1],  [u]r  is  a  bounded  closed  interval. 
For  it,  v  £  R^  and  A  £  R,  we  have  the  sum  u  ©  v  and  the  product  A  0  u  defined 
by  [u  0  v]r  =  [u]r  +  [v]r  ,  [A  0  u]r  =  A  [w]r  ,  Vr  £  [0, 1],  where  [u]r  +  [v]r  means 
the  usual  addition  of  two  intervals  (as  subsets  of  R)  and  A  [u]r  means  the  usual 
product  between  a  scalar  and  a  subset  of  R  (see  e.g.  [149],  [283]). 

Define  D  :RTxRr  — >  R+  U  {0}  by 

D  (it,  v)  —    sup   max{jit!^  —  vr_\  ,  \u\  —  u+|}  ,  (32.6) 

re[0,l] 

where  [u]r  =  [vL,ur+]  ,  [u]r  =  [vr_,  vr+]  . 

The  following  properties  are  known  ([149]): 


508         32.  Real  Approximations  Transferred  to  Vectorial  and  Fuzzy  Setting 

D  (u  ©  w,  v  ©  w)  =  D  (u,  v) ,  Vit,  v,  w  G  Rr 

D(kQu,kQv)  =  \k\D  (u,  v)  ,\/u,v<E  Rj?,  Vfc  G  R; 

D  (u  ©  v,  w  ©  e)  <  D  (u,w)  +  D  (v,  e)  ,  Vu,  V,  to,  e  £  R^r  and  (R.f,  D)  is  a  com- 
plete metric  space. 

Also,  we  need  the  following  Riemann  integral,  as  particular  case  of  the  Hen- 
stock  integral  introduced  by  [283]. 

A  function  /  :  [a,b]  — >  R^r,  [a,  6]  C  R  is  called  Riemann  integrable  on  [a,b]  , 
if  there  exists  I  G  R;f,  with  the  property:  Ve  >  0,  35  >  0,  such  that  for  any 
division  of  [a,  b]  ,  d  :  a  —  xq  <  . . .  <  xn  —  b  of  norm  v  (d)  <  5,  and  for  any  points 
£i  G  [Xi,  Xi+i] ,  i  =  0,  n  —  1,  we  have 


d(  Y,  f(Zi)0(xi+i-Xi),l)  <e, 


where  ~}2*  means  sum  with  respect  to  ©.  Then  we  denote  I  =  (FR)  f   f  (x)  dx. 

An  important  result  for  our  reasonings  will  be  the  following  known  result. 

Theorem  32.6.  (see  e.g.  [283])  R^,  can  be  embedded  in  B  =  C([0, 1])  x 
C([0, 1]),  where  C([0, 1])  is  the  class  of  all  real  valued  bounded  functions  f  : 
[0, 1]  — >  R  such  that  f  is  left  continuous  for  any  x  G  (0, 1]  ,  /  has  right 
limit  for  any  x  G  [0,1)  and  f  ts  right  continuous  at  0.  With  the  norm  ||-||  = 
sup^grQ  ji  |/  (a;) | ,  C([0, 1])  is  a  Banach  space.  Denote  \\-\\B  the  usual  product  norm 
i.e.  ||(/,3)||e  —  max{||/||  ,  \\g\\}  .  Let  us  denote  the  embedding  by  j  :  R^r  — >  B, 
j  (u)  =  (ii-,u+)  .  Then  j  (R.f)  is  a  closed  convex  cone  in  B  and  j  satisfies  the 
following  properties: 

(i)  j  (s  0  u  ©  t  0  v)  =  s  ■  j  (u)  +  t  ■  j  (v)  for  all  u,  v  6  R^,  and  s,  t  >  0  (here 
"■"  and  "  +  "  denote  the  scalar  multiplication  and  addition  in  M); 

(ii)  D(u,v)  =  || j  (u)  —  j  (f)||B  (i.e.  j  embeds  R^r  in  B  isometrically  and  iso- 
morphically). 

Let  f  :  [0,  1]  — >  R;f  fuzzy  continuous,  we  define  the  fuzzy  Bernstein- Durrmeyer 
operators  as 

n  „i 

DZ(f,x)  =  (n  +  l)^pn,k(x)0(FR)  /    /  (t)  0 pn,k  (t) dt,  (32.7) 

the  integral  (FR)  J   f  (t)  dt  is  defined  as  the  limit  for  rn  — >  oo  in  the  distance 

m 

D,  of  all  the  usual  fuzzy  Riemann  sums  Yl  *  {xi+i  —  Xi)  0  /  ((,%)  (here  the  sums 

are  with  respect  to  operation  (B). 

Also,  let  us  define  the  following  fuzzy  moduli  of  continuity  of  f  : 

loP  ( /,  5)  =  sup  {D(f(x  +  h),f(x)); 
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x,  x  +  h  e  [0, 1] ,  0  <  h  <  8}  ,  (32.8) 

and 

4^  (/,  S)  =  sup  {D  (/  (x  +  h<p  (x))  ®f(x-  hp  (x))  ,20/  (x)) ; 


x,  x  ±  V  (a;)  €  [0, 1]} ,  (f  (x)  =  y/x(l-x).  (32.9) 

We  give 

Theorem  32.7.    Let  f  :  [0, 1]  — >  R^  be  fuzzy  continuous.   Then  there  exist 
universal  constants  ci,  C2  >  0  such  that  Vn  €  N  we  have 

Cl(4^(f,J-)+^(f,l))< 


sup 


{l>(l£  (/)(»), /(»));  are  [0,1]} 

mv  /.     1   \    ,  ,(r)  ( '.  1 


c2(<-(/^     +<M/--     )•  (32-10) 


Proof.  Define  5  :  [0,1]  — >  X  by  g  (x)  =  j  (f  (x)) ,  x  G  [0,1]  ,  where  j  is 
given  by  Theorem  32.6  and  X  =  C([0,l])xC([0,l])  endowed  with  the  norm  in 
Theorem  32.6,  denoted  by  ||-||B  .  By  Theorem  32.6,  (ii),  we  see  that 

\\g(x  +  h)-g  (a:)||  =  ||  j  (/  (x  +  h))  -  j  (/  (i))|| 

=  D(f(x  +  h),f(x)), 


also 


which  imply 
and 


\\g  (x  +  hip  (x))  +g(x-  hip  (xj)  -  2g  (x)\\  = 

||  j  (/  (x  +  hp  (x))  ®f(x-hp  (x)))  -j(2Qf  (x))\\ 
=  D(f(x  +  h<p  (x))  ®f(x-hp  (x))  ,20/  (x))  , 

Ui(g,6)=u>f)(f,6), 


^(g,5)=uJf^(f,8),  V<5>0. 

Because  j  is  linear  over  the  positive  scalars  and  j  commutes  with  the  fuzzy 
integral,  we  get 

Dl{g){x)=j[D^{f){x)), 

and  furthermore 

\\Dl{g){x)-g{x)\\^\j{D^{f){x))-j(f(x))\B 
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=  fl((itf  (/))(*),/(*)) 


Since  /  and  j  are  continuous  we  get  that  g  is  continuous. 
Hence  by  Theorem  32.4  we  have 


n[u>%[g  ,j=  )+<*L± 


\J-Ku-nK   '■  '-'  M  (5'77^)  +UJl  i9'n 


the  last  proves  the  theorem.  ■ 

We  use 

Definition  32.8.  Let  f  e  C  ([0, 1])  ,  we  define 

W2(/,ft)=Bup{|/(u)-2/(^)+/(t))|,  (32.11) 

u,  v  €  [0,1],    \u-v\<2h}  ,  h>  0. 
Let  f  €  C  ([0, 1]  ,  X)  ,  (X,    ||-||)  normed  vector  space,  we  also  define 

u£(/,h)  =  8Up{||/(u)-2/(^)+/(tO|,  (32.12) 

u,  v£  [0,1],    \u-v\<  2h}  ,  h>0. 
Let  /  G  C  ([0, 1]  ,  Rf)  ,  we  further  define 

ur)(/»  =  sup{D(/(«)e/M,20/(^)), 

it,  V  6  [0, 1],    \u  -  v\  <  2h}  ,  h  >  0.  (32.13) 

We  make 

Remark  32.9.  Let  /  G  C([0, 1]  ,  X) ,  x*  G  X* ,  with  |||x*|||  <  1,  then  g  = 

x*  o  f  :  [0, 1]  — >  R  is  continuous. 
We  observe 

uj2  (g,  h)  —  uj2  (x*  o  /,  h)  = 


sup 


sup 


{ |*«  (/(«)- 2/ (H+*)+/(t,))|, 

m,  «  G  [0,1]  ,    |u-v|  <  2/i}  < 

{|||^II|.||/H-2/(^)+/h| 
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it,  v  e  [0,1] ,  \u-v\<  2ft}  < 

sup{||/H-2/(^)+/w||, 

u,  v  G  [0, 1]  ,    |u  -  «|  <  2ft}  =  ^  (/,  ft)  . 
That  is,  we  got  that 

u2  Or*  °  /,  ft)  <  to?  (/,  ft) ,  ft  >  0.  (32.14) 

Next,  let  X  =  C([0,  l])2and  j  as  in  Theorem  32.6. 

Let  /  G  C([0, 1],  Rjf),  and  consider  3  (x)  =  j  (/  (x)) ,  x  G   [0,1],  i.e.  p  G 
C([0,1],X). 

By  Theorem  32.6,  (ii),  we  observe  that 

'  u  +  DN 


||5(M)-25(^p)+3(«)||  = 

||j  (/(«)©/ («))-J  (2  ©/(^) 

fl(/W®/W,20/(^) 


which  implies 

utf  U  °  /,  ft)  =  wf )  (/,  ft) ,  ft  >  0.  (32.15) 

We  use 

Definition  32.10.  Let  /  G   C([0, 1]),  we  define  the  Bernstein  polynomial 
operators, 

5n(/,x)  =  X>„,fc(x)/(-),  X6[0,l],  (32.16) 

k=0  \n  J 

where 

ii      \       k  { -1  \n  —  k 


M,k  1 


(cc)  =       '        xK  (1  -  x)n~K  ,  n  G  N. 


Let  /  G  C([0, 1]  ,X)  ,  (X,  ||-||)  normed  vector  space.  We  define  also  the  vectorial 
Bernstein  operators, 

Bvn  (/,  x)  =  J2  Pn,k  (*)/(-),  xe[0,l],  neN.  (32.17) 

Let  /  G  C  ([0, 1]  ,  Rjf)  ,  we  define  further  the  fuzzy  Bernstein  operators 

Bf  (/,*)  =  X)*P».*(*)0/(-)  >  ^e  [0.1].  »»eN.  (32.18) 
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We  make 

Remark  32.11.  Let  x*  G  X* ,  f  G  C  ([0, 1]  ,  X)  . 

Then 

Bn  {x*  o  /)  (x)  -x*°f  (x)  =  x*  {Bl  (/)  (x)  -  f  (x))  .  (32.19) 

Let  j  as  in  Theorem  32.6  and  /  G  C  ([0,  1]  ,  R^)  . 
Then 

\\(K  U  °  /))  (*)  -  U°f)  Mil  =  ||  j  (B^  (/)  (*))  -  j  (/(*))|B  = 

Z)((i?f  (/))(*•),/(*))•  (32.20) 

We  mention  the  celebrated  major  result 

Theorem  32.12.  ([239],  p.97)  For  f  G  C  ([0, 1]) ,  n  €  N,  we  have 


|^,(/)-/lk  '     --'(/--i)-  !:i2'2!i 


a  sharp  inequality. 


We  present 

Theorem  32.13.  For  f  G  C([0,  1]  ,  X)  ,  (X,  ||-||)  a  normed  vector  space,  n  G  N, 
we  have 

sup    ||(B^/)(*)-/(*)||<wjf/,-J=y  (32.22) 

see  [o,i]  V     VnJ 

Proof.  Let  a:*  G  X*  be  fixed  with  |||cc*|||  <  1.  Then  x*  o  /  G  C([0, 1])  and  by 
(32.21)  and  (32.14)  we  have 

l|S„(a.-*o/)-a;*o/||oo  <  uj2  {x*of,  —  \ 


<  "2  [  /,  -S= 

Jn 


That  is 


Thus 


Ice*  {{BIS)  (x)  -  f  (x))|  <  utf  (/,  -^),Vie  [0, 1]  . 
sup      jx*  ((#£/)  (*)  -  /  (x))\  <  ljv2  (f,  -L  )  ,  Vz  G  [0, 1]  . 
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By  Theorem  32.2  we  derive 

ii  (b^/)  (*)-/(*)  ii  <«jf/,  4= 

Va:  G  [0, 1]  ,  proving  the  claim. 

Next  we  give 

Theorem  32.14.  For  f  G  C([0, 1]  ,R;f) ,  n  G  N,  we  /wroe 

sup    I?  ((b£/)  (*),/(*))  <  loP  (/,  4=  )  ■  (;!2'2:!) 

see  [o,i]      VV         /  /  V      vn/ 


Proof.  Consider  j,  X  as  in  Theorem  32.6.  Then  by  Theorem  32.13  and  (32.15) 
we  obtain 

sup    ||(K  (j  o  /))  (x)  -  (j  o  /)  (a;)||  <  WJ  f  j  o  /,  ^ 
*e[o,i]  V  Vn 


^'(/,-^J.  (:i2.21) 


4" 

Clearly  from  (32.20)  and  (32.24)  we  get  (32.23).  ■ 

We  need 

Definition  32.15.   ([239],  p. 151)  Let  /  G  C([0, 1])  ,  n  G  N.  We  define  the 
Durrmeyer  type  operators  (the  genuine  Bernstein-Durrmeyer  operators) 

M-1'-1  (/,  x)  =  f  (0)  (1  -  x)n  +  f  (1)  xn+ 

n-l  „i 

(n-l)  Vj)„,i(i)  /    f(t)pn-2,k-i{t)dt.  (32.25) 

k=i  •/» 

Similarly  we  define 

Definition   32.16.  Let  /   G   C([0, 1],X),  where  (X,  ||-||)   a  normed  vector 
space. 

We  define 

"Af-1--1  (/,  x)  =  /  (0)  (1  -*)"  +  /  (1)  *"+ 

n-l  „l 

(n-l)  Vm,(i)  /    f(t)p„-2,k-i(t)dt.  (32.26) 

fc=i  ^ 

Definition  32.17.  Let  /  G  C  ([0, 1]  ,  Kjf)  . 
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We  define 

Mm-1-1  (/,  X)  =  f  (o)  ©  (i  -  x)n  ©  /  (l)  ©  xn® 

n-l  „l 

(n  -  1)  0  V  *p„,fc  (x)  0  (FR)  /    /  (i)  0  p„-2,fc-i  (t)  dt.  (32.27) 

fc=i  •/o 

We  use 

Theorem  32.18.  ([239],  p.155)  For  f  G  C([0, 1])  ,  n  G  N,  we  We 

|| M-1--1  (/)  -  /|L  <  §u*  (/,  -^L=)  .  (32.28) 


We  make 

Remark  32.19.  Let  x*  G  X* ,  f  G  C  ([0, 1]  ,  X)  . 

Then 

AC1'-1  (a;*  o  /)  (x)  -x*of{x)  =  x*  ("M"1'"1  (/)  (a:)  -  /  (*))  .         (32.29) 

Let  j  as  in  Theorem  32.6  and  /  G  C  ([0,  1]  ,  Rr)  ■ 
Then 

\\(vM-1'-1(jof))(x)-(jof)(x)\\^ 

\\3(lF)M-1'-1(f)(x))-j(f(x))\\B  = 

D^M-1--1(f))(x),f(x)).  (32.30) 

We  present 

Theorem  32.20.  For  f  G  C([0,  1]  ,  X)  ,  (X,  ||-||)  a  normed  vector  space,  n  G  N, 
we  /lowe 


sup    ||  ("M"1'-1/)  (a;)  -  /  (x)\\  <  ~y2  (f,  —L=) 

ce[o,i]  4        V      vn+1/ 


(32.31) 


Proof.  Let  a:*  G  X*  be  fixed  with  |||a;*|||  <  1.  Then  x*  o  f  (£  C([0, 1])  and  by 
(32.28)  and  (32.14)  we  have 


(x*  o  /)  —  x*  o  /||      <  -u)2  [  x*  o  f  ) 


.  5    „/  I 

<  Tw2      /, 


4      V     \M+T 
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That  is 


Vx  G  [0, 1]  . 
Thus 


|**  ("M-1*-1  (/))  (x)  -  f  (x)\  <  |utf  (/,  -^2=^  , 
sup      \x*  ("Af"1'-1  (/))  (x)  -  f  (x)\  <  |u£  (f,  —L=) 


Vx  e  [0,  l] . 

By  Theorem  32.2  we  derive 

Va;  G  [0, 1]  ,  proving  the  claim. 

Next  we  present 

Theorem  32.21.  For  f  G  C([0,  1]  ,Rf)  ,  n  G  N,  we  ftaw 

sup    D  ((^M-1--1/)  (x),f(x))  <  \u>P  (f,  —L= 


(32.32) 


Proof.  Consider  j,  X  as  in  Theorem  32.6.  Then  by  Theorem  32.20  and  (32.15) 
we  obtain 

sup    ||  ("M-1--1  (jo /))(*)- (J" /)(*)||< 


:re[().l] 


,{F)    I      ■  ' 


M^TmH^V'TmJ-        (32-33) 

Clearly  from  (32.30)  and  (32.33)  we  get  (32.32).  ■ 

We  need 

Definition  32.22.  ([175])  For  /  G  C  ([0, 1]) ,  m  £  N,  and  0  <  /3  <  7,  we  define 
the  Stancu-type  positive  linear  operators 


(32.34) 


./■  G  [0, 1]  ,  Pm,k  (x)  =  {    ™    )  xk  (1  -  a;)m-fc 


We  also  give 
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Definition  32.23.  For  /   G   C([0,1],X),   (X,  ||-||)  a  normed  vector  space, 
m  G  N,  and  0  <  /3  <  7,  we  define 


iST /)(*)  =  £/ 


fc  +  /3 
m  +  7 


Pm,k  V     /  ' 


(32.35) 


x  G  [0, 1]  . 

Definition  32.24.  Let  /  G  C  ([0,  1]  ,  Rr)  ,  m  G  N,  0  <  (3  <  7,  we  define 

fc  +  ,/3 


(^ST/)  (*)  =  £•/ 


777  +  7 


©Pm.fe  («)  . 


(32.36) 


a:  G  [0, 1] 


We  use 

Theorem  32.25.   (Gonska  and  Meier  [175])  For  f  G  C([0, 1])  ,  ft  >  0,  0  < 

/3  <  7,  777  G  N,  and  x  G  [0, 1]  it  holds 


3  +  max  {ft     ,  1} 


(L<£P>f)(x)-f(x)\< 

( (72  -  777)  x2  +  mx  +  /32) 


(m  +  7) 


Cl>2  (/,  ft) 


(777  +  7) 


(32.37) 


We  obtain 

Corollary  32.26.  For  N3ra  >    [72]    ([•]    is  the  ceiling) ,  /  G   C([0, 1])  we 
obtain 

(7773+4777/32(777-72))" 


r(0/37)f  f  < 


3  + 


4  (m  —  72)  (m  +  7) 


,  ,.      1\       2  (/3  +  7)  V^       /  .      1 

v™y        (777  +  7)        V    v^ 


(32.38) 


Proof.  Choose  ft  =   — ]—  into  (32.37)  and  maximize  the  right  hand  side  of 

(32.37).  ■ 

We  make 

Remark  32.27.  Let  /G  C([0, 1]  ,  X)  ,  x*  G  X*,  with  |||a;*|||  <  1,  andi'o/  G 
C  ([0, 1])  we  easily  get 


wi  (x*  o  f,  6)  <u>i  (/,<*),  8>0. 


(32.39) 
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Also  see  that 


L^){x'of)(x)-x'of{x)  = 


(f)(x)-f(x) 

Let  j  as  in  Theorem  32.6  and  f  e  C  ([0,  1]  ,  Rf)  ■ 
Then 

\\(VLT)Uof))(x)-(jof)(X)\ 


■  <0/37> 


D 


(/)(*)    -J  (/(*)) 


-  (0/37> 


(/)(*)>/(*) 


(32.40) 


(32.41) 


We  give 

Theorem  32.28.  For  /  G  C  ([0, 1]  ,  X)  ,  (X,  ||-||)  a  normed  vector  space,  m  G 
N,    m  >  py2]  ,we  get  : 


sup 

i6[0,l] 


\(vL<°™f)(x)-f(x)\\< 


3  + 


(to3  +  4rn/32  (m-72)) 
4  (to  —  72)  (m  +  7) 

,  2  (/3  +  7)  Vm 


^{f'Tm 


(to  +  7)  V      \/w 


(32.42) 


Proof.  Let  x*  G  X*  be  fixed  with  |  ||a;*  ||  |  <  1.  Then  x*  o  /  G  C  ([0, 1])  and  by 
(32.38)  and  (32.14),  (32.39),  we  have 


LZV{x'of)-x*of        < 


3  + 


to3  +  4m/32  (to  -  72) 
4  (to  —  72)  (to  +  7) 


,    ,     ,     1   \      2  Q3  +  7)  ym      /  .  1    , 

y/m)  (to +  7)  \  yfm! 


3  + 


to3  +  4to/32  (to  -  72) 
4  (to  —  72)  (to  +  7) 
,  2  (/?  +  7)  Vm 


^2       / 


1 


(TO  +  7)  V       a/to 


That  is 


3  + 


to3  +  Am/32  (to  -  72) 


4  (to  —  72)  (to  +  7) 


^2      / 
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(m  +  7)  V     Vm  - 


Thus 


3  + 


sup      U*(uL^(/)(z)-/(z))|< 

II<1 

m3  +  4m/32  (m  -  72) 


llk*lll<i 


4  (m  —  72)  (m  +  7) 


^2      / 


+  2(g+JVm       /        1  V|,       () 

(m  +  7)  \      ^/m, 


By  Theorem  32.2  we  derive 

||  (^7>  (/))(*) -/w||- 

(m3  +  4m/32  (m-72)) 


3  + 


4  (m  —  72)  (m  +  7) 


^2     /,  -^= 


(m  +  7)  \      im- 


proving the  claim. 

We  present 

Theorem  32.29.  For  /  G  C([0, 1]  ,R;f)  ,  m  G  N  :  m  >  [72]  ,  we  obtain 

sup    d(('L<!£7> /)(*),/(*))< 

m3  +  4m/32  (m  -  72) 
4  (m  —  72)  (m  +  7) 

2(1  +  7)^  m 


3  + 


-r  (  /,  -^ 


(m  +  7)  \      ,/ni 


(32.43) 

Proof.  Consider  j,  X  as  in  Theorem  32.6.  Then  by  Theorem  32.28  and  (32.15), 
ui(j  of, 6)  =*[*)(/, 6),  S>0, 


and 
we  get 


sup 

cG[0 


3  + 


'    \\(VL{T)(Jof))(x)-(jof)(x)\\< 
ijllV  I  II 

m3  +  4m/32  (m-72) 


4  (m  —  72)  (m  +  7) 


W2lj0/'^ 
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,  2  (/3  +  7)  ^       (  1 

H 7 : — n — wi  ho/,  -= 

(m  +  7)  V  V™ 


3  + 


m3  +  4m/32  (m  —  72) 


,(^> 


/>  — 

m 


4(m  —  72)  (m  +  7) 

+  2(^  +  7)^r)/        1    )>m6W;m>rVr1 
(m  +  7J  V      Vm/ 

for  clearly  from  (32.41)  and  (32.44)  we  get  (32.43). 


(32.44) 


We  use 

Definition  32.30.  Let  /  G  C  ([0,  1]) ,  and  x  G  [0, 1]  such  that  x  +  Ah  e  [0, 1]  , 
where  ft  >  0.  We  define  the  modulus  of  smoothness  of  order  4  as, 

co4  (/,  5)  =  sup  { I  (/  (x)  +  f(x  +  Ah)  +  6f(x  +  2ft)) 
-A(f(x  +  h)+f(x  +  3h))\: 
x,  x  +  Ah  €  [0, 1] ,  0  <  ft  <  8}  ,  8  >  0.  (32.45) 

Clearly  ^4  (/,  •)  is  a  non-decreasing  function,  and  UI4,  (/,  <5)  — >  0,  as  <5  — >  0. 

Definition  32.31.  Let  /  G  C([0,  1]  ,X) ,  (X,  ||-||)  a  normed  vector  space. 
We  also  define 

uX  (/,  S)  =  sup  { ||  (/  (x)  +  /  (x  +  Ah)  +  6/  (x  +  2h)) 


-A(f(x  +  h)  +  f(x  +  3h))\\: 

x,  x  +  Ah  G  [0, 1]  ,  0  <  h  <  8}  ,  <5  >  0. 


(32.46) 


Definition  32.32.  Let  /  G  C([0,  1]  ,K^)  ,  we  further  define 

wf)  (/>  *)  =  sup  {D  ((/  (i)0/(i  +  4/i)e60/(i  +  2ft)) 

AQ(f(x  +  h)®f(x  +  3h)))  : 
x,  x  +  Ah  e  [0,1],  0<h<8},  S>  0. 


(32.47) 


We  make 

Remark  32.33.  Let  /   G   C([0, 1]  ,  X) ,  cc*    G   X* ,  with  |||a;*|||    <    1,  then 

x'o/ec([o,i]). 

We  observe  that 


cu4  {x*  of, 6)  =  sup  {|a;*  [(/  (a;)  +  /  (a;  +  4ft)  +  6/  (x  +  2ft)) 
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-4(/(»  +  ft)  +  /(*  +  3h))]|: 

x,  x  +  Ah  £  [0, 1] ,  0  <  h  <  8}  < 

sup  { |||a:* HI  ■  ||(/  (x)  +  f(x  +  Ah)  +  6/  (as  +  2h)) 

-A(f(x  +  h)  +  f(x  +  3h))\\: 

x,  x  +  Ah  €  [0, 1] ,  0  <  h  <  8}  < 

sup  {||  (/  (x)  +  f(x  +  Ah)  +  6/  (x  +  2ft)) 

-A(f(x  +  h)  +  f(x  +  3h))\\: 
x,  x  + Ah  £[0,1],  0  <  h  <  8}  =  wj  (/,  <5) 
We  have  established  that 

L04  (x*  o  f,  8)  <  ul  (/,  8),  S>0.  (32.48) 

Next,  let  X  =  C([0,  l])2  and  j  as  in  Theorem  32.6.  Let  /  £  C  ([0, 1]  ,Rr)  ,  and 
consider  g(x)=j  (/ (x)),  x  £  [0,  l],i.e.  g£C([0,l],  X). 
By  Theorem  32.6,  (ii),  we  notice 

\\(g(x)+g(x  +  Ah)+6g(x  +  2h)) 

-A(g(x  +  h)+g(x  +  3h))\\  = 

||  j  (/  (x)®f(x  +  Ah)®6Qf(x  +  2hj) 

-j(AQ(f(x  +  h)(Sf(x  +  3h)))\\B  = 

D  ((/  (x)<$f(x  +  Ah)($6Qf(x  +  2ft))  , 

4©(/(a;  +  ft)©/(»  +  3h)))1 


which  implies 


u£  (jo/,  5)  =  wf)(/,  8),  S>0.  (32.49) 


We  use 

Definition  32.34.  Let  /  £  C([0,  1])  ,  we  define  the  special  Stancu  operator 

([271]) 

S"  {f'x)^J^^f(l)  (Z)  (™)k  (n  ~  ™)n-u  >  (32-50) 

6-1 

where  (o)0  =  f ,  (a)b  =  II  (a  -  fc) ,  a  G  R,  &  G  N,  n  £  N,  a:  G  [0, 1]  . 

fc=0 

Definition  32.35.  Let  /  G  C([0, 1]  ,X)  ,  (X,  ||-||)  a  normed  vector  space. 


32.1  Results         521 
We  also  define 

S"{f'X)  =  ^^Kn)(nk){nX)k{n~nXL-k'  (32'51) 

n  G  N,  x  G  [0, 1]  . 

Definition  32.36.  Let  /  G  C([0, 1]  ,R^) . 
We  further  define 

S</)  (/'  *>  =  ^  °  £  V  (£)  ®  (  (fc)  (»«)*  («  -  "*>«-*)  >         (32-52) 

n  €  N,  x  €  [0, 1] . 

We  make 

Remark  32.37.  Let  x*  G  X* ,  f  G  C  ([0, 1]  ,  X)  . 

Then 

Sn  (x*  o  /)  (i)  -  M"1'-1  (*'  o  /)  (S)  = 

x*  (S£  (/)  (x)  -  "M-1--1  (/)  (x))  .  (32.53) 

Let  j  as  in  Theorem  32.6  and  /  G  C  ([0,  1]  ,  Rj?)  . 
Then 

||  (^(io/))^)-^-1-1  (jo/))  (x)||  = 


II j  (sf  >  (/)  (*))  -  j  Mm-1'-1  (/)  (xj)  ||    = 

II     V  /  V  /lis 

O  ((^  (/))  (*)  .  (^M"1'-1  (/))  (*))  .  (32.54) 

We  mention 

Theorem  32.38.  ([176],  p.  75)  Let  f  G  C  ([0, 1]) ,  n  €  N.  T/ien 


KSn-M-1'-1)  (/;a!)|  <d«4f/,    fl^+lt)'  (32-55) 

Vx  G  [0, 1]  ,  where  ci  >  0  is  an  absolute  constant  independent  of  n,  f  and  x. 

We  give 

Theorem  32.39.  Let  f  G  C  ([0, 1]  ,X)  ,  (X,  ||-||)  a  normed  vector  space,  n  G  N, 
x  €  [0, 1]  . 

T/ien 


\(SZ  -   VM~1'-1)  (/;x)||  <  ciu£  (  /,    \l^+^  )  (■■^•■">«) 
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where  ci  >  0  is  a  universal  constant. 

Proof.  Let  x*  £  X*  be  fixed  with  |||a;*|||  <  1.  Then  x*  o  /  £  C([0, 1])  and  by 
(32.55)  and  (32.48)  we  have 

\(S„  -  M"1'-1)  (a;*  o  f;x)\  <  aun  lx*of. 


*, 

hx(i-x) 

"V 

n(n+  1) 

hx 

(1-*A 

<Cl^4       /,      ...  , 

\        y   n(n+l) 
That  is  by  (32.53)  we  obtain 

\x'(SZ(f)(x)-  vM-1--1(J)(x))\< 


Hence 


I       r  4      'iX   (1  X) 


sup     jcc*  (S£  (/)  (s)  -  "M-1--1  (/)  (*))  |  < 
IIU*lll<i 


ClU}4       f, 


n  (n  +  1) 


\/x  £  [0,  f]  . 

By  Theorem  32.2  we  derive  (32.56). 

Finally  we  give 

Theorem  32.40.  Let  f  £  C  ([0,  f]  ,Rr)  ,  n  £  N,  x  £  [0,1]  .  Then 


D((s^(f))(x),^F)M-1-~1(f)){x) 


(T)  I  ,     4/3a;(l-a;) 


n 


(n  +  f ) 


CM '    /.  (      /    ;  fr     .  (32-57) 


where  ci  >  0  is  a  universal  constant. 


Proof.  Consider  j,  X  as  in  Theorem  32.6.  Then  by  Theorem  32.39  and  (32.49) 
we  get  that 

\\{SZ-   vM-1'-1)ijof;x)\\< 


n  (n+  1) 


'«*"!'•  tfS&^i- 


Clearly  from  (32.54)  and  (32.58)  we  obtain  (32.57). 


33 

High  Order  Multivariate 
Approximation  by  Multivariate 
Wavelet  Type  and  Neural  Network 
Operators  in  the  Fuzzy  Sense 


Here  we  study  in  terms  of  multivariate  fuzzy  high  approximation  to  the  multi- 
variate unit  several  basic  sequences  of  multivariate  fuzzy  wavelet  type  operators 
and  multivariate  fuzzy  neural  network  operators.  These  operators  are  multivari- 
ate fuzzy  analogs  of  earlier  studied  multivariate  real  ones.  The  produced  results 
generalize  earlier  real  ones  into  the  fuzzy  setting.  Here  the  high  order  multivariate 
fuzzy  pointwise  convergence  with  rates  to  the  multivariate  fuzzy  unit  operator 
is  established  through  multivariate  fuzzy  inequalities  involving  the  multivariate 
fuzzy  moduli  of  continuity  of  the  Nth  order  (N  >  1)  H-fuzzy  partial  deriva- 
tives, of  the  engaged  multivariate  fuzzy  number  valued  function.  The  purpose  of 
embedding  fuzziness  into  multivariate  classical  analysis  is  to  better  understand, 
explain  and  describe  the  imprecise,  uncertain  and  chaotic  phenomena  of  the  real 
world  and  then  derive  useful  conclusions.  This  chapter  relies  on  [49]. 


33.1     Fuzzy  Real  Analysis  Background 

We  need  the  following  background 
Definition  33.1(see  [283])  Let  fj,  :  R  — >  [0, 1]  with  the  following  properties 

(i)   is  normal,  i.e.,  3xo  £  R;  (J,(xo)  —  1. 

(ii)   n(\x  +  (1  —  X)y)  >  mm{(j,(x)  ^(y)},  Vx,j/  £  R,  VA  6   [0,1]   (/i  is  called  a 
convex  fuzzy  subset). 
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(iii)   n  is  upper  semicontinuous  on  R,  i.e.  Va;o  £  R  and  Ve  >  0,   3  neighborhood 
V(x0)  :    n(x)  <  n(xo)  +e,  Va;  £  V(xo). 


(iv)   The  set  supp(/i)  is  compact  in  R  (where  supp{n)  :=  {x  £  R  :    fi(x)  >  0}). 

We  call  jj,  a  fuzzy  real  number.  Denote  the  set  of  all  \i  with  R?. 
E.g.,  X{x0}  £  Rr,  for  any  xq  £  R,  where  X{x0}  is  the  characteristic  function 
at  Xq. 

For  0  <  r  <  1  and  /i  £  R^r  define 

Mr  :=  {a;  £  R  :    fi(x)  >  r} 
and 


[m]°  :=  {a:  £  R  :    /x(a;)  >  0}. 

Then  it  is  well  known  that  for  each  r  £  [0,  1],  [fi]r  is  a  closed  and  bounded 
interval  of  R  ([172]). 

For  u,  v  €  Rp  and  A  £  R,  we  define  uniquely  the  sum  u  ©  v  and  the  product 

A0tiby 

[u®v]r  =  [u]r  +  {v]r,     [\Qu]r  =  \{u]r,  Vr£  [0,1], 
where 

•  [u]r  +  [v]r  means  the  usual  addition  of  two  integrals  (as  subsets  of  R)  and 

•  \[u]r  means  the  usual  product  between  a  scalar  and  a  subset  of  R  (see,  e.g., 
[283]). 

Notice  l0ti  =  u  and  it  holds 

u(B«  =  »9ti,A0!i  =  ti0A. 
If  0  <  n  <  r2  <  1  then 

[u]r2  C  [u]ri. 

Actually  [u]r  =  [uM,  u^}],  where  uM  <  u%] ,  uM ,  u^  £  R,  Vr  £  [0, 1]. 

For  A  >  0  one  has  Au^T    =  (A  0  u)±  ,  respectively. 
Define  D  :  Rr  x  Rr  ->  R+  by 


D(u,v)  :—    sup   maxi  | 
refo.i]  *■ 


(r)  (r)  I       I      (r)  (r)  i 

U       — V        ,     Ml     —  VI 


re[o,: 
where 


[v]r  =  [v(_r\  v^};  u,veRr- 
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We  have  that  D  is  a  metric  on  R^. 

Then  (Rj^,D)  is  a  complete  metric  space,  see  [283],  [284]. 

Let  /,  g  :  Rm  — *  Rp.  We  define  the  distance 

D*{f,g):=    sup  D(f(x),g(x)). 

ieRra 

Here  S*  stands  for  fuzzy  summation  and  0  :=  X{o}  £  R.F  is  the  neutral  element 
with  respect  to  ©,  i.e., 

m0O  =  O0u  =  u,  VuG  Rr- 

We  need 

Remark  33.2  ([29]).  Here  r  £  [0,  1]  a;l(r),yf)  €  R,i  =  1,... ,  m  £  N.  Assume 
that 

sup   max  f  x>rJ  ,  y,     )  £  R ,  /or  i  =  1, . . . ,  m. 

r€[0,l]  ^  ' 

Then  one  sees  easily  that 

/  m  m  \  m 

sup   max     \     xf  ,  >     yf    1  <  >      sup   max  I  x\r  ,  i/' 

r€[0,l]  Vfct  fcl  /  fel^O,!]  V 

Definition  33.3  Let  /  £  C(Rm),   m  £  N,  which  is  bounded  or  uniformly 
continuous,  we  define  (h  >  0) 


wi{f,h):=  sup  |/(asi,  —  ,  xm)-f(xi,...,  x'm)\. 

all  Xi,   x'-£l{.,    \xi  —  x'.  |  <h,   for  i— 1,...,   m 

Definition  33.4  Let  /  :  Rm  — ►  Rjr,  we  define  the  fuzzy  modulus  of  continuity 
of  /  by 

w{T)(f,S)=  sup  D(f(x),  f(y)),  6  >  0, 

i,j/GRm,    \xi~ Vi\^i^i   for  *  —  !)■■■)   m 

where  x  =  (xi, . . . ,  xm),  V  -  (j/i,  ■  •  • ,  2/m). 
For  /  :  Rm  -+  RT ,  we  use 


M       j-(r). 


[/]r  =  i/irj,  /n 


fw 


where  /^  :  Rm  -*■  R,  V  r  £  [0, 1]. 

We  need 

Proposition  33.5  Let  /  :  Rm  ->  R^.  Suppose  that  wf^  (/,<*)>   toi(/M,5), 
Wi(/+   ,  <5)  are  finite  for  any  8  >  0,  r  £  [0,  1]. 

Then 
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w[*){f,6)=    sup   maxW(/M,5),  w1(fir\S)}. 

r€[0,l] 

Proof.  By  Proposition  1  of  [37].  ■ 

We  define  by  C^(Rm),  the  space  of  fuzzy  uniformly  continuous  functions  from 
Rm  — »  R^r,  also  Cjr(Rm)  is  the  space  of  fuzzy  continuous  functions  on  Rm,  and 
Cb (Rm,R^)  is  the  fuzzy  continuous  and  bounded  functions. 

We  mention 

Proposition  33.6([37])  Let  /  G  C^(Rm).  Then  W^(/,d)  <  oo,  for  any 
8  >  0. 

Proposition  33.7([37])  It  holds 

limWl^(/,<5)  =  wP(/,0)  =  0, 

o— »0 

iff  /6^(Rm). 

Proposition  33.8([37])  Let  /  G  0(Rm).  Then  /^r)  are  cquicontinuous  with 
respect  to  r  G  [0, 1]  over  Rm,  respectively  in  ±. 

Note  33.9  It  is  clear  by  Propositions  33.5,  33.7,  that  if  /  G  C^(Rm),  then 
/ir)  G  Cu{Rm)  (uniformly  continuous  on  Rm). 

We  need 

Definition  33.10  Let  x,  y  G  Rt-  If  there  exists  z  G  Kt  '■  x  —  y  ©  z,  then  we 
call  z  the  H-difference  on  x  and  y,  denoted  x  —  y. 

Definition  33.11([283])  Let  T  :=  [xo,  Xo  +  /3]  C  R,  with  /3  >  0.  A  function 
/  :  T  — >  Rjr  is  H-differentiable  at  x  G  T  if  there  exists  an  f'(x)  G  R^  such  that 
the  limits  (with  respect  to  D) 

lim    /(x  +  fa)  -  f{x)       lim    /(s)  -  /(s  -  fa) 

h->0+  fa  '    h->0+  fa 

exist  and  are  equal  to  fix). 

We  call  /'  the  H-derivative  or  fuzzy  derivative  of  /  at  x. 

Above  is  assumed  that  the  H-differences  f(x  +  fa)  —  f(x),  f(x)  —  f(x  —  fa)  exist 
in  R^r  in  an  neighborhood  of  x. 

Definition  33.12  We  denote  by  C^(Rm),  N  G  N,  the  space  of  all  iV-times 
fuzzy  continuously  differentiable  functions  from  Rm  into  Rjr. 

Here  fuzzy  partial  derivatives  are  defined  via  Definition  33.11  in  the  obvious 
way  as  in  the  ordinary  real  case. 

We  mention 

Theorem  33.13([202])  Let  /  :  [a,  b]  C  R  -»  RT  be  H-fuzzy  differentiable.  Let 
te[a,b],  0  <  r  <  1.  Clearly 

[f(t)]r  =  if(t)(:\  /wlr)]cR. 

Then  {f(t))±    are  differentiable  and 
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[f'(t)Y  =  [(/WM)',  (/(t)ip))']. 


That  is 


f'\(r)  —  (  t(r)v 


{fW  =  (f£'),Vre[0,l]. 

Remark  33.14  (sec  also  [35])  Let  /  G  CN (R,  Rr),  N  >  1.  Then  by  Theorem 
33.13  we  obtain  /£°  G  C^R)  and 

[/(0(t)]r  =  [(/(t)lP))(0.   (/(*)iP))Wl. 

for  i  =  0, 1,  2  . . . ,  AT,  and  in  particular  we  have 

(/(l))Lr)  =  (/ir))w, 

for  any  r  G  [0,  1]. 

Rm1     rlennto    f-    — 

0  x 


Let  /  G  Cf  (Rm),  denote  /5  :=  §^|,  where  5  :=  (ST, . .  . ,  a^),  a,  G  Z+,  i  = 


1, . . . ,  m  and 

m 

0  <  |5|  :=^a»  <  AT,  AT  >  1. 
i=i 
Then  by  Theorem  33.13  we  get  that 

(/ir))a  =  (/s)ir\  Vre[0,l], 

and  any  5  :    |5|  <  AT.  Here  f(±]  G  CN(Rm). 

For  the  definition  of  general  fuzzy  integral  we  follow  [206]  next. 

Definition  33.15  Let  (fl,  E,  /it)  be  a  complete  a-finite  measure  space.  We  call 
F  :  Q  -»  R^  measurable  iff  V  closed  B  C  R  the  function  F_1(.B)  :  0  ->  [0, 1] 
defined  by 

F_1(B)(w)  :=  supF(ra)(i),  all  w  e  ft 

xSB 

is  measurable,  see  [206]. 

Theorem  33.16  ([206])  For  F  :  Q  ->  Rt, 

F(w)  =  {(  FM(w),  F{r)(™))|0  <  r  <  1}, 
the  following  are  equivalent 

(1)  F  is  measurable, 

(2)  We  [0,1],  FM,  FJr)  are  measurable. 
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Following  [206],  given  that  for  each  r  £   [0,  1],    F_    ,    FJ.     are  integrable  we 
have  that  the  parametrized  representation 


FMdM,    /    F(r) 


0  <  r  <  1 


is  a  fuzzy  real  number  for  each  A  £  E. 
The  last  fact  leads  to 
Definition  33.17  ([206])  A  measurable  function  F  :  ft  ->  R^, 


(0/ 


F(w)  =  {(FirJ(w),  F|r;(w))|0  <  r  <  1} 

is  integrable  if  for  each  r  £  [0, 1],  F±'  are  integrable,  or  equivalently,  if  Fj_     are 
integrable. 

In  this  case,  the  fuzzy  integral  of  F  over  A  £  E  is  defined  by 


Fd^i 


FMdM,    /    FJr) 


0<  r  <  1 


By  [206]  F  is  integrable  iff  w  — »  ||F(w)||;f  is  real-valued  integrable. 
Here 

||m||^  :=£>(u,0),  Vu£  Rjt. 

We  need  also 

Theorem  33.18  ([206])  Let  F,  G  :  ft  ->  R^  be  integrable.  Then 

(1)   Let  a,  6  £  R,  then  aF  +  &G  is  integrable  and  for  each  A  £  E, 


(oF  +  6G)d^  =  a  /   Fd^i  +  6  /   Gd/j; 

A  JA  ./A 

(2)   £>(F,  G)  is  a  real-  valued  integrable  function  and  for  each  A  £  E, 


£>(   /   Fdfi,    /   Gd^l  <   /    D(F,G)dfi. 


In  particular, 


Fd^i 


<  /    \\F\\rdn. 

J  A 


Above  /i  could  be  the  Lebesgue  measure,  with  all  the  basic  properties  valid 
here  too. 

Basically  here  we  have 
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Fdfi 


that  is 


Fdn 


Vr  £  [0, 1],  respectively. 
We  use 
Notation  33.19  We  denote 


FMdM,    /    F(r) 


(r) 


Fir)d„, 


d2f(i 


_t,         /    S      ~\\         _  3zf(x1,x2)    -\  fd2f(x1,x2)    _\ 

£DW°)    f^-=D  — kH-0  +D (— ^H'°  +2°    a,l9,2 


In  general  we  denote  (j  =  1, . . . ,  AT) 


hDy-/°) 


/(l?)  :  = 


E 


-D 


.  jm)ezy:  E™  j  i;=j 


_j  31 !  J2!  ■  ■  ■  ]'m!        \   eaj^Sa;^2  .  .  .  3xi 


SJ/(s 


*) 


,  0 


Notation  33.20  In  this  chapter  we  define  the  multivariate  fuzzy  wavelet 
type  operators  Ak,Bk,Ck,Dk,  k  €  Z,  in  Theorems  33.23,  33.21,  33.25,  33.27, 
respectively.  Their  real  analogs  are  defined  exactly  the  same  way  in  Chapter  9  of 
[23]  and  we  keep  here  for  these  operators  the  same  notations  Ak,  Bk,Ck,  Dk,  k  € 
Z  (as  in  [23]). 

Also  the  multivariate  fuzzy  neural  network  operators  Fn,G„  are  defined  here  in 
Subsections  33.2.2  and  33.2.3.  Their  real  analogs  are  defined  exactly  the  same  way 
in  Chapter  3  of  [23],  using  there  and  here  also  the  same  notations  F„,  G„,  n  £  N. 

In  this  chapter  for  convenience  we  are  using  indiscriminately,  whether  it  is  real 
or  fuzzy  operator:  Ak,Bk,Ck,Dk,Fn,Gn-  What  it  really  is,  it  is  understood  by 
the  context. 

We  were  also  motivated  by  [21],  [22],  [31]. 


33.2     Main  Results 


33.2.1     Convergence  with  Rates  of  Multivariate  Fuzzy  Wavelet 
Type  Operators 

We  present  the  first  main  result  on  multivariate  fuzzy  wavelet  type  operators. 
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Theorem  33.21  Let  /  G  C^(Rm),  m,  N  €  N;  ~x  G  Rm  and  k  G  Z.  Let  ip  >  0 
be  a  bounded  function  on  Rm  of  compact  support 

m 

—  Ill    ai'  a*]'  0  <  a*  <  +°°>  a  :=  max(ai, . . . ,  am). 

i=i 
Assume  that 

oo  oo 

^       ...       ^       <P(X1  -  j'l,-..,    Xm  -  jm)  =  1, 

all  a;  :=  (xi, . . . ,  xm)  £  Rm,  in  short 


J2  ip{~x  -  j )  =  i, 


all  a;  G  Rm,  where  j    :=  (ji, . . . ,  jV, 
Set 


Bfc(/)(x1;...,xm):=      Y,        •■■      E         /(^.•■•.    ^■)©¥'(2^i-ji,...,  2*xm-j„ 


any  A;  €  Z,  all  (xi, . . . ,  xm)  €  Rm;  in  short 


sfc(/)(^)=  f;  /^J0^(2fc^-t), 

any  fc  G  Z,  all  "x  G  Rm. 

Here  we  further  suppose  that  all  of  the  fuzzy  partial  derivatives  of  /  of  order 
TV,  denoted  by 


fa  ■—  ^-~       5  —  (5i, . .  . ,  <5^),  Oi  G  Z+,  i  =  1, . . . ,  m  :    |5|  =  ^  a,  =  JV 

are  fuzzy  continuous  and  fuzzy  bounded,  or  fuzzy  uniformly  continuous  on  R" 
Then 


N        N 

am  (r)  f         a\ 

,„  „,  ..      max     w;         fa,  —r    ,  (33.1 

TV!  2feJV  a:  |5|=jv     x      Vy      2fc/  '  v        ' 
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any  k  G  Z,  which  is  attained  by  constant  fuzzy  functions. 

Remark  33.22  (i)  Clearly  here  Bkf  — >  /  pointwise  over  Rm,  as  k  — >  oo, 
convergence  with  respect  to  metric  D. 

(ii)  Given  that  /  £  C^b(Rm)  (i.e.,  all  of  /  and  its  fuzzy  partial  derivatives  up 
to  order  N  are  fuzzy  continuous  and  fuzzy  bounded)  we  obtain 


^(^/)<E^j(g^W°Jj/+A!2- 


am  (jr)  /         a 
max     w)         fa ,  — r 

3:    |3|=JV       1  V      '   2fc 


any  fc  G  Z. 

That  is  Bfe/  — »  /,  fuzzy  uniformly  over  Rm,  as  fc  — >  oo. 
(iii)  When  JV  =  1  from  (33.1)  we  get  that 

D({BHf)&),  /(?))<°(fn(M,o]+m.        max       ^f  — 
\  7"2^\^     V    &r;       /  ie{i,...,  m}    x      V^i 

any  fc  €  Z. 


2k 


Proof,  (of  Theorem  33.21) 

Since  <p  is  of  compact  support  (Bkf)  is  a  finite  sum.  Thus  for  r  G  [0, 1]  we 
have 


oo 

"    /-j>\- 

r 

[Bk(f)(^)V  = 

-e 

f       ok    J 

¥>(2fc~x  -  j  )  = 

j  =_oo  L       \        /. 

OO 

"  /      /-^\ 

\    W            /           /-^\      N 

.  0)" 

E 

('{£) 

.(/(£) 

p(2fc"?  -  j  ) 

—  —  CXD 

\    \     1 

/  -      V    \     /  / 

'+  . 

Llj/(i));v^7,Ej/(i));v.-r 


s*   (/)Lr)   (■?),  BJ  (/)VP)   0?) 


That  is, 


(Bkf)¥  =  Bk    /f     ,  Vre[0,l] 


We  see  that 


£>(  (Bkf )(!?),   /("?))=   sup    max  j  |  (Bfc/)M  0?)-/M(l?)|,   |  (Bfe/)£>  (1?)  -  /^>  (1?)|  1 
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=  ||s*  (/«)  (1?)  -  /M0?)|,  |sfc  (/«)  (if)  -  /<r> (i?)| 

Clearly  here,  (/&)  +    are  continuous  and  bounded,  or  uniformly  continuous  on 

Rm,  |5|  =  AT,  Vr  G  [0, 1].  Also  /^r)  G  ^(R™),  Vr  G  [0, 1]. 
By  Remark  33.14,  we  observe  that 


(r) 

±    ' 


(/£V<*) 

for  any  r  G  [0,  1],  and  any  a  :    \a\  <  A/",  where 

with  a  :=  (5i, . . . ,  a^),  ai  €  Z+,  i  =  1, . . . ,  m,  and 

m 

0  <  |5|  :=  ^ai  <  AT. 
i=i 

Therefore  we  can  apply  Theorem  9.1  of  [23],  p. 201  to  get 
D[  {Bkf)(~x),  f(~x)      <    sup   max 

\  /  r€[0,l] 

gji  ((gis;i)Vc*>) +^;.,-Bi»-(«f,)-i) }  * 


„J 


The  following  example  of  m  =  2  and  j   =  2  will  help  us  derive  a  general 
conclusion. 
We  have 


sup   max  __   +   __        /l>(xi,x2),       "S-   +   "S-        /+   (^1,0:2) 

re[oi]  I    \lrail       \0x2\J  \  I  oari  I       I  ox2  \) 
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sup   max 

r€[0,l] 


&£\X1,X2) 


dx\ 


+ 


d2f^(Xl,X2) 


dx% 


+  2 


Pf^ixuxi) 


^2fi;)(x1,X2) 


dx\ 


sup   max 

r£[0,l] 


sup   max 

re  [0,1] 


2   sup   max 

r€[0,l] 


sup   max 

r€[0,l] 


sup   max 

r6[0,l] 


2   sup   max 

rS  [0,1] 


+ 


d*f£>(x1,X2) 


dx\ 


+  2 


dx\dx2 

d2fir\Xl,X2) 


dx\dx2 


d2f(_r)(x1,x2) 


dx\ 

d2f(l\x1,X2) 


^r(r) 


d*f£>(xUX2) 


dx\ 


dx'l 

d2fir\Xl,X2) 


dx\ 


+ 


+ 


d2fM(Xl,X2) 


dx\dx2 


,2  ,(r) 


d'f;>(x1,X2) 


d2f(xux2) 
dx\ 

d2f(xi,x2) 
dx\ 

d2f(x1,x2) 


(r) 


(r) 


M 


D 


d2f(xi,x2) 


dx\ 
That  is  wc  have 


,0\+D 


dxidx2 

d2f(x1,x2) 


dx\dx2 


d2f(xux2) 
dx\ 

d2f(xi,x2) 
dx\ 

d2f(x!,x2) 
dx\dx2 


(r) 


(r) 


(r) 


+ 


+ 


dx\ 


0  \  +2D 


d2f{x1,X2) 

dxidx2 


sup   max  __   +   __        f_'(x1,x2),        "a-   "Ha-        f+   (Xi,X2)}  < 

re[oi]  \\oxi\      \dx2\J  Vlctail      \dx2\'  ' 


,    dJf(x1,x2)     ~\  (dzf(x1,x2)     -\  I  df(x!,x2) 

D  |   V     ,  ,   0  I  +D\  \  V  .   0  I  +  2D  (  Jy  A'  ,   0 

dx\dx2 


^D(W°)    1      ' 


So  in  general  we  obtain 


sup   max  <  I    I    > 

re  [oi]  ][    [/- 


inV^m\((t\^r\\fr(~i 


dxi 


I  dxi 


E^ 


dxi' 


0  fix). 
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Therefore  we  derive 

(.).g^((|K^5)H+ 


TV!  2kN 


^M   ±\     ,„.     <t~\(r)    a 


proving  the  claim.  ■ 

We  continue  with 

Theorem  33.23  Let  /  €  C^(Rm)  n  Cb{Rm,Rr),  m,  TV  €  N;    ieRm  and 
k  €  Z.  Let  (p  >  0  a  continuous  function  on  Rm  of  compact  support 

m 

—  lli    ai>  a*]'  0  <  a»  <  +°°)  a  :=  max(ai, . . . ,  am). 
Assume  that 

oo 

E    <P(~$  -  3  )  =  1, 


(then  f Rm  ¥>(  x  )d  x  =  1). 
Define 


Mf)&)--=     E      afct(/)©^(2fe^-t), 
i  =— oo 
where 

<y?(/)  ==  J    f  (S\  0  vtf  -  T)<Tt?,  fc  e  z. 

Here  we  suppose  that  all  of  the  fuzzy  partial  derivatives  of  /  of  order  TV, 
denoted  by 


h  ■=  o-^    (  5  :=  (5i,  •  •  • ,  QVn),  a,£Z+,  i=l,...,  m:    |5|  =  ^  Qj  =  TV 

are  fuzzy  continuous  and  fuzzy  bounded,  or  fuzzy  uniformly  continuous  on  R" 
Then 
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^((^/)(^/(-))<E-r^((|:^(|-'0))V(^)]  + 


.,(^) 


a 


M^Pa^/i      l/5'  2^  J  '  (33-32) 

any  fc  G  Z,  which  is  attained  by  constant  fuzzy  functions. 

Remark  33.24  (i)  Clearly  here  A^f  — >  /  pointwise  over  Rm,  as  fc  — >  oo, 
convergence  with  respect  to  metric  D. 

(ii)  Given  that  /  G  C*fb(Rm)  we  get 


JV         AT 

any  fc  G  Z. 

That  is  ^4fe/  — >  /,  fuzzy  uniformly  over  Rm,  as  k  — >  oo. 
(iii)  When  JV  =  1  from  (33.2)  we  obtain  that 

any  k  G  Z. 

Proof,  (of  Theorem  33.23) 

Since  95  is  of  compact  support  (Akf)  is  a  finite  sum.  Furthermore  f(u  —  j  ) 
is  non  zero  when 

m 

1?  -  j    €  JJ[-Oi,Oi], 

i=i 
that  is  when 

"w  g  TTbi —  a*'i»  +  aJ- 

Consequently  we  have 

Ml+«1      fJ2+a-2  fjm  +  am         /  ~*?\  _> 

«*?(/)  =/         I        •••/  / U    Q^-iW- 

J31—ai      J  32—12  Jim-am  \         / 

For  r  G  [0, 11  we  have 
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Kt(/)lr  = 


UllH-^Af{*]]     T  " 


f  i^:)  ®lf(u  -  J  )du 


•/n™1[3i-»i,j,+",] 


/|^|   I      ¥>(«-  i  )d« 


We  notice  that 


[^(/)(^)]r=  E  Kt(/)]r^(2fc 

J  =  —  oo 

(r) 


E 


Il^Li[ii-ai.ii+ai] 


x  -  3  )  = 


•M  2fc  )   I      <fi(u  ~  J)du- 


I  I'd 


(r) 


E 


E 


njiilii-Oi.Ji+o*] 


njLiU»-°»j»+o»] 


(^(  u  —  j  )du 

(r) 


<p(2  ~x*  -  j  ) 


p(u  -  j)dtt     <p(2    x  -  j) 


(r) 

/(^l)      <p(u-T)dTi  )ip(2k~x-  j) 


I.e.  we  proved  that 


So  we  have 


^(/M)W),  (^(/!r))W) 

(Afc/)£>  =Ah  (/£>),  Vre  [0,1]. 


D    (At(/))(t),    /0?)j    =      sup^   max  j  |  (Afc /)«(■?)-/«(-?)  | ,    |(Afc/)<T'(l?)-/M(^)]| 


=    sup   max     |4(/W)(^)-/W(t)|,   Ufc(/|r))(^)-/|r)(^)| 

r€  [0,1]  I 

(by  Theorem  9.2,  p. 206,  [23]) 
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<      N  a?  I  I     m     |      3     ,\J      ,     >  \  aN    mN  /       ,    ,  a       > 


E-7^TjJ  ^gl&rlj    ^^J  +  TV!  iCT  a^™1  ((/+ ))a'  2^! 


+  7V!  2(*-D"  a:1^iVp^1]max\tt,1l(/-   )a'2^J'  Wll(/+   )a'2^ 

(r)         a      \  (..    sir)         0, 


E -rw^j[{J2D (^:.  °) )J/(^)j  +  jvf^w 


max      sup   max     wi  ((/s)_  ,tj— r)  .  ™i  ( (/*)+  .  0fc- 

proving  the  claim. 
We  continue  with 
Theorem  33.25  All  assumptions  here  as  in  Theorem  33.21.  Set 


and 


ft(/)CJ?):=     E    7fc->(/)0^(2fcl?-7), 
all  "x  €  Rm  and  k  €  Z.  Then 


3  =— oo 


a(a</)C*>.  /<*))  .£^f  ((fi^H^M  + 
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(o+  1)N  mN 
N\  2fe 


(T)  I  ,      a  +  1 
max^wj      (  /s,— ^- 


(33.3) 


any  fc  G  Z,  which  is  attained  by  constant  fuzzy  functions. 

Remark  33.26  (i)  Clearly  here  Ckf  — »  /  pointwise  over  Rm,  as  fc  — >  oo, 
convergence  with  respect  to  metric  D. 

(ii)  Given  that  /  G  C*fb(Rm),  we  derive 


k     kJ'J'-^i     jS2ko      W^  \dx,       >)        )  JV!  2<=«  a:   |S|  =  JV      !        V  2k 

any  fc  G  Z. 

That  is  Cjt/  — *  /,  fuzzy  uniformly  over  Rm,  as  fc  — >  oo. 
(iii)  When  JV  =  1  from  (33.3)  we  obtain  that 


V{U^Jn-,li-!)M^)\±D(^lro)+rn.^rrnaX_wr'    °J      "       ' 


»£{!,...,    m}        1  \  dXi  '        2k 


any  fc  G  Z. 
Proof,  (of  Theorem  33.25)  We  observe  for  r  G  [0,  1]  that 


[%r(f)Y  :=  2mk 


f\    t+^)dt 


l~  &[7+l)d7>£  vi7**!"* 


M^'^fVr) 


That  is  we  proved  that 


M/))r=^(/ir)) 


Hence  we  obtain 

oo 

[Ck(f)(^)V=  £    Kt(/)]V(2A 


a;  -  j 


E  M^V^+OH2^") 


33.2  Main  Results         539 


e  %r  [f-i  v^  j  )-  _e  %r  {fn  *$"*  j  ) 

7  —  —  oo  j  —  —  oo 

=    (<*(/«))(*),  (crfc(/W)W)   . 

So  we  have  established  that 

(Cfc/(l?))ir)  =  Ck  (/£>)  ("?),  Vr  G  [0,  1]. 

Then  we  use  Theorem  9.3,  p.211,  [23]  and  we  follow  the  same  steps  as  in  the 
proof  of  Theorem  33.21.  ■ 

We  also  give 
Theorem  33.27  All  assumptions  here  as  in  Theorem  33.21.  Set 

(Dkf)ft):=     J2      <W(/)  0^(2*^-7), 


where 


**?(/)==  E  »tQ/  i  + 


i  ,    * 


2fe        2fc" 


E»t-i. 


i   <=  Zip,    n>  G  Nm,  wr  >  0, 


kez,  j  ezm,  x  e  R" 

That  is 


l1=0     l2=Q  lr=Q 

n\         712  nn 


h    ,      Ji 


Jm  ^m 


2fe       2fc  m''"'    2fc        2fc  nm)  ' 


wd,...,  ;m  >o,  E  E  ■••  E  w*i. 


Then 


DlWXTfWPJlsf^"'^-'8 


(|D(|-.o))V))  + 
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(o+  1)N  mN 
N\  2k 


(f)  ( t     a+1 


(33.4) 


any  fc  £  Z,  which  is  attained  by  constant  functions. 

Remark  33.28  (i)  Clearly  here  Dkf  — ►  /  pointwise  over  Rm,  as  k  — >  oo, 
convergence  with  respect  to  metric  £>. 

(ii)  Given  that  /  G  C*fb(Rm),  we  get 

k  ^     j!  1ki      vVi=l         ^0a:<      V       /  N'  2kN         S:  |a|=N     !        V  2<=     7 

any  fc  £  Z. 

That  is  -Dfc/  — >  /,  fuzzy  uniformly  over  Rm,  as  k  — >  oo. 
(iii)  When  iV  =  1  from  (33.4)  we  derive 


Pi    .:>,.  /":,T  ■:.     /:-  ■:]    _ .    j    -S±)   {    £    D(££^2,o)  +m-  max  ™<^>  f  iLL    f±T 


2<- 


«£{!,...,    to}       *  V  8xj  '       2fc 


any  k  £  Z. 

Proof,  (of  Theorem  33.27)  We  notice  that 


n 


"  2fe       2fc7 


/<?  l  +  zL),fP\l+  l 


2k       2kli  J  ,J+     \2k       2kn 


That  is 


Furthermore  we  observe  that 


bserve  that 

oo 

[Dk(f)(^W=     £     [<Sfc->(/)]V(2fcl?-7) 
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00 


E  \r(/lr>(2fc^-T),  E   ^(/irV(2fc--T) 


(/«)(i?),  Dfc(/r)  (-) 


A: 


(2?fc/)M  =  D„  (f£A  ,  Vr  G  [0,  1] 


I.e.  we  proved  that 


Then  by  using  Theorem  9.4,  p. 214,  [23]  and  following  similar  steps  as  in  the 
proof  of  Theorem  33.21.  we  finish  proof.  ■ 

We  further  give 

Theorem  33.29  Let  /  G  CV(Rm),  m  G  N,  which  fuzzy  uniformly  continuous 
or  fuzzy  bounded. 


(i)   Under  the  notations  and  assumptions  of  Theorem  33.21,  N  =  0,  we  get 

(33.5) 
(ii)   Under  the  notations  and  assumptions  of  Theorem  33.23,  N  —  0,  we  derive 

;.6) 

(iii)   Under  the  notations  and  assumptions  of  Theorem  33.25,  N  =  0,  we  get 

(33.7) 
(iv)   Under  the  notations  and  assumptions  of  Theorem  33.27,  N  —  0,  we  obtain 

k  G  Z.  (33.8) 


DUBkf){-?),  /(af)J  <  w[T)  (/,  J)  ,  k  €  Z. 


DUAkf)(lS),  /("?)  j  <  w<P  (/,  ^t)  ,  k  G  Z.  (33, 


/)(  ,('„/,(-,.  ,f(T))  <  w{T)  (f,  2  +  1")     l;fZ. 


Z>(  (£>*/)(-?),  /(!?))  <wP  (/-^) 
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All  inequalities  (33.5)-(33.8)  are  attained  by  fuzzy  constant  functions. 
Proof.  We  notice  that 


D\   (Sfc/)(-?),    fljS)  I    ^      sup     max-j   I  (Sfc/)(_r)  Ijg )  -/ir)(7?)|,    I  (Bfc/)<r)  (1?)  -  /<r>  (l?)j 
/         r€[0,l]  i1 

=  ^sup  ]  max  <    I  Bfc  (/M)  )  ("?)  -  /M  ^)  ,     Uk  (/«)  \  (1?)  -  /<T> (7?) 
(by  [90],  or  (9.35)  of  [23],  p.219) 

4K, — {"  {'-'•  *)  • "  (f  ■  i) }  =  "'"  ('■  *)  ■  * e  z- 

proving  (i). 

The  rest  (ii)-(iv)  are  proved  similarly  by  the  use  of  Proposition  9.1,  p. 219 

of  [23].  ■ 


33.2.2     Convergence  with  Rates  of  Multivariate  Fuzzy 

Cardaliaguet-  Euvrard  Neural  Network  Operators 

We  use  the  following  (see  [128]) 

Definition  33.30  A  function  b  :  R  — >  R  is  said  to  be  bell-shaped  if  b  belongs  to 
L1  and  its  integral  is  nonzero,  if  it  is  nondecreasing  on  (— oo,  a)  and  nonincreasing 
on  [o,  +oo),  where  a  belongs  to  R.  In  particular  b(x)  is  a  nonnegative  number 
and  at  a,  b  takes  a  global  maximum;  it  is  the  center  of  the  bell-  shaped  function. 
A  bell-  shaped  function  is  said  to  be  centered  if  its  center  is  zero. 

Definition  33.31  (see  [128])  A  function  b  :  Rd  ->  R(d  >  1)  is  said  to  be  a 
d-  dimensional  bell-shaped  function  if  it  is  integrable  and  its  integral  is  not  zero, 
and  if  for  all  i  —  1, . . . ,  d, 

t  ->  b(xi,...,t,...,Xd) 

is  centered  bell-  shaped  function,  where  ~~x  :=  (xi,  ■  ■  ■  ,Xd)  £  Rd  arbitrary. 

Example  33.32  (From  [128])  Let  b  a  centered  bell-  shaped  function  over  R, 
then  (xi, . .  . ,  Xd)  — >  b(xi) . . .  b(xd)  is  a  d-  dimensional  bell-shaped  function. 

Assumption  33.33  Here  b{  x  )  is  of  compact  support 


B--=H[-Ti,Ti\,  T%  >0 
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and  it  may  have  jump  discontinuities  there.  Set  /  :=  fBb(x)dx  .  Note  that  /  >  0. 
Let  /  :  Rd  — >  R^  be  a  fuzzy  continuous  and  fuzzy  bounded  function  or  a  fuzzy 
uniformly  continuous  function. 

In  this  subsection  we  study  the  D-metric  pointwise  convergence  with  rates  over 
Rd,  to  the  fuzzy  unit  operator,  of  the  multivariate  fuzzy  Cardaliaguet-  Euvrard 
neural  network  operators, 

t—'  ,  t—'  \  n  n  J 

fcl  =  —  n2  fc^  — —  n2 


i-<*(Xd-hA 


I  ■  na'd 
where  0  <  a  <  1  and  ~~x  :—  (a?i, . . . ,  Xa)  G  Rd,  n  G  N. 


(33.9) 


For  the  real  related  operators  see  [128],  [23],  p. 90. 

The  terms  in  the  fuzzy  multiple  sum  (33.9)  can  be  nonzero  iff  simultaneously 


<Ti. 


all  i  —  1, . . .  ,d  i.e.,  \Xi M  <     ,  *    ,  all  i  =  1, . . . ,  d  iff 

Mi  —  Ti  ■  na  <  ki  <  nxi  +Ti  ■  na ,  all  i  —  1, ... ,  d.  (33.10) 

To  have  the  order 

— n    <  na;;  ~  Ti  ■  na  <  ki  <  nxi  +  Ti  ■  na  <  n  ,  (33.11) 

we  need  n>  Ti  +  \xi\,  all  i  —  1, . . . ,  d.  So  (33.11)  is  true  when  we  consider 

n>       max      (T»  +  |x»|).  (33.12) 

{i— 1,...,    d} 

When  a;  G  B  in  order  to  have  (33.11)  it  is  enough  to  suppose  that  n  >  2T*, 
where  T*  :=  max{Ti, . . . ,  Td}  >  0.  Take 

Ji  :=  [nxi  —  Tina,  nxi  +  Tina],  i  —  1, . . . ,  d,  ti£N. 

The  length  of  /;  is  2Tina .  By  Proposition  2.1,  p. 61  of  [23]  we  obtain  that 
the  cardinality  of  {fc;  G  Z  ifeai  belong  to  Ii}  :=  card(ki)  >  max(2Tina  —  1,0), 
any  i  G  {1, . . . ,  d}.  In  order  to  have  card(ki)  >  1  we  need  2T;n"  —  1  >  1  iff 
n>  Tr1/a,  any  iG  {1,...,  d}. 

Therefore,  a  sufficient  condition  for  causing  the  order  (33.11)  along  with  the 
interval  /;  to  contain  at  least  one  integer  for  all  i  —  1, . . . ,  d  is  that 
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n  >       max       [Tl+xi,Ti 

~   {»=!,...,  d} 


-1/a 


(33.13) 


Clearly  asn-t  +oo  we  get  that  card(ki)  —*  +oo,  all  i  =  1, . . . ,  d.  Also  notice 
that  card(ki)  equals  to  the  the  cardinality  of  integers  in  [\nxi  —  Ti  ■  na] ,  [nXi  + 
Ti  ■  na}]  for  alH  =  1, . . . ,  d. 

Here  denotes  [  ]  the  ceiling  of  the  number,  while  [  ]  denotes  the  integral  part. 

We  set  b*  :—  b(  0  )  the  maximum  of  b(  x  ).  From  now  on  in  this  chapter  we 
will  assume  (33.13).  Consequently 


[nx1+T1-nc"]  [nxd  +  Td-nc"] 

k1=\nx1-T1-na~\  kd=\nxd-Td-na'] 

b(n^(Xl-^),. 


fci 


n^lxd-^ 


all  x  :—  (xi 


Denote  by 


I  ■nad 
,  Xd)  €  Rd,  n  £  N,  where 

...  b(xi,. . .  ,Xd)dxi ..  .dxd. 

-Tl  J-Td 

||oo  the  maximum  norm  on  Rd,  d  >  1.  So  if 


1-a   , 


all  i  —  1, . . . ,  d,  we  find  that 


where   fc  :=  (fci, . .  . ,  fed). 
We  notice  that  (r  €  [0, 1]) 


<Ti. 


T* 


© 


(33.14) 


[nx1+T1-na]  [nxd+Td-na} 

KFn(f))^)}r=      E      •••      E 

k1  =  \nx1-T1-na~\  kd=\nxd-Td-n°'~\ 


fcl 


b     nl-a(a;i_^) 


nWzd-^ 


7-n° 


n 
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[nx1+T1-n    ]  [nxd  +  Td-n    ] 

(r)    /  fcl  fcd    \        . (r)    /    fcl  fed 

\n  n  J  \  n  n 


E      -      E 

fel  =  fn3:i-T1-n£»l  kd=\nxd-Td-na~\ 


b[n1-a(x1-^),...,  n1-"    xd 


/  •  n° 

r         Ki+Tr„»]  [nxd  +  Td.n"]  /fc 

E  ■•■  E  r->    — . 

Lfe1  =  rnx1-T1-„«1  fcd=rnxd-Td-n°l  V   " 

E  ■•■  E  4      — •- 

fe^rnxj-Ti-n"!  fcd=rnxd-Td.n°l  V   " 


)' 

~a  (xl 

-  -^M 

nl- 

-("- 

-*)) 

) 

/     ■    T 

La-d 

•(• 

tl  — c 

*  (^1  - 

^1) 

^1-a 

(xd  - 

*))l 

[(^n(/M))    (1?),     (Fn(/f))   (1?) 


We  have  established  that 

(r) 


K(/)|       =Fn(/ir)  |,  Vre[0,l].  (33.15) 


± 

We  need 
Definition  33.34  Let  /  :  Rd  ->  Rjf.  We  call 

wi^  (/,/»)«,:=  sup  O(/0?)> /("?)), 

aii   "S*,"y*eRd,    ||~x  —  "y  ||oo<h 

ft  >  0,  the  first  multidimensional  fuzzy  modulus  of  continuity  of  /  with  respect 

to   ||  •  ||oo. 

We  need 

Proposition  33.35  Suppose  that  w\  (f,h)oo,  Wi(f_  ,  h)oo,  u>i  (/i  ,  h)oo 
are  finite  for  any  h  >  0,  any  r  €  [0, 1].  Here  W\  is  the  usual  real  modulus  of 
continuity. 

Then 

w[     {f,h)oo—    sup   maxi  w1(f{!'\h)00,  wi(f^r),h)00  \.  (33.16) 

re[o,i]  *■  '  ' 

Proof.  By  [37].  ■ 

We  present 
Theorem  33.36  Let  ~x  G  Rd,  then  it  holds  that 
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Df  (F„(/))  (-*),/(-?)  j  <2?(/CJ?),o) 


E 


E 


fcl=rnxi-T1-n<»l  fcd=r»ixd-Td.n«l 


fcl' 


fn  fa +£)-!"(/.£ 


(33.17) 


Proof.  We  notice  that 


DUFn(/))(^),/(l?)j  =r=uPi  max||(Fn(/))(_r)(l?)-/ir)(^)|,   |(F„(/))<T)(i?)-/^)(-?)|| 


sup   max  J  |Fn  (7W)  (1?)  -  /ir) CJ?)|,   k  (/«)  (1?)  -  /«(^)| 

cm  ii  I         V         /  I         V         / 


r€[0,l] 

(by  Theorem  3.1,  p. 92  of  [23]) 


<    sup   max  ^  |/_   (~x] 

rS[0,l] 


[nx1+T1-na]  [nxd+Td-na] 

E      - 


+Td-n"] 

y     — 

/—'  I  ■  n° 


k1=\nx1-T1-na~\  kd=[nxd-Td-na] 


l/lr)(*)l- 


[nXi+Ti-n0]  [nxd  +  Td-na] 

E       - 


k1  =  [nx1-T1-na]  kd=[nxd-Td-na] 


F  — 

A^  /  .  nad 


^-(-^-■--(-^j-fT-n^-^-^l'r.^J 


rS[0,l] 


,   ,         I.      ,,    /  fcl 

on  a;i 


[»*i+Tr»«] 
E 


[^d+Td"° 

E 


I.      ,,    /  fcd 

n  ^d 

n 


sup   max 

r€[0,l] 


4-nfa+i 

\  /  oo  \  /   c 
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D  ( /("?),  0 


[nxx+Tx-n0]  [nxd+Td-na] 

y       ...       v 

k1=fnx1-T1-na~\  fcd=  |"na:d-Td -n"] 


^).-.-1-(-^)  - fy-nh^)^ 


proving  the  claim. 
We  need 
Lemma  33.37  ([23],  p. 95)  It  holds  true  that  (~x  G  Rd 


[nx\+Ti-na\  [nxd  +  Td-n.c"] 


Sn(2) 


E 


E 


k1=fnx1-T1-na]  kd=\nxd-Td-nal, 


I  -nad 


,    I  In     /  fel 


In/  fed 

n        \  Xd 

n 


pointwise,  asn-t  +oo. 

Remark  33.38  Given  that  /  £  Cjr{Rd)  (fuzzy  uniformly  continuous  func- 
tions), asm  oo,  we  get  D\    (Fn(fj)  (~x),  f(~x)  1    — >  0,   VI?  €  Rd,  pointwise 


with  rates. 

The  next  related  result  follows: 

Theorem  33.39  Let  ~x  €  Rd ,  f  e  C^(Rd),  N  6  N,  such  that  all  of  its  fuzzy 
partial  derivatives  /a  of  order  TV,  a  :  \a\  —  N,  are  fuzzy  uniformly  continuous  or 
fuzzy  continuous  and  fuzzy  bounded.  Then 


D\   (F„(/))  (-?),/(!?)  )  <£>(/("?),  0 


i 


_,       ^_,        /•nad 

fc  —  \n  x  —  TnQ] 


fen1 


E 


(T* 


5>  £.*/(*) 


(7")' 


6(0) 


AT!  nJV(1-«) 


(n  (mi + £) )  •  a  ^  (/5,  -^ .      (33.18) 

As  n  — *  oo,  we  get  D\   (Fn(f))  (~x),f(~x)  I  — >  0  pointwise  with  rates. 
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Proof.  As  before  we  have 


D  (  (F„(/))  0?),  /(7?)  j  =  ^sup  max  j  |  (f„  (/M)  )  (1?)  -  /M(l?)| 


,  '•■,.  (  /|r))  )  ( -i )  -  /f  >  P?)|  !>   <(I23)-103'      buPi  max  \  |/M  (^ 

,  &(  o" 


M-r»°l            . 
V  — 


b\  n1    a  \  ~x 


- 1 


f1-  n»+ I 


y   cy   \\y 


dx  i 


f-r>(x) 


+ 


(T*)N  ■  dN     6(0) 
N\  nN(1-<*)  '      I 


■(n(^+^))-a«^((/^.^)< 


i/ir)(^)i 


> 


E 


E 

(T,):, 


N 


I  ■  nad 


b     n1 


E 


f{:>(x) 


i  J 

(n(^+^))-5-Xjv-((/r)S^) 


MO)        |      tt| 


(r*)^  ■  dN    b(o) 

AT!  n^f1-")  '      J 


up    maxj  |/ir)(!?)|,    |/j_r)(-?)| 
re[0,l]  ' 


E 


fc=rr.^-T„°l 


7  •  nQd 


1           ,  /     i-.f-         fc 
-on  a: 


^•(S(-.+i))-{£ 


(T*) 


sup    max 

rS[0,l] 


E 


<) 


i=l 

■*\N  .  jiV 


(T*)"-^      6(0) 


/M(*)M   E 


j!  nJ't1-") 


r; 


9.x-  j 


/!r)0?)  I  K 


AT!  nJV(1 


£■*£■  n-^ 
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^5,"™"  ((/5)M'^)00'  ^  ((/5)+r)'^)c 


'  '      :  1  /    i_a  (-,        H  \  \  6(0) 


B(^-5)'U    s^    r^r°r-7 JJ-1+ V-  n  -.+- 


f    cry 

.7  =  1   J 


IX^Y**) 


.  dx 

_     V  7la  J     I      5:    \a\=N 

proving  the  claim 


(n(-^ 


max     w\      [fa,  — ; 


(T*)N  ■  dN        b(0) 

+  AT!  n^f1-")  '      7 
T* 


33.2.3     The  Multivariate  Fuzzy  "Squashing  Operators"  and 
Their  Fuzzy  Convergence  to  the  Unit  with  Rates 

We  use 
Definition  33.40  Let  the  nonnegative  function  S  :  Rd  — »  R,   d  >  1,   51  has 
compact  support 

<i 
B:=n[-ri,Ti],  T,  >0 

i=i 
and  is  nondecreasing  for  each  coordinate.  S  can  be  continuous  only  on  either 
rii=i(~ oo,  Tj]  or  B  and  can  have  jump  discontinuities.  We  call  S  the  multivariate 
"squashing  function"  (see  also  [128]).  Assume  that 

/*  —    f  S{?)d~t   >  0.  (33.19) 

Jb 

Example  33.41  Let  S  as  above  when  d  —  1.  Then 

S(~x*)  :=  S(xi) . . .  S(xd),    ~x  =  (xi, . .  • ,  ij)6R  , 

is  a  multivariate  "squashing  function". 

Let  /  :  Rd  — »  R^  be  either  a  fuzzy  uniformly  continuous  or  a  fuzzy  continuous 
and  fuzzy  bounded  function.  Let  x  ,  x'  6  B  such  that  Xik  <  x'ik  for  some 
ik  £  {1,  •  •  • ,  d};  k  —  1, . . . ,  r  <  d.  Then 

D  [^1 ,  .  .  .  ,  Xj1  ,  .  .  .  ,  Xi2  ,  .  .  .  ,  Xi3  ,  .  -  -  ,  Xik  ,  .  .  .  ,  Xdj 
S   >->  ^1 ,  -  ■  ■  ,  3-i}  ,  ■  -  -  ,  ^j2  '  '  "  "  '  *^*3  '  *  '  "  '  ^ik  '  "  "  "  '  *^<V' 

Clearly 
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max5(i)  =  S(T),     T  :=  (Ti,...,Td). 

^€B 

For  "if  £  Rd  we  define  the  multivariate  fuzzy  "squashing  operator" 


fci  =  —  n2  fc^  — —  n2 


^'-"('i-^) 


n1""^-*? 


J*  -n° 


where  0  <  a  <  1  and  n  G  N: 


-l/o 


n>       max     {T.  +  j^l,  Tt  1/a}. 
~  »e{i,...,  d}L 


It  is  clear  that 


(33.20) 


(33.21) 


[n^-Tna] 


(g„(/))  (■?)  =      E      /  ( ■£ ) G  ■ 

fc  —  [ni  -Tna] 


S    n1-"    "5? 


7*  •  nad 


(33.22) 


For  the  real  analog  of  G„  see  [128],  [23],  p.  112. 
We  notice  the  following  (r  G  [0, 1]) 


[n  x  —Tna] 

r  /■ 

[G„(/)]r  =          >  . 

'(■ 

fc  —  f n  x  —Trial 

L  V 

[n  x  —  T  net]                         /  — ►  \ 

E 

f->  £  • 

/f 

k  =[n  x  ~T na~\    *-               ^         ' 

[n  x  —  T  not] 

/T* 

-  k  =  f  n 

x  —  T  na~\ 

(1 

S    n1""  1"?--^ 


7*  •  nad 


5    n 


7*  •  na" 


S    n1-"    ¥ 


7*  •  n"1 


[n  x  —  T  na] 


e^  #>(-=- 

fc  —  \n~x—  Tna~\ 


S\  n 


7*  ■  na-d 
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That  is  we  proved 


(r) 

G„(/))       =G„(/ir)),  Vre[0,l].  (33.23) 


Here  we  study  the  fuzzy  pointwise  convergence  with  rates  of     G„(/)  I  (  x 

f(~x),  asn-t  oo,  ~x  £  Rd.  This  is  given  in  the  next  result. 

Theorem  33.42  Under  the  above  terms  and  assumptions  we  obtain 


D[   (G„(/))  (-?),/(-?)  I  <£>(/(■?), 0 

S(T) 


1 


[nx  -Tna] 

y 

k  =\n  x  —T  na  ] 


ni-«  |^_1 


2i.(n(^))-r(/.£0, 


(33.24) 

Proof.  Based  on  (33.23),  Theorem  3.3,  p. 113  of  [23].  It  is  similar  to  the  proof  of 
Theorem  33.36  here.  ■ 

We  need 

Lemma  33.43  ([23],  p.  114)  It  holds 


[n~i-Tna} 


a,  or 


A^l  J*  .  nad  I 


(33.25) 


k  —  [n  x  —  T  na] 

pointwise,  as  n  —>  oo,  where  ~x  €  R  . 

Remark  33.44  Let  /  e  C^(Rd)  then,  as  n  ->  oo,  we  get  D  [   (G„(/))  ("z  ),  /("?) 

0,  Vlr*  £  Rd,  pointwise  with  rates. 

We  finish  with 

Theorem  33.45  Let  ~x  £  Rd,  /  €  C^(Rd),  N  €  N,  such  that  all  of  its  fuzzy 
partial  derivatives  /a  of  order  A/",  5  :  |5|  =  iV,  are  fuzzy  uniformly  continuous 
or  fuzzy  continuous  and  fuzzy  bounded.  Then 


D(  (£?„(/))(!?), /(I?))  <£>(/CJ?),o) 


fc  —  f  n  x  —  T  na  ] 


Sin1-!!?-   *' 


-1 


+ 


5(T) 
7* 


y    — 

.~x-Ttna] 
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A    (T*y 


E^ 


dXi' 


0  /0?) 


+ 


(T*)^  ■  dN      S(T) 
N\  nJV(1-")  '      I* 


rr(2Ti  +  4)       •     max     «,<*>  ( /5)  -i 


a:     a|—  N 


T* 


(33.26) 


As  n  — >  oo,  we  get  D     (G„(/))  (1?),  f(~x)  I  — >  0,  pointwise  with  rates 


Proof.  Similar  to  the  proof  of  Theorem  33.39  here,  based  on  Theorem  3.4,  p. 117 
of  [23].  ■ 


34 

Fuzzy  Fractional  Calculus  and  the 
Ostrowski  Integral  Inequality 


Here  we  introduce  and  study  the  right  and  left  fuzzy  fractional  Riemann-  Liouville 
integrals  and  the  right  and  left  fuzzy  fractional  Caputo  derivatives.  Then  we 
present  the  right  and  left  fuzzy  fractional  Taylor  formulae.  Based  on  these  we 
establish  a  fuzzy  fractional  Ostrowski  type  inequality  with  applications.  The  last 
inequality  provides  an  estimate  for  the  deviation  of  a  fuzzy  real  number  valued 
function  from  its  fuzzy  average,  and  the  related  upper  bounds  are  given  in  terms  of 
the  right  and  left  fuzzy  fractional  derivatives  of  the  involved  function.  The  purpose 
of  embedding  fuzziness  into  fractional  calculus  and  have  them  act  together,  is  to 
better  understand,  explain  and  describe  the  imprecise,  uncertain  and  chaotic 
phenomena  of  the  real  world  and  then  derive  useful  conclusions.  This  chapter  is 
based  on  [54]. 


34.1      Fuzzy  Mathematical  Analysis  Background 

We  need  the  following  basic  background 
Definition  34.1.  (see  [283])  Let  /i  :  R  — >  [0, 1]  with  the  following  properties 

(i)   is  normal,  i.e.,  3xo  £  R;  j-i,(xo)  —  1. 

(ii)   n(Xx  +  (1  —  X)y)  >  min{/i(x)  n(y)},  Vx,y  G  R,  VA  G   [0,  1]  (fi  is  called  a 
convex  fuzzy  subset). 
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(iii)   n  is  upper  semicontinuous  on  R,  i.e.  Va;o  £  R  and  Ve  >  0,   3  neighborhood 
V(x0)  :    n(x)  <  n(xo)  +e,  V:r  £  V(xo). 


(iv)   The  set  supp(n)  is  compact  in  R  (where  supp{n)  :=  {x  £  R  :    fi(x)  >  0}). 

We  call  jj,  a  fuzzy  real  number.  Denote  the  set  of  all  a  with  Rjr. 
E.g.,  X{x0}  £  R^i  for  any  xq  £  R,  where  X{x0}  is  the  characteristic  function 
at  Xq. 

For  0  <  r  <  1  and  fi  £  R^r  define 

Mr  :=  {x  £  R  :    n*(x)  >  r} 
and 


[m]°  :=  {x  £  R  :    /x(a;)  >  0}. 

Then  it  is  well  known  that  for  each  r  £  [0,  1],  [fi]r  is  a  closed  and  bounded 
interval  of  R  ([172]). 

For  u,  v  €  Rt  and  A  £  R,  we  define  uniquely  the  sum  u  ©  v  and  the  product 

A0tiby 

[u®v]r  =  [u]r  +  {v]r,     [\Qu]r  =  \{u]r,  Vr£  [0,1], 
where 

•  [u]r  +  [v]r  means  the  usual  addition  of  two  integrals  (as  subsets  of  R)  and 

•  \[u]r  means  the  usual  product  between  a  scalar  and  a  subset  of  R  (see,  e.g., 
[283]). 

Notice  l0ti  =  u  and  it  holds 

u(Bv  =  v(Bu,  \Q  u  —  uQ  X. 
If  0  <  n   <  r2  <  1  then  [up   C   [u]ri .  Actually  [u]r  =  [uM,    it£°],  where 

uM  <  u(;\  uM,  u(;}  £  R,  Vr  £  [0,  1]. 

(r)  /  \  (r) 

For  A  >  0  one  has  Au^    =  (A  0  u)±  ,  respectively. 
Define  Z?  :  R^  x  RT  ->  R+  by 

nt       \  fi    M         Mi     i    0)         Mil 

V(u,v)  :—    sup   max  <  |w_    —  V_  |,   |tt_j_    —  V+   |  f  , 

r€[0,l]  ^  -1 

where 

[w]r  =  [wM,  v^];  «,«£R^. 
We  have  that  D  is  a  metric  on  R^r. 
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Then  (Rjr,D)  is  a  complete  metric  space,  see  [284],  [283]. 
Here  S*  stands  for  fuzzy  summation  and  0  :  X{o}  £  R.F  is  the  neutral  element 
with  respect  to  0,  i.e., 

w0O  =  Oeu  =  u,  Vue  Rr- 
Denote 

D*(f,g):=    sup    D{f,g), 

x(z[a,b] 

where  /,  g  :  [a,  b]  — »  R^r. 

We  mention 

Definition  34.2.  Let  /  :  [a,  6]  C  R  — >  Rjr,  we  define  the  (first)  fuzzy  modulus 
of  continuity  of  /  by 

w{T)(f,S)=  sup  £>(/(*),  f(y)),  6  >  0. 

x,i/G[a,6],    \x  —  y\<-5 

We  define  C^([o,  b])  the  space  of  uniformly  continuous  functions  from  [a,  b]  — > 
R^r,  also  Cr(\a,  b])  the  space  of  fuzzy  continuous  functions  on  [a,  b]. 
It  is  clear  that 

CZ([a,b])  =  Cr([a,b]). 

We  mention 

Proposition  34.3.  ([37])  Let  /  G  C^([a,b]).  Then  w^(/,5)  <  oo,  any  5  >  0. 

Proposition  34.4.  ([37])  It  holds 

limW^)(/,5)  =  Wf)(/,0)=0, 

o — >U 

iff/ec£([a,6]). 

Proposition  34.5.  ([37])  Here  [f]r  =  [/M,  /jr)],  r  G  [0,  1].  If  /  G  Cr([a,b]) 
then  f±'  G  C([o,  b),  for  r  G  [0,1],  in  fact  these  are  equicontinuous  families, 
respectively  in  ±.  Furthermore  /  is  a  fuzzy  bounded  function. 

We  need 

Definition  34.6.  Let  x,  y  G  R.f-  If  there  exists  z  G  Rr  :  x  —  y  (B  z,  then  we 
call  z  the  H-difference  on  x  and  y,  denoted  x  —  y. 

Definition  34.7  ([283])  Let  T  :=  [xo,  x0  +  j3]  C  R,  with  (3  >  0.  A  function 
/  :  T  — »  Rjr  is  H-differentiable  at  x  G  T  if  there  exists  an  f'(x)  G  Rr  such  that 
the  limits  (with  respect  to  D) 

lim    f(x  +  h)  -  f{x)       nm    /(x)  -  /(x  -  h) 
fc->0+  /l  '    h->0+  ft 

exist  and  are  equal  to  fix). 
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We  call  /'  the  H-derivative  or  fuzzy  derivative  of  /  at  x. 

Above  is  assumed  that  the  H-differences  f(x  +  h)  —  f(x),  f(x)  —  f(x  —  h)  exist 
in  Rjr  in  an  neighborhood  of  x. 

We  denote  by  C^{[a,b\),  N  >  1,  the  space  all  N-times  continuously  fuzzy 
differentiable  functions  from  [a,b]  into  K^. 

We  mention 

Theorem  34.8  ([202])  Let  /  :  [a,  b]  C  R  ->  R^  be  H-fuzzy  differentiable. 

Let  t  €  [a,  b],  0  <  r  <  1.  Clearly 

[f(t)Y  =  [/(t)LP),  /(t)?]CR. 
Then  (/(i))jT    are  differentiable  and 

[/'«r  =  [(/«M)',  (/(*)ip))'i. 

I.e. 

/l(r)  =  (/ir))',  Vre[0,l]. 

Remark  34.9  ([35])  Let  /  G  C£([a,&]),  JV  >  1.  Then  by  Theorem  34.8  we 
obtain 

[/(0(t)]r  =  [(/(t)^)(01   (/(*)iP))W]> 

for  i  =  0, 1,  2  . . . ,  N,  and  in  particular  we  have  that 

(/(l))Lr)  =  (/ip))(i), 

for  any  r  €  [0, 1],  all  i  =  0, 1, 2  . . . ,  JV. 

Note  34.10  ([35])  Let  /  €  C"({a,  &]),  TV  >  1.  Then  by  Theorem  34.8  we  have 
/ir)GC^([a,b]),foranyre[0,l]. 

We  need  also  a  particular  case  of  the  Fuzzy  Henstock  integral  (5(x)  =  8/2), 
see  [283]. 

Definition  34.11  ([165],  p.  644)  Let  /  :  [a,b]  ->  Rjf-  We  say  that  /  is  Fuzzy- 
Riemann  integrable  to  I  €  Kt  if  for  any  e  >  0,  there  exists  8  >  0  such  that  for 
any  division  P  —  {[u,  v];£}  of  [o,  6]  with  the  norms  A(P)  <  8,  we  have 


tf  [$>-«)  0/(0,  /j  <e- 


We  write 


J  :=  (F.R)  /   /(&)<&:. 

J  a 

We  mention 

Theorem  34.12  ([172])  Let  /  :  [a,b]  -»  R^  be  fuzzy  continuous.  Then 
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{FR)  [   f(x)dx 

J  a 

exists  and  belongs  to  Rjf,  furthermore  it  holds 


{FR)  /    f{x)dx 


{ft\x)dx,  {f){;\x)dx 


Vr  e  [0,1]. 

Theorem  34.13  ([283])  Let  /  G  CV([a,6])  and  c  G  [a,  b].  Then 

/b  re  rb 

f{x)dx  =  {FR)  /    f{x)dx  +  {FR)  /    f{x)dx. 

Theorem  34.14  ([172])  Let  /,p  :  [o,6]  G  0([a,6])  and  ci,c2  G  R.  Then 


/fa  /'b  ^6 

{cif{x)  +  c2g{x))dx  =  a{FR)        f{x)dx  +  c2{FR)        g{x)dx. 
■J  a  J  a 

Also  we  need 

Lemma  34.15  ([26])  II  /,  g  :  [a,  i]CR^  Kjr  are  fuzzy  continuous  functions, 
then  the  function  F  :  [a,  b]  — »  R+  defined  by  F{x)  :—  D{f{x),g{x))  is  continuous 
on  [a,  b],  and 

d({FR)J   f{x)dx,{FR)j   g{x)dx\<j   D(f{x),g{x))dx. 

For  the  definition  of  general  fuzzy  integral  we  follow  [206]  next. 

Definition  34.16.  Let  {Q,  E,  /x)  be  a  complete  cr-fmite  measure  space.  We  call 
F  :  n  ->  R^  measurable  iff  V  closed  B  C  R  the  function  F'1{B)  :  fi  -»  [0, 1] 
defined  by 

F_1(.B)(w)  :=  sup  F(w)(x),  all  weQ, 
xeB 

is  measurable,  see  [206]. 

Theorem  34.17  ([206])  For  F  :  Q  ->  R^, 

F(w)  =  {(FW(u.),  F}r)(w))j0  <  r  <  1}, 
the  following  are  equivalent 

(1)  F  is  measurable, 

(2)  Vr  G  [0,1],  FM,   FJr)  are  measurable. 
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Following  [206],  given  that  for  each  r  £   [0,  1],    F_    ,    FJ.     are  integrable  we 
have  that  the  parametrized  representation 


FMdM,    /    F(r) 


0  <  r  <  1 


is  a  fuzzy  real  number  for  each  A  £  E. 
The  last  fact  leads  to 
Definition  34.18  ([206])  A  measurable  function  F  :  fi  — >  R^, 


(r), 


F{w)  =  {(F{_r>(w),  F|r;(w))|0  <  r  <  1} 

is  integrable  if  for  each  r  £  [0, 1],  F±'  are  integrable,  or  equivalently,  if  Fj_     are 
integrable. 

In  this  case,  the  fuzzy  integral  of  F  over  A  £  E  is  defined  by 


Fdfi 


F^dfi,     I   FJr) 


0<  r  <  1 


By  [206],  F  is  integrable  iff  w  — ►  \\F(w)\\f  is  real-valued  integrable. 
Here  denote 

\\u\\T  ~  D(u,0),  Vu£  RT. 

We  need  also 

Theorem  34.19  ([206])  Let  F,  G  :  Q  ->  fV  be  integrable.  Then 

(1)   Let  a,  b  £  R,  then  aF  +  &G  is  integrable  and  for  each  A  £  E, 


(aF  +  bG)d^  =  a  /   Fd^i  +  6  /   Gd/j; 

A  JA  ./A 

(2)   -D(F,  G)  is  a  real-  valued  integrable  function  and  for  each  A  £  E, 


D(    /   Fdfi,    /   Gdp]  <   /    D{F,G)dfi. 


In  particular, 


Fd^i 


<  /    \\F\\rdn. 

J  A 


Above  fi  could  be  the  Lebesgue  measure,  with  all  the  basic  properties  valid 
here  too. 

Basically  here  we  have 
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that  is, 


Fdfi 


Fdfi 


(r) 


FMdM,    /    F(r) 


F^dfi,  Vr  G  [0,1], 


respectively. 

Let  f  e  Cr([a,b}),  v  >  0. 

We  define  the  Fuzzy  Fractional  left  Riemann-  Liouville  operator  as 


Javf{x) 


I» 


0  /    (x-t)u    1Q.f{t)dt,  xe[a,b], 


Jaf  :=  /• 
Also,  we  define  the  Fuzzy  Fractional  right  Riemann-  Liouville  operator  as 

h-vf(x)  ~-S-QJ(t~  x)1-1  0  f(t)dt,  x  €  [a,  b], 

I"-/  :=  /■ 
Above,  F  is  the  gamma  function 

I»  :=  /      e-'f-1 

Jo 


dt. 


We  mention 

Definition  34.20.  Let  /  :  [a,  b]  — >  Rjp-  is  called  fuzzy  absolutely  continuous 
iff  Ve  >  0,  3<5  >  0  :  for  every  finite,  pairwise  disjoint,  family 


(cfc,dfc)fc=i  C  (a,b)  with  ^(dfc  -  Cfc)  <  5 


we  get 


£)£>(/(dfc),/(cfc))<e. 

fc  =  l 

We  denote  the  related  space  of  functions  by  AC^([a,  b]). 
If  /  G  ACr([a,b]),  then  /  G  O([o,  b]). 
It  holds 

Proposition  34.21.  /  G   ACr([a,b])  ^^  f^   G   AEC([a,b}),   Vr  G    [0,1] 
(absolutely  equicontinuous) . 
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Proof.  Let  /  G  ACr{\a,  b]),  then  Ve  >  0,    38  >  0  :  for  every  finite,  pairwise 
disjoint,  family 

n 

(Cfc,dfc)]J=i  C  (a,b)  with  ^(dk  -  ck)  <  8 
k=i 
we  obtain 

n 

fc=l 
The  last  condition  means 

n 

J2    sup  max{|/«(dfc)-/ir)(cfc)|,  |/|r)(dfc)-/|r)(Cfc)l}<^ 
But  we  have 


sup   max     ^|/W(dfc)-/W(cfc)|,  ^|/|r)(dfc)-/ir)(cfc)l 
I  fc=i  t=i 

£    sup   maX{|/M(dfc)-/M(COI,   |/|r)(dfc)-/|r)(cfc)l) 


r£  [0,1] 

< 

From  the  above  we  derive 


£  1/1°  (<fc)-/iP)  (<*)!<* 


^|/|r)(dfc)-/|r)(cfc)|<e, 
fe=i 
Vr  G  [0,  1],  proving  the  claim.  ■ 

Remark  34.22.  So,  if  /  G  ACr([a,  &]),  then  /  is  of  bounded  variation  in  the 
fuzzy  sense. 

Clearly  here  f±     are  differentiate  a.e.,  for  any  r  G  [0, 1]. 
Hence  by  Theorem  34.8  we  get 


(/£>)'  =  (ft\ 


a.e.  on  [a,b],  and 


(/ir))'GL1([a,fe]),  VrG[0,l]. 
Let  /,  :  [0, 1]  -►  Rr,  given  by 
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f,(x)  ~uQe   x, 

where  u  G  5R^  is  fixed. 

Clearly  /*  is  a  Lipschitz  function  in  the  fuzzy  sense:  indeed  we  have  (by  Lemma 
2.2,  [71]) 

D{e~x  Qu,e~y  Qu)  <  \e~x  -  e~y\  ■  D(u,  0)  <  D(u,0)  ■  \x  -  y\,  Vx,y  €  [0,1]. 
That  is 

D{f,(x),Mv))<D(u,0)-\x-y\,  V*,i/6[0,1]. 

Therefore  /»  G  AC^QO,  1]),  but  /.  is  nowhere  H-differentiable  ([109]). 
Consequently   fuzzy    absolutely    continuity   docs    not    necessarily    imply   H- 
differentiability  a.e. 
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We  mention 
Definition  34.23.  We  define  the  Fuzzy  Fractional  left  Caputo  derivative, 
x  g  [a,b\. 

Let  /  G  C£([a,6]),  n—\v\,  v  >  0  ([■]  denotes  the  ceiling). 


D^f(x)  := 


T(n 


^©/%-tr^0/ 


(t)dt 


{x-t)n-"-1{f{n))^){t)dt, 


nn-v)Ja 


Y{n-v) 

(x-t)n-L,-1(f<-n))(;',(t)dt 


0  <  r  <  1 


T(n-u) 


\x-t)n-"-1(f^))(-n)(t)dt, 


r(n-v)Ja 
So,  we  obtain 


{x-t)n-v-1{&)){n\t)dt 


0  <  r  <  1 


(34.1) 


[orf/(*) 


r(n-v)Ja 


\x-t)n-v-1{f<f)){n\t)dt, 
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T(n 


That  is 


D%f(x 


see  [145],  [42]. 
I.e.  we  get  that 


Va;  £  [a,b],  in  short 


^  f'{x-t)n-v-1{f^)M{t)dt 


0  <  r  <  1.  (34.2) 


±      r(n  - 1/)  yo 

D:a(fir)))  (x), 


(D%m)™  =  {DUfP))  (x), 


(r) 


DZf)       =D:a{f£'),  Vre[0,l] 


(34.3) 

We  use 

Lemma  34.24.  We  prove  that  D^  f(x)  is  fuzzy  continuous  in  a;  £  [a,  6]. 

Proof.  Without  loss  of  generality  we  may  assume  a  <   x  <   y  <   b,  that  is 
0<x  —  a<y  —  a. 
So,  we  have 


D[D^f(x),  D»Jf(y) 


T{n-v) 
D  (  fX(x  -  ty-"-1  0  f{n)(t)dt,    j\y  -  ty-v-x  0  f{n)(t)dt\ 


r(n 


\~^D([    az"-^1Qf^(x^z)dz,   jT    azn--1Qf^(y-z)dz^  = 

zn-"-1Qf(n)(x~z)dz, 


I  /       fx—a 

D 


r(n-i/)     v-/0 

zn-v-1Qf(n)(y-z)dz 


zn-"-1Qf(n)(y-z)dz 


■  '_  v)  <  D  f  J  zn-"-1Of^\x-z)dz,  J  z"-"-1  Q  f("Hy  -  z)dz)  + 
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D  QJ    °  zn-v-X  0  /<»>(y  -  z)dz,   OU  < 

f^{/'"%-^(/W(x-*),/W(y-*))«b 


+  f   %n-"-1i3(/(n)(2/-^,0)d4< 

J  x  —  a 


Y{n-v) 


zn-u-1dz)w[:F)(f(n\y-x)+D*(f(rl),0)  /"   V-"-1*? 


0 


i    J(^)r:wr)(/(n))y_,)+D,(/W;6)  /(y-)->-(,-)-^| 

—  !/)  I        n  —  ^  V  n  —  v  /I 


<  7^ rS  t"i      (/     '>S/-a:)H ; r —  I  (l/  —  o)  -  (x  -  a) 

r(n  —  i/)  I        n  —  v  \n  —  v)       V  / 

as  y  — >  x,  by  noticing  /(n)  G  C^([o,  6]).  ■ 

It  follows  the  Fuzzy  fractional  left  Caputo  Taylor  formula. 
Theorem  34.25  Let  v  >  0,  n  =  \v\ ,  /  G  CJ-([o,  b]),  a  <  x  <  b. 
Then 

/(s)=£  (£z£L0/W(o)e 

fc=0 

jr^y  0  £(z  -  t)-1  0  (Z?rf  /)  (t)dt.  (34.4) 

Proof.  We  obtain  (see  [145],  p.40,  [42],  p.616) 


g){x)  =  £  U±   )      W{x  _  a),  +      1       f    (x  _  rIz,tt^)(t)(tt 

fc=0  '  \     )  Ja 


^  (/(fc))irV) 


i.  — n  "  \     J   J  a 
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Here  it  holds  b  -  a   >    0,    x  -  a   >    0,   for  x    G    [a,b],   and   (/(fc))W(t)    < 

{f(k))+\t),  ViG  [a,b],  all  fc  =  0,l,...,  n,  Vr  G  [0,1]. 
We  observe  that 


[/(*)]r  =  [/ir)(*),  /ir)(*)]  = 


^  (/(fc))Lr)(q) 
2^  I,: 


^-a)fc+fZA  /  V-*)"-1  (^:f/)M  (*)*■ 


g(/(fc))i°(o)^      ^  ,      1 


/,•! 


{<c-a)"  +  ^J'{x-tr-1(D^f) 


(r) 


(t)dt 


E 


(x  -  a)A 
fc! 


(/W)W(0))  (/W)W(a) 


+ 


I» 


j'ix-ty-1  (v£ff\w,  fix-ty-1  (D^j)^{t)dt 


Lemma  34.24  implies  that  (D»f  j)^   ,  r  G  [0,  1]  arc  in  C([a,b]). 
Furthermore 


(x-t)"-1^/)^*) 


are  Lebesgue  integrable,  r  G  [0,  1] 
Thus  we  get 


(x-ty-1Q[D^f)(t)dteRr. 


So  we  obtain  Vr  £  [0, 1]  that 


[/(a.)r  =  ^i£z£L[/W(o)r  + 

fc=0 


r(iz) 


'(*-tr-10(crf/)(t)* 


E*  ^^rr^  0  ^(fc)  w  ®  ffr  0  [X{x  - tr"  &  (d:D) {t)dt 

L    k=0  '  ^     '  J a 

proving  the  claim.  ■ 

We  need 
Definition  34.26  We  define  the  Fuzzy  Fractional  right  Caputo  derivative, 

x  G  [a,b]. 

Let  /  G  CJ([a,  b}),  n=\v\,  u>  0. 
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D^f(x) 


i 

(-l)n       '"" 


„„_,)■  ©/(*-)"-'- *  ©/<">(*)* 


yr(n-^j  ^ 


(-i)n 

r(n  -  j/) 


71-1/-I/  f(n)\(r)/ 


(t-x)"_"_1(/w)V  (t)^ 


0  <  r  <  1 


(-1) 


(-1) 


r(n-v) 


r(n  -  i/)  yB 


(t-x)n-'y-1(/M)(n)(i)di, 

(t-x)"-''-1^)^^)*!  ii  ■-  /■-  J 


We  obtain 


P?-  /(^)lr  = 


(-1) 


r(n-i/) 


(i-a:)"         (/ir;)w(*)<fc 


r(n  -  v)  Jx 


{t-x)n-u-L{fX'yn>(t)dt 


0  <  r  <  1. 

That  is 


(34.5) 


i*f/(^(p)-  (-1} 


±        T(n- 


1  /"0  .  . 

^  (t-x)"-"-1(/ir))(">(t)dt=  (^-(/ir)))  (*), 


see  [44]. 

I.e.  we  get  that 


Vx  £  [a,  6],  in  short 


(z)^/(*0)f  =  (^-(/ir) ))(-), 


(34.6) 


(r) 

± 


£>?f/)"    =D^(/ir)),  Vre[0,l] 


Clearly 


DUf(-])  <  DU(fi%  Vre[0,l]. 
It  follows  the  fractional  fuzzy  right  Caputo  Taylor  formula. 
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Theorem  34.27  Let  v  >  0,     n  =  \v\  ,  f  €  C^([a,  b]),  a  <  x  <  b. 
Then 


/w  E'%^°/B™+,,<»>  =  E'^e /"""(')• 


m  =  0 

J-y  0  |6(i  -  a;)1'-1  0  (DlZf)  (t)dt  =:  B.  (34.7) 


Setting 


^:=  E  fe^r°/(2m+1)(^ 


,,      (2m +  1)! 

m  — 0 


we  get  /(&)  =  -B  —  A,  as  H-difference. 
Above  [•]  denotes  the  integral  part. 

Proof.  We  obtain  (see  [44]) 


/ir)  (*)  =  E  (/ir)r(b)(^  ^  &)fc  +  rlr  A'  -  *)-1^«'/ir)(t)*  = 

= e  ^|^(,  -  ^ + ^  _/ y  -  -)1--1  k/)  r  (*>*■ 

Equivalently  we  have 

I     2     ]    ,,  \2m+l 

/ir)(-)+E  (*(2m%  ^)(am+1)w  = 


(ft-g)  "~,,M,(2m)m  ,      1      /"  ,+  _„.v-i/W/\(p) 


E  ^^(^)(2m)(^f^    «-*)"-* {oZtY/m 


m  —  0 


(2m)!     w±   '         w       r(p)Jx"  '        V    °-V± 


Here  b  —  x  >  0  for  any  a;  £  [a,  b]  and 


(/W)M(t)<(/W)M(t),  Vte[o,6], 


all  fc  =  0, 1,...,  n,  Vr  e  [0,1]. 
We  observe  that 
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/(*)«     £ 


(t-^j^+i    (2m+1) 


=0  (2m +  1)! 


/^'"^'((,) 


=  [/(*)]    +     F /(2m+1,(6) 

1  ■"•    "  ^c,         (2m  +  1)!       ^  V    'J 


(/(*))LP),  (/w)«]+  £ 


(6  -  x)2m+1 
(2m  +  1)! 


f/<2m+1>(6))(r),   (/(2m+1)(b))(r) 


r  ;    ,  /■    n!  A      ffe  —  rl         +  /     I    \\  (2m+l)  /     ,    ,W2m+l) 

[(/(*))lp),  (/(*))?>]  +  E  ( Lin,  ■  (/w)         W-O+T        W 


(/(x))(l'+    E — 

m=0  (277!   + 


+       /     W\(2m+1)  (rl      I      ^     l(t-x)2m+1     /     wU2m+l| 

/lr)  (&),  (/0»»Y)+     E /i°  I 

1)!         V  /  +  m=0         (2777+  1)!         V    +     ; 


E 


(ft-*)2m    ^wV: 


;2m) 


,     <*.„      vO       «  +  !>)/, 


(i-z)         A-/        (t)dt 


(r) 


m=0  V  '  \     /   Jx 


=  E 


ip-xf 

(2m)! 


,     ,  \    (2m)  /        ,     ,  \    (2m) 

/W)  (6),    f/f)  (&) 


+ 


i» 


j\t  -  xy-1  (p£ f) w  (t)*,  |6(i  -  ^)"-1  (af-/)^  (*)* 


(*) 


By  Lemma  34.28  next,  we  get  that  (D"bT /)^°  ,  r  €  [0, 1]  arc  in  C([o,6]). 
Furthermore 


(t-*)-1^/)^*) 


are  Lebesgue  integrable,  r  G  [0,  1] 
Thus  we  get 
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(t  -  xy-1  ©  ( DvZf\  (t)dt  e  Rt- 


So  we  have 


(*)=  E 


(b-xf 


f(2m)(b))(r\   f/^(6)X(" 


+ 


+ 


i» 


'        (2m)! 

m=0  V  ' 

J'it-xy-1  (p£ /)  _(r)(t)dt,  fit-x)"-1  (D'^f)^  {t)dt 


E 


(2m)! 


/(2m)(&) 


+ 


I» 


j\t-xy-1G)(iy£f)(t)dt 


^], 


(6-x)2 


E      ^,    Q/(2m)(b)e^o  /  (t-xy-1&{D^f)(t)dt 


(2m)! 


for  any  r  G  [0,  1]. 

We  have  proved  that 


I» 


/(x)8    £ 


j^J*  fj,_^2m+i 


(&-*r 


(2m +  1) 


0/^m+1J(6) 


E  *  {±^r  &  f(2m)^  9W)@l!{t~ xY"  Q  (m-f"> {t)dt 


Vr  G  [0, 1],  establishing  the  claim.  ■ 

We  need 
Lemma  34.28  D%f  f(x)  is  fuzzy  continuous  in  x  G  [a,b]. 

Proof.  Without  loss  of  generality  we  suppose  a  <  y  <  x  <  b,  that  is  0  <  b  —  x  < 
b-y. 

So,  we  have 


D(D^f(x),  D£f(y) 


T{n-v) 


d(  f  (t-xy-"-1Qf(n)(t)dt,    j  {t-y)n-v-1Qf(n\t)dt\ 


1 

I\n- 

/ 

pb—x 

^l 

1                n  —  v  — 

Jo 

1 
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1Qf(n)(z  +  x)dz,    J     V  zn-/-1Qf(n\z  +  y)dz 

D[    f""zn-v-1Qfw(z  +  x)dz, 
r(n  -v)     \  Jo 

b—y  \  -i 

t»  —  1/ — 1       _        ofni   /  \     i         1  J- 


f6  V-"-10/w(«  +  »)(be  /'  V-,-10/(,°  (*  +  »)<**)  < 

JO  Jb-x  J 


r(n  -  j/) 

(7     Ir"-10/W(2  +  ^,     /     *  z"--1  Q  f(n) (z  +  y)dz\  + 


D 

\Jo 

b—y 


0 


D|0,    /         z"--1Qfin)(z  +  y)dz)  }< 

>b-x 

1     /        "  z"-l'-1D  (/(">(*  +  x),    /(")(*  +j))fc+    /        "  z""'^1!)  (/(n)(«  +  »),    0)  dzl    < 

T(n  —  !/)  I  (n  —  f)  (n  —  v)  I 

-^{«r(/^^*-«)^^+^^[(6-y)--(6-.)M} 

r(n  —  "J  I  (w  —  f)  (n  —  ")  j 

as  j/  — >  x,  by  noticing  /(n)  €  C^([o,  fc]).  ■ 

We  next  give  a  fuzzy-  fractional  Ostrowski  inequality,  motivated  by  [238],  [27]. 
Theorem  34.29  Let  v  >  0,  n=\u\,  f  €  C£([a,6]),  c  e  [a, 6]. 
Then 

1) 

D(rb0(i?fl)/a6/(a!)dr'/(c))-rb 


— — —     (6-C)"  +  1     sup     D((r>^/)(t),6)+(c-o)"+1     sup     D((D^/)(t),0 

r(i/  +  2)  [  ts[c,6]      v  /  te[o,c]      v  ; 


(34.8) 
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2)  If  f{k)(c)  =  6,  k  =  1,...,  n. 
Then 


L> 


©(Ffl)  /    f(x)dx,f(c)\  < 


(b-  a)V(u  +  2) 


{b-cY+1   sup  D((D^f)(t),b)+(c-ay+1   sup   D  ((£>£7)(t),o) 

*€[c,6]  V  '  t€[a,c]  V  ' 


(34.9) 


Proof.  Let  c  €  [a,  b]. 
We  observe  that 


D 


^&(FR)J^   f(x)dx,f(c) 

(b^Q{FR)J  fWte'fWQb^zf  ldx) 


D  (  -^-  0  (FR)  j   f(x)dx,  j-±—  0  (FR)  J   f(c)dx 


^—d((FR)J^   f(x)dx,(FR)J   f(c)dx)  <^Ja   D((f(x),f(c))dx 


b  —  a 


D((f(x),f(c))dx  +  /    D((f(x),f(c))dx 


Notice  that  (  /  e  C^([a,  b]),  v  >  0,  n  =  |~i/| ,  then  /  €  C£([c,  &])) 


n-l, 

fix)  =  E 


^r^0/(fc)(c)ef^y0  /  (-v-f)"  '  •  (^/)(^)<tt. 


all  c  <  x  <  b. 

Also  here  /  6  C^([a,  c]),  thus  we  obtain 


/(*)©  E 


—        (£-£)  ^   f(2m+l)M  _       V-       (C-X)  Aim),, 

(2m +  1)!    U/  W~    2L,        (2m)!      U/        W 
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r( 

all  a  <  x  <  c. 

We  observe  that  (a  <  x  <  c 


■ !-©  j\t-xy-1G)(iy£f){t)dt, 


2     J*    f„_^2m+l 


((/(*),  /(c))  =  Dlf(x)  0    E       (2m +  1)!    0/(2m+1)(c)' 


™°  S'%^ro/(2m+1)(C)  W  E*^®/™** 


1=11 

2     J*    f„         „\2tn 


m=0 


1  /"c  /  2    J*    (•      _       \2m  +  l 

V     )         J x  m— 0  ^  ' 

fn-11 
/  L     2     J*    /      \2m  1  /*c  /  \ 

D[  E  iV^0/(2m)(c)ffi^0A(t-a;rl0K"/)Wdt' 

V  (C-a:) 0f(2m+1)(c)l  < 

£-  (2m +1)!     U/  l  jl  " 

m=0  V  '  / 


n-l 


E^T"D(/(fc)(c)'5)+f^)D(  /  ^ -■'■)"  '  '  (Wf)(W-j   H' 


n-l 


E^T"i?(/(fc)(c)>5)  +  f^j£(*-a!),'"lc(  (/^/)>nnj,/f. 


n-l 


E^rL^(/(fc)W.5)  +  i4  «*  *   (^/)(«)-6  (c"*)v 


fc=1         k[  V  7        r(^)  te[a,c]       V  V  '  I 

That  is,  we  have  proved  that 

n— 1    /  \  ^. 

D((f(x),f(c))  <  J2  l£^!       D(/W(C)'5)  + 

iT*^  sup  ^(  f^-/)(n.o|. „•-..,■-.,•. 

l  (v  +  i-)  te[o,c] 
So  we  get 
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(c  —  a)v 

r(i/  +  2)' 


[°D({f(x),f(c))dx<  J2    ^(fc+^i     jP(/"C)(c)'")+t|"aPc]jP(  (D"-/)  W,6 

We  also  have  (c  <  x  <  b) 
o((/(x),/(c))  =  d(    ^    (3:  7,C)    0  /(fc)(^)  e  7^-r  0  /%  -  t)""1  0  (gyf  /)  (t)dt.  /(e))  = 


n—  1*     .  .t, 

JE-cr   .    „(fc) 


D   E  T^0/(fc)(c)©F77x0  /  (*-*r"1©(^«/)  (*)*.  0)  ' 


A:! 


I» 


E 


(»-c)K  r,ft(k)f„\  n\    ,       !,!//,..      m"    i       /1,-'7 


A,    d^(c),oj  +  f^d|  /  (,■-/)"  •  .{!>:■;. f)(w.  I  o<//j  -.. 


n  — 1    ,  ^^. 


i» 


fa;-c)fc  „  /    (fc) 


E 


/,:! 


Z3(/W(C),0)  +   sup  £>(£>:f/(i),6)  (*      C)!/ 


fc=i 
I.e.  we  derive  that 


te[c,b] 


T{v+1) 


O((/W,/(C))<E^TT^I)(/(fc)(c)'0)+  SUP  D(D£f(t),0 


te[c,b] 


(x  —  c)u 


all  c  <  x  <  b. 

Consequently  we  obtain  that 


f    D{(f(x),f(c))dx<  Y  (,    C\     gf/W(c),0U(   ,  C)    ,     sup   c(n:f/(*),6) 
So  we  have  proved  (c  G  [a,  &]) 


L> 


(c~«)fc+1 
£j     (*  +  !)! 


E  ^f^  C^8) + ^  K^5)  w+ 
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n-l 


(fe-c)^1   sup  D((Drf/)(t),6)+(c-a)^+1    sup   D((D£f)(t),0 

t£[c,b]  ^  '  te[a,c]  ^ 

proving  the  claim. 

Applications  to  Theorem  34.29  follow 

Corollary  34.30  Let  v  =  ±,  /  G  C'T([a,b\),  c  G  [a,b]. 

Then 

(6-c)1'5  sup  D((Dlff)(t),d)+(c-a)1B  sup  D({D*?f){t),0 

te[c,b]      \  J  te[a,c]      \ 

(34.10) 
Proof.  Notice 

r(2.5)  =  h£t 

etc.  ■ 

Corollary  34.31  Let  v  =  §,  /  G  C|-([o,6]),  c  G  [a,  6]. 
Then 

D  (rb  0  (FR)fam**,fV))  <  _i_|D(^c)'°)  [(6_c)2  +  (c_a)2]  + 


15v^ 


.-c)"  sup  D[(D1C  /)(*),  0     +(c-or   sup  D     (D|_  /)(*),  0 
te[c,6]      V  /  te[a,c]      V 

(34.11) 
Proof.  See  that 

r(3.5)  =  1^, 

etc.  ■ 

Corollary  34.32  Let  v  =  §,   /  G  C|([o,6]),  c  G  [a,&]. 
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Then 

°  (  6^  ®  {FR)  /   f{x)dX' /(C))  "  b^~ 
— —z [{b  -  c)    +  (c  -  a)  J  +  L  |_(&  -  c)    +  (c  -  a)  J  + 


1O50F 

(6-c)3-5  sup  D((Dlff)(t),b)+(c-a)3S   sup  D  f  {D$*f)(t),  0 
te[c,6]      V  /  te[a,c]       \ 

(34.12) 
Proof.  Notice 

r(4.5)  =  ^, 

etc.  ■ 


35 

About  Discrete  Fractional  Calculus 
with  Inequalities 


Here  we  define  a  Caputo  like  discrete  fractional  difference  and  we  compare  it  to 
the  earlier  denned  Riemann-Liouville  fractional  discrete  analog.  Then  we  present 
discrete  fractional  Taylor  formulae  and  we  estimate  their  remainders.  Finally  we 
give  related  discrete  fractional  Ostrowski,  Poincare  and  Sobolev  type  inequalities. 
This  chapter  is  based  on  [48]. 


35.1     Background 

We  make 

Definition  35.1.  We  use  [104],  [106],  [227]. 

Let  v  >  0.  The  z^-th  fractional  sum  of  /  is  defined  by 

A""/  (t,  a)  =  ^—  £J  (t  -  s  -  l)("-«  /  (s)  . 

s  —  a 

Here  /  is  defined  for  s  —  a  mod  (1)  and  A-"/  is  defined  for  t  —  (o  +  v)  mod  (1); 
in  particular  A~v  maps  functions  defined  on  NQ  to  functions  defined  on  NQ+y, 
where  Nt  =  {t,t+  l,t  +  2, ...}. 
Here  tM  =     r(t+1) 

1J.C1C  L  r(t-v+i) ' 

From  now  in  this  context  for  convenience  we  set  A-"/  (t,  a)  —  A-"/  (t). 
We  need 


G.  A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  575  -585 


springcrlink.com  ©  Springer- Verlag  Berlin  Heidelberg  2011 


576         35.  About  Discrete  Fractional  Calculus  with  Inequalities 

Theorem  35.2.  ([104])  Let  /  be  a  real-valued  function  denned  on  Na  and  let 
H,  v  >  0.  Then 

A""  (A""/  (*))  =  A-^+'V  (t)  =  A""  (A""/  (i))  ,  ViG  Na+M+„. 

We  make 

Definition  35.3.  Let  /i  >  0  and  m  —  1  <  /u  <  m,  where  in  denotes  a  positive 
integer,  in  =  \fi] ,  [".]  ceiling  of  number.  Set  i>  —  m  —  fi. 
The  p-th  fractional  Caputo  like  difference  is  defined  as 

A?/  (i)  =  A""  (Am/  (i))  =      *£(*-  «  -  i)^-1)  (Am/)  («) ,    ViG  N0+„. 

s  —  a 

Here  Am  is  the  m-th  order  forward  difference  operator 

(Am/)(S)  =  ^   ™  )(-ir-kf(s+k). 

fc=0   ^  ' 

We  mention 

Theorem  35.4.  ([106])  For  v  >  0  and  p  a  positive  integer  we  have 

A~'yAp/  (t)  =  APA-"/  (i)  -  Y  -g — ^ -Akf  (a) , 

J  y  '  ■'  K  '     ^r(^  +  fc-p+l)       J  w' 

where  /  is  defined  on  N0. 

Remark  35.5.  Let  fi  >  0  and  m  —  l</i<m,  m=  [/i] ,  where  in  is  a  positive 
integer,  v  —  in  —  fi  >  0.  Then  by  Theorem  35.4  we  obtain 

m-l        ,  \(i/-m+fc) 

A"" Amf  (t)  =  AmA~vf  (t)  -  V  -£ — ^ Afe/  (a) , 

J  w  J  K  '      t->T(v  +  k-m+l)      ■'  w 

where  /  is  defined  on  Na. 
So  we  have  established 

A5f/  (t)  =  AmA-"/  (*)  -  V  =^ — ^ -Afc/  (a) , 

J  w  ■'  K>      ^  V  (is  +  k-m+1)       Jyj' 


that  is 

(t  -  a) 


A"1  A-/  (t)  =  A-/  (t)  +  y  rt+Lm+l)Akf  {a) '  (35-1} 

fc=0       *■  ' 


where  /  is  defined  on  Na 
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Definition  35.6.   ([106])  The  ^i-th  fractional  Riemann-Liouville  type  differ- 
ence is  defined  by 

A"/  (i)  :=  A—/  (t)  :=  Am  (A""/  (t))  , 

where  jj,  >  0,  m  —  1  <  /j,  <  m,  v  —  m  ~  jj,  >  0. 

Remark  35.7.  Consequently  from  (35.1)  we  obtain 

A"/  it)  =  A?/  (*)  +  E  f  )~J-m+^kf  <«>  ■  (35-2) 


r  [y  +  k  -  m  +  1) 


where  /  is  defined  on  N0. 


35.2     Results 

We  give  the  following  Caputo  type  fractional  Taylor's  difference  formula. 
Theorem  35.8.  For  fj,  >  0,  fj,  non-integer,  m  =  \fi] ,  v  —  m  —  (x,  it  holds: 

m-l   ,    _     Uk)  1  t-n 

/(*)=E       fc!      Afc/(a)+rT^  E  (t-*-!)0'"'^^^),  WeNa+m, 

(35.3) 
where  /  is  defined  on  Na  with  a  G  Z+,  Z+  :=  {0, 1,  2, ...}. 
Proof.  Notice  that  by  Definition  35.3, 

A?/  (i)  =  A-"  (Am/  (i))  =  A-(m-^  (Am/  (*)),  V  t  G  Na+V. 

Consequently  we  get  A-" A?/  (i)   =  A-"A-(m-">  (Am/  (*))   (by  Theorem 

35.2)  =  A-("+(m-"»  (Am/  (t))  =  A~m  (Am/  (i)),  V  t  G  Na+„+M. 
So  that 

A-^/(i)  =  A-m(Am/(£)),        ViGNa+m.  (35.4) 

We  see  that 

(t-s-l)<m-»=  T{t~a)  =(t-s-l)(t-s-2)...(t-s-m+l), 

i  (t  —  s  —  m  +  1) 

(35.5) 

the  falling  factorial,  here  we  have  t  —  s  —  m  +  1  >  0. 

Therefore  we  obtain 

t—m 
A-m  {Amf  (i))  =   _L  £   (t  _  g  _  1)(m-l)  Am/  (s)  (35  6) 

^  s  — a 

By  ([1],  p.  28,  Theorem  1.8.5)  the  discrete  Taylor's  formula  we  derive 

m-l    ,     _      s(k)  ,  t—m 

/  (*)  =  E     J    A"/  («)  +  t^w  E  (*  - s  -  !)(m_1)  Amf  « .  (35-7) 
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where  i(fc)  =  t  {t  -  1)  ...  (t  -  k  +  1) . 
From  the  last  we  find 

m-1  if  _  „\(fc) 

/(«)=E         fc!        Afc/M  +  A^A^/(t),  (35.8) 

fc=0 

where  /  is  defined  on  N„,  V  (  £  Na+m,  proving  the  claim.  ■ 

We  make 

Remark  35.9.  Here  [o,  b]  denotes  the  discrete  interval  [a,  b]  —  [a,  a  +  1,  a  + 
2, ...,  b],  where  a  <  b  and  a,b  G  {0, 1, ...}. 

Let  /j  >  Obe  non  integer  such  that  m  —  1  <  /j,  <  m,  i.e.  m  =  |~/u] .  Consider  a 
function  /  defined  on  [a,b].  Then  clearly  the  fractional  discrete  Taylor's  formula 
(35.3)  is  valid  only  for  t  G  [a  +  m,b],  a  +  m  <  b. 

We  use 

Theorem  35.10.  ([106])  Let  p  be  a  positive  integer  and  let  v  >  p.  Then 

Ap  (A""/  (i))  =  A-^-p)f  (i) .  (35.9) 

We  make 

Remark  35.11.  Let  fi  >  p,  where  p  G  N.  Then 

Ap  (A""A?/  (t))  (3=9)  A-(fl-p)  (A{f/  (i)) ,        V  t  e  Na+m_P.  (35.10) 

Also  notice  that 

By  the  last  we  obtain  the  following  discrete  Caputo  type  fractional  extended 
Taylor's  formula. 

Theorem  35.12.  Let  Li  >  p,  p  G  N,  n  not  integer,  m  —  \fi\  ,v  =  m~pi.  Then 

m—l    ,.  _      \(fc-p)  i  t-n+p 

AP/W=El(fc_JpV    Afc/(a)  +  f?— -   E    (t-s-l)^-^A-f(s), 

(35.12) 
V  t  G  Na+m-p,  /  is  defined  on  Na,  a  G  Z+. 

Note  35.13.  Assuming  that  /  is  defined  on  [a,b],  then  (35.12)  is  valid  only 
for  [a  +  m  —  p,  b] ,  with  a  +  m  —  p  <  b. 

Notice  for  p  =  0  applied  on  (35.12)  we  get  (35.3). 
We  give 
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Proposition  35.14.  For  /i  >  0,  fi  not  an  integer,  m  =  \/j.]  ,  v  =  m  —  (x,    f  is 
defined  on  Na,  a  G  Z+;  and  Ak  f  (a)  =  0,  for  k  =  0, ...,  m  —  1,  we  get 

/(i)  =  f^y    E    (i-s-l)^-1^/^),        Vi6Na+m.  (35.13) 


s  —  a  +  i/ 


Proof.  By  (35.3).  ■ 

Also  we  present 

Proposition  35.15.  Let  /i  >  p,  p  G  N,  /i  non-integer,  m  =  [~//| ,  v  =  m  —  fi;  f 
is  defined  on  Na,  a  G  Z+.  Suppose  that  Afc/  (a)  =  0,  k  —  p, ...,  m  —  1.  Then 


s  =  a  +  1/ 


(35.14) 
Proof.  By  (35.12).  ■ 

We  make 

Remark  35.16.  We  want  to  calculate 


^-  l  j  2^   r(i-s-M  +  i)     2^   r(i-s-M  +  i)+i  w" 

(35.15) 
We  notice  that 

r  (*-  +  i)  _  r(x  +  2)  r(x  +  i) 


r  (fc  + 1)  r  (x  -  fc  + 1)     r  (fc  +  2)  r  (x  -  fc  + 1)     r  (fc  +  2)  r  (x  -  fc) 

with  x  >  fc,  x,  fc  G  R;  fc  >  — 1,  x  >  — 1. 
That  is 

r(x  +  i)     _      1      /    r(x  +  2)       r(x  +  i) 


r(x-fc  +  i)     (fc  +  i)  Vr(x-fc  +  i)     r(x-fc) 
wefindA:=n-^r(^->+1)  = 

(by  (35.17)  for  x  :=  t  -  s  -  1  >  /i  >  0,  k  :=  /i  -  1  >  -1,  and  x  >  k) 

i)_  _     r(t-s)    1  = 
-M)       r(t-s-M) 


(35.17) 


1  \pi-/J-l    f     r(i-a  +  l 

p  2_(s=b+i'  [r(t— s+i- 

J_    [/      r(i-n-i/+l 

m  L\rc_o— "+1— 

(    r(t-n-i/-i)     _     r(t-a-i/-2)    \    i        /      _  r(M+i)A 
^r(t-a-ix-i-M)       r(t-a-v-2-ii)  J    '   '"  ^'""         r(i)    y 


)        _        r(t-a-i/)      \      I     /      r(t-a-i/)       _        r(t-a-i/-l)       i     i 


f       r(t-a-„+l) ,,,     x 

[Mr(t-a-i/+l-M)  L    W 

That  is 


pil  (t  —  a  —  v  +  1  —  /j.) 
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Consequently  we  found 


V  (t    o    i^(M-i)  =   r(t-o-i/  +  i) 

^    v  ;  ur  (£  -  o  +  1  -  m) 


s=a-\-v 


fiT  (t  —  a  +  1  —  m)  /i 

Using  (35.19)  we  give 


(35.19) 


Corollary  35.17   (to  Theorem  35.8)  Let  n  >  0,  fj,  non-integer,  m  =   \fi] 
v  —  m  —  fi,  t  G  Na+m,  /  defined  on  Na,  a  G  Z+.  Then 


fe! 

fc=0 


<  ^T7 r; max  \&*f(s) 

r  (/l  +  1)  se{a  +  i/,a  +  iy+l,...,t-/j} 


(35.20) 


Similarly  we  obtain 


Corollary  35.18  (to  Theorem  35.12)  Let  fj,  >  p,  p  £  N,  /u  non-integer,  m  = 
[//] ,  u  —  m  —  fi,  t  £  Na+m-p,  f  defined  on  No,  a  G  Z+.  Then 

m~1  />  _  „l(fc-P)  (t  —  n  —  wl('J_p) 

AP/W~E   \,       m     Afc/W   <     w  ^     ■      ,      max  JA?/(.)|. 

jH*  (fe-p)'  r(^  — p  +  1)  s€{o+i/,...,t-/i+p} 

(35.21) 
We  use 
Lemma  35.19.  Let  a  >  v,  a,  v  >  — 1,  a, ;/  G  R,  a  <  6.  Then 

r(&  +  2)        r(a  +  i)\  _  /(6  +  i) 


Er» 


(is+l)  \T(b-is  +  l)      T[a-v))       \  v+1 

(35.22) 
Proof.  We  have 

^b  (")   —  X^b  T(r+1)        (W  (35.17))  !         ^b  /      T(r  +  2)        _    r(r+l) 


r  =  a  r  ~~  Z^r=a   r(i--i/  +  l)  ~~  (i'  +  I)   ^r  =  a   ^  r(i — v+1)  T(r-v) 

1         fv^b  /  (     r(q  +  2)        _    r(q  +  l)\  /     r(q  +  3) r(q  +  2)      \ 

(„+l)    ^2^r=a\^r(a-i/+l)  T{a-u)  J     "*"  \r(a+2-v)  r(a+l-v)  )  + 

»)}) 


T(a+4) r(a+3)     \     ,  ,    /  r(b+l)   _         r(i>)        \    ,      /     r(6+2)      _   r(b+ 

r(a+3-i/)  r(a  +  2-iy)y     '     ■••     '     ^r(6-i/)  r(6-l-i/)y     '       ^r(b-^  +  l)  T(b 

i      /    r(b+2)     _  r(a+i)\ 
(i/+i)  ^r(6-i/+i)       r(a-^)^' 

proving  the  claim.  ■ 

Next  we  present  a  discrete  fractional  Ostrowski  type  inequality. 

Theorem  35.20.  Let  /i  >  p,  p  G  Z+,  ^  not  an  integer,  m  =  [pi] ,  ^  =  m  —  [i. 

Here  /  is  defined  on  Na ,  a  G  Z+  and  j  G  [a  +  m  —  p  +  1 ,  b] ,  with  a  +  m  —  p  <  fe  G  N. 
Assume  that  Afc/  (a)  =  0,  for  fc  G  [p+1,  ■■■,  m  —  1]. 
Then 

1 


(b  —  a  —  m  +  p) 


£         Ap/(j)J-Ap/(a) 

-a-\-rn  —  p-\-l  / 
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(6  -  a  -  m  +  p)  T  (/u  -  p  +  2) 


Ub  -  a  -  v  +  l)^-"+1>  -  r  Ou  -  p  +  2) 


max  |A?/(t)|     .  (35.23) 

te{a  +  iv..,6-/j+p}  / 

Proof.  By  (35.12)  we  have 

Ap/(j)~Ap/(a)=  i-         £    (j-s-l)^-1^/^),         (35.24) 


r(M-P) 


for  all  j  £  [a  +  to  —  p  +  1, 6], 
We  derive  that 


'  £        Apf(j)-Apf(a)     = 


6  —  (a  +  m  —  p) 

y  r>  j  =  a  +  m-p+l 


b  —  (a  +  rn  —  p) 

v  r'  j  =  a  +  m-p+l 


J2         (Apf(j)-Apf(a)) 


6  /j—li+P 

E         E  tf  — i)*""'"^^; 


(&-  (a  +  m-p))T(u-p) 

v  v  ^/'        vf^        *J  j=a+m-p+l    \s=a+K 

(35.25) 
Therefore  we  get 

|  b-(a  +  m-p)  l^j  =  a  +  m-p+l  ^    f  U)  ~  ^    f  (a)  |    = 

(b-Jm+p)  \Ebj=a+m-P+i  (Ap/  (j)  -  A"f  (a))  |  < 

7T 1-^^J2b       ,  ^\Apf(j)-Apf(a)\< 

/  ,  \  (by  (35.19)) 

(b-a-m+p)T(iJ,-p)  £-ij=a+m-p+l  \£-is=a,+v\J         a  I  I"*  J    \°/\J  — 

(6-a-m+PW-P+D  E?=B+m_p+1  y  -  a-  ^)(fl-p)  ■  se{a+max^+p}  |A?/  (s)\  < 
»M  (  ■     £    +1  ^H  '  .^»^>  |A?/  Wl  ==  W 

v  \j=a  +  m-j>+l  / 

(35.26) 
Next  we  use  (35.22).  We  notice  that 

b  b  —  a  —  v 

E  {j-a-v)(f*-p>  =       E      r("~P)  = 

r(b'a-  +  2)       -r(M-p  +  2)V  (35.27) 


(/i  -  p  +  1)  V  T  (6  -  a  -  m  +  p  +  1) 
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Therefore 

M  =  1 (      T{b-a-v  +  2) 

lJ       (6-a-m  +  p)r(^-p  +  2)^r(6-a-m  +  p+l)  ^      Pj 

max  \Atf(t)\).  (35.28) 

te{a  +  i',...,6-M+p}  / 

The  last  completes  the  proof.  ■ 

Next  we  present  a  discrete  fractional  Poincare  inequality. 

Theorem  35.21.  Let  n  >  p,  p  G  Z+ ,  n  non-integer,  m  =  [/*],  v  —  m  —  yi. 
Suppose  that  A  /  (a)  =  0,  fc  =  p,...,m  —  1,  /  defined  on  Na,  a  €  Z+.  Let 
7,<5>l:i  +  i  =  l.  Then 


y    |Ap/(j)i'< — - — r 


6  /j-m+p 

(m-p-i)^7 


/6  —  M+P 


E      E  (o  —  i) 

E  WWIT  (35-29) 


Proof.  We  have 

,  J-M+P 

Ap/(j)=  _        Y.    U-a-l^-'-VASfia),     Vj€[a  +  m-p,b] 


r^-P)._„    , 

(35.30) 

7    """  J   _ 


Let  7,  <5  >  1  such  that  -  +  ±  =  1 


We  observe  that 

j'-m+p 


]APfU)l-r{ihp)   E  (J-*-i)(M-p-1)|A?/(5) 


s  — a  +  f 


(by  discrete  Holder's  inequality) 

i_  i 

-fo^rt^^'  — 1)0,_P"1))  J  -^EJ^/^J  •  (35-31) 

That  is,  it  holds 

/j—v+p  \  i     /j—n+p 


Avo)i*<^^(  E  (o-  —  d("-'-  1T)  •(  E  w- 


s  —  a-t-iv  /  \s  —  a  +  i^ 


«)l4 


< — - — *(  E  fo"-*-i) 
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b  —  fi+p 

E     \Kf(s)\'\,     \/je[a  +  rn-p,b}. 


Applying  J2j=a+m-p  on  (35.32)  we  establish  (35.29). 
It  follows  a  discrete  Sobolev  type  fractional  inequality. 


(35.32) 


Theorem  35.22.  Let  n  >  p,  p  G  Z+,  n  non-integer,  m  =  [//],  v  —  m  —  jx. 
Suppose  that  Akf(a)   =  0,  k  =  p,...,m  —  1;  /  defined  on  Na,  a  £   Z+.  Let 


7,  <5  >  1  :  i  +  i  =  1,  and  r  >  1.  Then 


E   iAP/(i)r]  -• 

j^O  +  771  —  p 


1 


r(M-P) 


j  —  a-\-rn  —  p    \s  =  a-\-is 


j  —  fi+p 


E      E    a  — i) 


\Cm-p-1) 


6  —  M+P 

E  iA*/(s) 


s  — a  +  f 


Proof.  By  (35.31)  and  discrete  Holder's  inequality,  we  have 


(35.33) 


|Ap/(j)|< 


r(A*-p) 


i-M+p 


E   a  — i: 


(m-p-1) 


s  =  a  -|-i/ 


b—  /i,+p 

E    |A?/(«)|')     ,      Vje[a  +  m-p,»], 


where  7, 5>l:-  +  i  =  l. 
Hence,  by  r  >  1  we  derive 


(35.34) 


|Ap/(j)|r< 


(r(M-P))7 


i-(i+p 


E    0 


-s-  1 


.(/*-p-l) 


s  =  a  + 1/ 


b  —  p,+p 

E    |A?/ («)|'l     ,      Vje[a  +  m-p,6]. 


s  =  a  +  v 


Consequently  we  obtain 


(35.35) 


£     |AP/WI^(F(^W 


j— a  +  m  — p    \s  —  a+f 


J-M+P 


E      E    tf  — 1 


\(M-P-!) 


b—  /i,+p 


E  iA*/(s)i 


(35.36) 
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The  last  proves  the  claim.  ■ 

We  finish  with  the  following  discrete  fractional  average  Sobolev  type  inequality. 

Theorem  35.23.  Let  0  <  /ii  <  /i2  <  ■■•  <  Mfci  rni  ~   ll^il,  vi  =  mi  ~  l-ii, 
I  —  1, ...,  k,  k  G  N.  Assume  that  AT/  (a)  =  0,  for  r  =  0, 1, ...,  mfe  —  1:  /  is  defined 
on  Na,  a  G  Z+.  Let  r  >  1;  Ci  (s)  >  0  defined  on  [a  +  vi,b  —  Hi],  I  —  1, ...,  k.  Put 
Br.=  EbsZ'+„Ci(s)(Apf(s))\ 


5*  :=  max 


KKIc    I    (r(Mi))2 


Z^i  =  a  +  m,    I   2-^s  =  a  +  v,    \  \3         S         ^J 


\(w-i) 


CjW 


Then 


oo,[a  +  i/;,6-/j,] 


ll/ll„[o+m„6]<%/^(^^ 


(35.37) 


Proof.  We  see  that  also  AT/  (a)  =  0,  r  =  0, 1, ...,  mi  -  1,  I  =  1, ...,  fc  -  1.  So 
the  assumptions  of  Theorem  35.22  are  fulfilled  for  /  and  fractional  orders  \ii, 
I  —  l,...,k.  Thus  by  choosing  p  =  0  and  7  =  S  =  2  we  apply  (35.33),  for 
/  =  1, ...,  k,  to  obtain 


E    l/C?)l 


r(w) 


E      E    tf  — 1 


\(w-i) 


J  =  a  +  TTl£     \  s  —  a  +  i'; 


Therefore 


E  (A?*/«)a 


E  i/c?)r  J  < 


(35.38) 


(r(w)r 


J-M 


E      E    o---i)(w"i; 


^  — Mi 


E  (A*'/(s))2 

s=a+i/; 


<r    E  (a^'/w)2  =**    E  (aw)-'(a(*))(Awwf 

\  8=0+1/1  /  \s=a+i/! 


b— Ml 


<5V       E    Q(«)(A{f«/(«))2 

\  s=a-|-i/j 


(35.39) 
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That  is 

2  2 

f  E  ifuw)  <(  E  ifuw)  < 

5*p*[     E    Ct(s)(A^f{s))2  \=S*p*Bi,       forJ  =  l,...,fc.  (35.40) 

Hence 

11/11*  la+mkM<S*P*(^f^y  (35.41) 

proving  the  claim.  ■ 


36 

Discrete  Nabla  Fractional  Calculus 
with  Inequalities 


Here  we  define  a  Caputo  like  discrete  nabla  fractional  difference  and  we  give 
discrete  nabla  fractional  Taylor  formulae.  We  estimate  their  remainders.  Then  we 
derive  related  discrete  nabla  fractional  Opial,  Ostrowski,  Poincare  and  Sobolev 
type  inequalities.  This  chapter  relies  on  [51]. 


36.1     Background 

Here  we  use  [105]. 

We  define  the  rising  factorial 

t*  =  t(t+l)...(t  +  n-l),        n€N, 

andi°  =  1.  In  general,  let  «€  R,  then  define  t"  =  T{^tf  ,  t€  »-{..., -2, -1,0}, 
and  0~  =  0.  Note  that  V  (i^)  =  at^1,  where  Vy  (t)  =y(t)-y(t-l). 

For  k  =  2,3,...,  define  Vfc  inductively  by  Vfc   =  VVfc_1.  Thus  Vfe/  (t)   = 

E™=o(-i)m(  *)/(*-"*)• 

Call  p  (s)  =  s  —  1,  we  define  the  n-th  order  sum  of  /  (i)  by 

vr7(i)  =  E^f=£i)T-/(s)'  (3fu) 
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where  t  >  a,  n  £  N. 

In  general  we  define  the  v-ih  order  fractional  sum  of  /  by 

where  v  >  0  non-integer,  t  >  a. 

We  define  the  fractional  Caputo  like  nabla  difference  for  ^  >  0,  m—  1  <  fj,  <  m, 
m  =  [ji*] ,  [.]  the  ceiling  of  number,  m  €  N,  v  =  m  —  \x,  as  follows 

VS,/(t)  =  Vr(V*n/(t)),       i>a.  (36.3) 

We  mention 

Theorem  36.1.  ([105])  Here  Am  is  the  m-th  order  forward  difference  opera- 
tor, m  £  Z+, 

(A™/)  (t)  =  £  (  ™     (-i)m-fc  /  (t  +  fc) ,     t  e  z. 

Define  i(a)  =  r^lt-l) ,  (£l-  {...,  -2,  -1},  a  >  0,  so  that 
i(n)  =t{t-  1)...  (i-n  +  1),  for  n£N. 

Note  that  i"  =  (i  +  a  -  1)(q°  . 

Define  for  ^  >  0  the  operator 

We  also  see  that 

Am/ (i-m)  =  Vm/(t),       VmeN. 

We  need  the  law  of  exponents. 


Theorem  36.2.  ([105])  Let  /  be  a  real  valued  function,  and  let  /i,  v  >  0.  Then 

Vr  (Va-"/  («))  =  V-("+^/  (i)  =  V""  (V~7  (*))  >  (36.5) 

for  all  t  >  a. 

We  also  mention  the  discrete  Taylor  formula 

Theorem  36.3.  ([93])  Let  /  :  Z  -»  R  be  a  function,  and  let  a  £  Z.  Then,  for 
all  t  £  Z  with  i  >  a  +  771,  the  representation  holds, 

ro-1  (j.  _     \k  1  *  

'('^E        *!       ^W  +  T^TW    E    (t-r  +  ir^V"/^).     (36.6) 
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36.2     Main  Results 

We  give  the  following  discrete  backward  fractional  Taylor  formula 

Theorem  36.4.  Let  /  :  Z  — >  R  be  a  function,  and  let  a  G  Z.  Here  m  —  1  < 
jj,  <  m,  in  —  \fi\ ,  fi  >  0.  Then,  for  all  t  £  Z  with  £  >  a  +  m,  the  representation 
holds, 

Proof.  We  notice  that 

V^iVf0+1)  J  (t)  =  v^v;^"^  v"7  (t) 

(by  (36.5))  v-^+m-M) ym/  (t)  =  V-mVmy  (j)  (  (gg  g) 

true  for  i  >  a  +  1 . 
But 

V«-TiV"7(i)  =  7— ^    E    (*-^  +  l^Vm/(r),  (36.9) 

and 

^r+iVtUi),/(*)  =  f^y    E    «-T+lpV^1)t/(T),  (36.10) 

where  i  >  a  +  1 . 

Then  we  apply  Theorem  36.3. 

The  claim  is  proved.  ■ 

Corollary  36.5.  (to  Theorem  36.4).  Additionally  suppose  that  Vfe/ (a)  =  0, 
for  fc  =  0, 1,  ...,m-  1.  Then 

1  *  

/(i)  =  f7^    E    (t-T+ir-'V^/tT),       Vi>a  +  m.  (36.11) 

We  need 

Lemma  36.6.  ([105])  Let  0  <  m  —  1  <  v  <  m,  m  =  \v\ ,  a  £  N,  /  defined  on 
Na  =  {a,a+l,...}.  Then 

A-"/(*  +  »')  =  Vr/(t).       ViGNa.  (36.12) 
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Theorem  36.7.  ([106])  Let  p  G  N  :  v  >  p.  Then 

Ap  (A-'7  (i))  =  A-("-p)/  (t) .  (36.13) 

We  give 

Theorem  36.8.  Let  p  G  N  :  v  >  p,  a  G  N.  Then 

Vp(Vr/(t))=V;("-p»/(t),  (36.14) 

for  t  G  Na. 

Proof.  We  notice  that 

vp(vr/(t))  =  A"(vr/)(*-p) 

(by(=12))Ap(Ar/(i-p  +  ^))      =      (A"A--/)(*-P  +  i/)=:A 
Also  we  see  that 

v-(,-p)/  (i)  (by  (36.12))  A_(,_p)/  (i  +  v  _  p)  =;  R 

But  A  =  B  by  (36.13),  proving  the  claim.  ■ 

We  make 

Remark  36.9.  We  have 

vPf(t-af\      =     ^((t  +  k-l-a)^ 

({t  +  k-l-a-p)(k)\       _       (t  +  k-l-a-  p)(k-p)  _(t-  a)~ 
k\  J  {k-p)\  ~     (k-p)\ 


for  k  >  p. 
That  is 


w¥hw'  fat^       (36-isi 


We  have  proved  the  following  discrete  backward  fractional  extended  Taylor's 
formula. 

Theorem  36.10.  Let  /  :  Z  — >  R  be  a  function,  and  let  a  G  Z+.  Here  m  —  1  < 
/i  <  m,  to  =  [~//| ,  p  >  0.  Consider  p  €  H  :  /i  >  p.  Then,  for  all  £  >  a  +  to,  £  G  N, 
the  representation  holds, 

m—1    .     ^      \k-p 

VP/w  =  EVkvt/(fl)+ 
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f^y  E i ^~T+ 1^p" K+vJ w ■  (36-16) 

Proof.  By  Theorem  36.8  and  (36.15).  ■ 

Note.  When  a  G  Z+,  and  for  p  —  0  put  on  (36.16)  we  get  (36.7). 


Corollary  36.11.  (to  Theorem  36.10).  Additionally  suppose  that  \7k  f  (a)  = 
0,  for  k  =  p, ...,  m  —  1.  Then 


r  (/x  -  p) 


(36.17) 


Remark  36.12.  (to  Theorems  36.4,  36.10).  Let  /  be  defined  on  [a  —  m  + 
1,0  —  m  +  2, ...,  6],  a  discrete  closed  interval,  where  b  is  an  integer.  Then  (36.7) 
and  (36.16)  are  valid  only  for  t  G  [a  +  m,  b].  Here  we  must  assume  that  a  +  m  <  b. 

Remark  36.13.  We  would  like  to  calculate 

t  t-i  

J2  (t-r  +  iy-1=  J2  (t - r  +  ly-1  +  (ly-1  = 


E  (t-T+ir-i+T(Ji)=  J2  rft-r+i!+r(At)-       (36-18) 

So  still  to  find 


t-i 


Tjt-T  +  fJ.) 


*-  E  ^E^f  (»■») 


T(i-r  +  l, 
We  will  use  the  following  formula 

r  (g  + 1)     _      i (    r  (x  +  2)        r  (g  + 1) 


r (a; - fc  + 1)     (k  +  i)  \r(x-k  +  i)     r(x-k) 


(36.20) 


where  x  >  k,  x,  fc  G  R  :  fc  >  — 1,  a;  >  — 1. 

So  for  calculating  A  we  set  x  :=  t  —  t  +  fj,  —  1,  k  :—  (x  —  1.  We  observe  here 
that  a;  >  — 1,  fc  >  —1  and  x  >  k.  Also  we  see  that  x  +  1  =  t  —  t  +  /i  and 
x  —  k  +  1  =  t  —  t  +  1.  So  we  get 

r (i - r  +  fj,)  _     r (x  + 1)     _i/r(t-r  +  M  +  i)     r (t - r  +  n) 


T(t-r  +  i)     r(x-k  +  i)     n\    r(t-T  +  i)  r(i-r) 

(36.21) 
for  all  t  £  {a  +  !,...,£-  1}. 
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Consequently  we  obtain 

1  f/rft-o  +  M)  r(t-a-l  +  M)N 

m\v   r(t-a)  r(t-o-i)     '  ^ 

r(i-a-l  +  /i)  r(t-o-2  +  /x)\ 


+ 


r  (t  -  a  - 1)  r  (t  -  o  -  2) 

r  (t  -  a  -  2  +  fj.)        r  (t  -  a  -  3  +  p) 
T  (t  -  a  -  2)  r  (i  -  a  -  3) 

r(M  +  2)     r(/i  +  i)s 


+ 


r(2)  r(i) 


(telescoping  sum) 


'   /r(t-«  +  M)      r(M  +  1)Urft-«  +  M)_r(M)  (3622) 


/i  [    r  (t  -  a)  '        J       ^r  (i  -  a) 

That  is 


Hence  we  have  found  that 

V    {t-r+l)—=r{t-a  +  ^{-^^.  (36.24) 


T  =  a+1 

We  give 

Corollary  36.14.  (to  Theorem  36.4).  We  obtain 


m—1    ,  %fc 

fc=0 


fe^-^K..«>lv^-/(T)l-  (36-25) 


Proof.  Use  of  (36.7)  and  (36.24). 
Corollary  36.15.  (to  Theorem  36.10).  It  holds 

(t  -  a)~ 


m—1   i  \k—p 

it -a) 


vP/M-E77^yrvfc/M 

k—p 


-  ■        max         Vi"  ,  ,%    f  (t)\  . 

r(/i-p+l)      r€{a+l,...,t}l       (a+1>*''    V    '\ 

(36.26) 


Proof.  Use  of  (36.16)  and  (36.24).  ■ 

We  present  a  discrete  fractional  Opial  inequality 

Theorem  36.16.  Let  fj,  >  2,  m  =  |>1  >  3;  p  G  Z+  :  fj,  >  p;  a  G  Z+.  Here  / 
is  a  real  valued  function  defined  on  {o  —  m  +  1,  a  —  m  +  2, ...}.  Here  i  >  a  +  m, 
i  G  N.  Suppose  that  Vfc/  (a)  =  0,  for  fc  =  p, ...,  m  -  1. 
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Let  7,5  >  1  :  -  +  f  =  1;  C (r)  >  0  for  r  =  o+  1,  ...,*;  and  £>(*')  >  0  for 
t'  —  a  +  m, ...,  i.  Set 

0(t,a,M,p,C,7):=  (    E     [(^-^  +  l)M^1(C*(r))-1]7)",     i  >  a  +  m, 

\r=o+l  / 

(36.27) 
t  s 

g{t):=    £    (C(r))s  Vfa+1)  J  (r)     ,     t>a+l;  (36.28) 


T  =  a  +  1 
2  /,\  2  , 


.,,  j„.      j.    ,         iu  i  (g2ft-i)-g2(«  +  m-2)) 
G(t,a,m,g)  :=2(g   {t)-g   (a  +  m-l))  +  -i -+ 


2[s(*)s(*-  1)  -5(a  +  m-  1)  g  (a  +  m  -  2)]  ,    t  >  a  +  m.  (36.29) 

Call  also 


g  ft)  ==  r  (f/_  p)  (     E     [D(*')(C(*'))    1fl(t',a,M,P,C)7)]7]     ,t>o+m. 

(36.30) 


V  f—  a  +  rri 


Then 

t 


E     D(t')|V*7(t')|  W?a+1)J(t')  \<K(t)(G(t,a,m,g))K         (36.31) 


for  £  >  a  +  rn. 

Proof.  By  (36.17)  we  have 


ivp/wi<— l—  e  (t-r+ir-^lv^./wl 

VP         £7   r  =  a+l 


TTTT^y    E  x  (*  "  *  +  i)""^1  (c  W)"1  C  M  |  V(a+D./  M 


(by  discrete  Holder's  inequality) 


i 

f  E     (CM)'|vfa+1),/(r)| 

\T=a+l 


vt-p)^  (  E    (C(r))5|vfB+1)J(r)fy,   Vi>a  +  m.     (36.32) 
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We  have  set 

9(t)=    E    (CM)'|vra+1)»/(r)f,  (36.33) 

T  =  a  +  1 

which  is  nondecreasing  in  i  >  a  +  1  >  a  —  m  +  1. 
It  holds 

Vff(t)  =  (C(t))'|vf0+1),/(t)|'1      te{o  +  l,...}.  (36.34) 

Thus 

Iv^+D./W^CVffCt))*^^))-1.  (36.35) 

We  observe  for  a  +  m  <  t'  <  t  that 

E   ^(0|vV(Ol|v?a+1)J(£')|< 

t'^a  +  m 

E  D(0  g(t,ra('^,7)  (ff (0)*  (^ (0)*  (^'r1  < 

t' =a-\-m 

(by  discrete  Holder's  inequality) 


E     [i?(f)(C(t'))-10(t'>o,/i,p,C7,7)]' 


F(M-P)    .    , 


•        E     S(0-V<?(0        •  (36.36) 

\  t'^a  +  m  / 

By  m  >  3  notice  that  a  +  TO  —  2  >  a  +  1. 
We  define  the  discontinuous  function 

tp(x)=  g  (*')  +  Vg  (*')  (a  -  t'  +  l) ,     for  a;  G  [t'  -  1,  t'\ 

a  closed  interval  of  R,  and  for  t'  —  a  +  m  —  1,  a  +  m, ...  . 

So  ip[x)  =  g  it'  +  1)  +Vg  (t'  +  1)  (ce  -  £')>  for  x'  G  [*'>*'  +  !]>  and  notice  that 
ip(t'-)  =  2ff(t')  -  g{t'  -  1),  while  ip  (£'+)  =  g(t'  +  l);  thus  ip  in  general  is 
discontinuous.  Also  see  that  tp'  (x)  —  Vg  (t'),  for  x  £  [t'  —  1,  £'],  for  i'  =  a+m— 1, ... 

Here  5  (i)  ,  V5  (£)  >  0. 
We  further  notice  that 

g  (t>)  <  9(t')  +  (2g(t')-g(t'-l))  =  3g(t')-g(t'-l)^  ^  ^ 

for  t'  —  a  4-  m  —  1, ...  . 
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The  last  means  that 

9  (t')  <  /       V>  (x)  dx,     for  t'  —  a  +  m  —  1, ...  . 

Jt'-i 

Consequently,  we  derive 

g  (t')  Vg  (*')  <   /       V  (»)  V>'  (»)  dx  =  /       V  (»)  dtp  (») 


(36.38) 


WW 


(36.39) 


That  is 

9 

Hence 


{t')Vg{t')<\[(tp(t')f-(tP(t'-l))2],     fcrt'  =  o  +  m-l,....    (36.40) 

E  ff(f)v9(f)<i  E  [o/>(*'))2-(^'-i))2] 


£'=a-j-m 
\2\ 


=  2  [(W>  (a  +  ™>)f  -W(a  +  m-  l))2)  +  ((</>  (a  +  m  +  l))2  -  (V  (a  +  m))2) 

+  ((V>  (a  +  m  +  2))2  -  (V  (a  +  m  +  l))2)  +  ...  +  ((</>  (t))2  -  (V  (t  -  I))2)] 

=  i[(V(i))2-(V>(a  +  m-l))2] 

=  J  [(25  (t)  -9 it-  l))2  -  (2g (a  +  m -  1)  -  g (a  +  m -  2))2] 


=  2  (g2  (t)  -g2(a  +  m-  1))  +  -  (g2  (t  -  1)  -  g2  (a  +  m  -  2)) 


That  is 


-2  [g  (t)  g(t-i)-g(a  +  m-l)g(a  +  m-2)]. 

t 

E     g(t')Vg(t')<2{g2{t)-g2{a  +  m-l)) 

t'  =  a-\-m 


(36.41) 


+Ug2(t-i)-g2{o 


2)) 


2[g(t)g(t-l)-g(a  +  m-l)g(a  +  m-2)],    \/t>a  +  m.  (36.42) 

The  last  proves  the  claim.  ■ 

We  give 
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Corollary  36.17.  (to  Theorem  36.16).  Here  /  is  a  real  valued  function  defined 
on  {-2,  -1,  0, ...},  t  >  3,  t  e  N.  Suppose  /  (0)  =  /  (-1)  =  /  (-2)  =  0.  Set 


(t,2.5):=(X:[(i-r  +  l)1-5]2)     ,      i>3 


5«:=£(V?*5/M)2,     t>l; 

(g2(t-l)-f(l)) 


r=l 
/_2  /•,-,        —2  , 


G(t,3,3):=2(^(t)-^(2))  +  . 

+2[ff(t)ff(t-l)-s(2)9(l)],     i>3. 


Call  also 


Then 


tf(t)  = 


3^     E(5(f.2.5))- 


t  >  3. 


(36.43) 
(36.44) 

(36.45) 
(36.46) 

(36.47) 


£  |/ (*0  I  I v"/ (*')  I  ^  *(*)(<?(*,  3,3))*,      fort>3. 

t'=3 

Note.  Above  in  (36.45)  we  have  g  (1)  =  7r  (/  (l))2. 

Next  we  give  a  discrete  fractional  nabla  Ostrowski  type  inequality. 


Theorem  36.18.  Let  m—  1  <  fi  <  m,  m  =  \fi\ ,  non  integer  (x  >  0;  p,  a  €  Z+ 
with  (J,  >  p.  Consider  6  £  N  such  that  a  +  m  <  b.  Let  /  be  a  real  valued  function 
defined  on  [a  —  m  +  1,  a  —  TO  +  2, ...,  6].  Here  j  6  [a  +  m, ...,  6].  Suppose  that 
Vfe/  (a)  =  0,  for  k  =  p  +  1, ...,  m  -  1. 

Then 

1 


(b  —  a  —  to) 


E    vp/(j)-vp/K 


j  —  a+m+1 


< 


((b-af 


r(n-p  +  2)(b-a-m) 
Proof.  By  (36.16)  we  have 


max         Vf  ,  -,>    f  (r) 

re{a+l,...,6}l      (a+1>J   V    ; 


(36.48) 


Vp/(j)-Vp/(a)  = 


r(M-p) 


E    (j^  +  r^Vf^./W,      (36.49) 


for  all  j  £  [a  +  to  +  1,  a  +  to  +  2, ...,  &]. 
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We  obtain  that 


b  —  (a  +  m) 


E    v*7(j)-V7(a)  = 


j= a  +  m  +  1 
b 


(b  —  a  —  rn) 


E     (vp/0')-vp/(«))  = 


j=a+m+l 

b  /      J 


r  (fi  —  p)  (b  —  a  —  m) 


Therefore  we  derive 


j= a  +  m  +  1     \T=a+l 


E      E  0'--+irp"vra+1),/(r) 


(36.50) 


(b  —  a  —  m) 


E    vp/(j)-vp/(«) 


1 


j  —  a+m+1 
/        3 


r  (/i  —  p)  (6  —  a  —  m) 

1 


E      E  y-T+ir"-1  v^./w   < 


j=a+m+l     \t  — a+1 

b  /        J 


r  (/i  —  p)  (6  —  a  —  rn) 


j— a+m  +  1     \T=a+l 


E      E  y-r+ir*-1 


max         Vf  ,  ,s    f  (t) 

-£{a+l,...,6}l       ("+1)*-'    V    ; 


(by  (36.24)) 


T(ti-p+l)(b-  a-m) 


E    (; 


j  — a+m  +  1 


max         Vf  ,n  /(r) 


(by  Lemma  19  of  [48]) 


r(n-p  +  2)(b-a-m) 


((b-aY 


max         Vf  ,,,    f  (t) 

proving  the  claim. 

Next  we  give  a  discrete  nabla  fractional  Poincare  inequality. 


(36.51) 


Theorem  36.19.  Let  fi  >  p,  p  G  Z+,  ^  non-integer,  m  —  \fi]  ;  a  G  Z+.  Here 
/  :  [a-  m  +  l,a-  m  +  2, ...,  b]  -»  R;  a  +  m  <  6,  6  G  N,  and  Vfc/  (a)  =  0, 
k  —  p, ...,  m  —  1. 
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Let  7,  d  >  1  :  -  +  |  =  1.  Then 

j— a  +  rri  \       \~         L  >  >        I  j  =  a-\-m    \t  —  a+1 


E    |V(W«|       •  (36-52) 

Proof.  We  have  by  (36.17)  that 

VP/(J)=r7^T    E    U-r+lf^Vl^Jir),  (36.53) 


V  j  €  [a  4-  m,  a  +  m  +  1, ...,  ft 

7   "T"  J 


Let  7,  5  >  1  such  that  -  +  4  =  1. 


We  notice  that 


|V-/0)|<r7-L-T    £    C3--T  +  ir-'-1|v{'0+1>/(r)| 
(by  discrete  Holder's  inequality) 

V.**        *V     \t=o+1  /  \r=a+l 

That  is,  it  holds 

5 


(36.54) 


,v'/o,i^iF^Ct((-'— "— : 

(    E    (U-'  +  If^H  '  ■  f  E    |vf„+1),/ (r)f  )  ,  (36.55) 

\t=o+1  /  \r=o+l  / 

V  j  £  [a  +  m,  ft],  a  discrete  interval. 

Applying  ^?=a+m  on  both  ends  of  (36.55)  we  establish  (36.52).  ■ 

It  follows  a  discrete  nabla  Sobolev  type  fractional  inequality. 
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Theorem  36.20.  Let  /i  >  p,  p  G  Z+,  fi  non-integer,  m  =  \fi] ;  a  G  Z+.  Here 
/  :  [a  -  m  +  1, ...,  6]  ->  R;  a  +  m  <  b,  b  G  N,  and  Vfc/  (a)  =  0,  k  =  p, ...,  m  -  1. 


Let  7,  <5  >  1  :  i  +  |  =  1,  and  r  >  1.  Then 


E     E  (o-r+ir-1 

j  —  a-\-m    \t  — a+1 


E     no+1)./(r) 
Proof.  By  (36.54)  and  r  >  1  we  have 


(36.56) 


|Vp/(i)|r< 


1 


(r(M-P))T 


E   (i-^+ir_p_1 


E    |V(W/M|    )    -  Vje[o  +  m,...,6]. 

\T=a+l 

Consequently  we  obtain 


(36.57) 


£  |VP/0T^(f(^)r 


E     E  (o-r+ir- i 

j  —  a-\-m    \t  — a+1 


E    |V^+1)JW|     )  (:«i..»S) 

proving  the  claim.  ■ 

We  finish  with  the  following  discrete  nabla  fractional  average  Sobolev  type 
inequality. 


Theorem  36.21.  Let  0  <  fj,i  <  \xi  <  ...  <  /ife  non-integers;  mi  =  |7*j~|, 
Z  =  l,...,fc,  fc  G  N.  Assume  VT/ (a)  =  0,  for  r  =  0,  l,...,mk  —  1,  where  /  : 
[a  -  mfc  +  1,  ...,&]  -»  R;  &  G  N,  a  G  Z+.  Let  r  >  1;  C;  (s)  >  0  defined  on 
[a  +  1, ...,  b],  I  =  1, ...,  k;  a  +  rnu  <  b. 

Put 

Br.=    E    C«(T)(v£+1)./(T))a, 


6  / 


(5*  :=  max 


i<;<fe    (r(^)) 


E     E  (a-r+ir-1 

j=a+m$     \t  — a  +  1 
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and 


p    :—   max 

KKk 


Ci(r) 


o, [o+l,6] 


Then 


lAa+mkM<^P~^^^ 


(36.59) 


Proof.  It  holds  also  VT/ (a)  =  0,  r  =  0,1,..., mi  -  1,  I  =  l,...,k-  1.  So  the 
assumptions  of  Theorem  36.20  are  fulfilled  for  /  and  fractional  orders  fii,  I  — 
1, ...,  k.  Thus  by  choosing  p  —  0  and  7  =  5  =  2  we  apply  (36.56),  for  Z  =  1, ...,  k, 
to  get 


E  i/oor    ^ 

13=0+171!  / 


E     E  ((i-^+ir-1 

j=a+mj     \t— a+1 


r(w) 

E  (v^dJW 


(36.60) 


Hence  it  holds 


£  l/w,r     5frf 


E     E  (o-r+ir- 


e  (nw/w)  <*•  e  (vri+i),/(r 

-=o+l  /  \r=a+l 

\t  =  o+1 


That  is 


(  E  i/(i)r)r<(  E  i/o-)r)r< 

\j=a+mk  J  yj'=a+m;  J 

<5V(    E    C'M(Vki),/M))  =<5VB«,    far  J  =  1,  ...,*■  (36.61) 


So  that 


proving  the  claim. 


Il/llr,[^mfc,6]<*v(%^ 


(36.62) 


37 

About  q—  Inequalities 


We  give  here  forward  and  reverse  q— Holder  inequalities,  q— Poincare  inequal- 
ity, q—  Sobolev  inequality,  q— reverse  Poincare  inequality,  q— reverse  Sobolev  in- 
equality, q—  Ostrowski  inequality,  q—  Opial  inequality  and  q— Hilbert-Pachpatte 
inequality.  Some  interesting  background  is  mentioned  and  built  in  the  introduc- 
tion. This  chapter  relies  on  [47]. 


37.1     Introduction 

Here  we  follow  [139],  [252]. 

Let  q  £  (0, 1),  n  6  N.  A  q— natural  number  [n]    is  defined  by 

[n],:=l  +  «  +  ...  +  «n-1.  (37.1) 

In  general,  a  q— real  number  [a]    is 

[a]q~^—,       QGK-  (37.2) 


We  define 


[0],!:=1,      [n]9!  =  [n]>-l],...[l]gI 


W,l 


,       [k]q\[n-k]qV 


(37.3) 
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Also,  the  q— Pochhammer  symbol  is  defined  by 

fc-i 
(z-a)(0)  =  l,     (z-a)(k)  =  Yl  U-aq*)  ,    keN,  z,a£R.  (37.4) 

i=0 

The  q— derivative  of  a  function  /  (x)  is 

(Dqf)(x):=f{x)xZfJqX)       (X^O),  (37.5) 

(£>,/)  (0)  :=  lim (Dqf)  (x)  , 

x—*0 

and  the  high  q— derivatives 

D°f:=f,    Dkqf~Dq(Dkq-lf),      k  =  1,2,3,...  (37.6) 

From  the  above  definition  it  is  clear  that  a  continuous  function  on  an  interval, 
which  does  not  include  0  is  continuously  q~ diffcrentiable. 

Here  we  suppose  that  the  q— derivatives  we  use  always  exist  up  to  nth  order. 
Notice  that  if  /  is  differentiable  then  lim  Dqf  (x)  =  /'  (x) . 

The  q— integral  is  defined  by 

(W)(»)=   rf(t)dqt  =  x{l-q)f^f(xqk)qk,      (0  <  q  <  1) .        (37.7) 

•'()  fc=0 

We  call  /  q— integrable  on  [0,  a],  iff  J*  \f  (t)\  dqt  exists  for  all  x  £  [0,  a],  a  >  0. 

If  /  is  such  that,  for  some  C  >  0,  a  >  —  1,  |/  (x)j  <  Cia  in  a  right  neighbor- 
hood of  x  =  0,  then  /  is  q— integrable,  see  [139]. 

All  functions  considered  in  this  chapter  are  assumed  to  be  q— integrable. 

By  [7]  it  holds 

(//)  (x)  =   f  /  (t)  dt  =  lim  (/,,„/)  (a) ,  (37.8) 

Jo  «Ti 

given  that  /  is  Riemann  integrable  on  [0, a;]. 
Also  it  holds 

(DqIqfif)(x)  =  f(x),  (37.9) 

and 

(Iq,o(Dqf))(x)  =  f(x)-f(0). 

One  can  define 

l2,of  =  Iqfi(l?fl1f),     n  =  l,2,...  (37.10) 
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Let  x  >  0,  then  one  has  ([7],  [156],  [197])  the  g— Taylor  formula 


n-l 


/(*)  =  £ 


(Dkqf)(0)    k 


fc=0 


[k]a 


x  ~  + 


1—  [X(x~  qt)^  Dnqf  (t)  dqt.        (37.11) 


Assuming  [Dqf\  (0)  =  0,  fc  =  0, 1, ...,  n  —  1  we  obtain 

/  (x)  =  r~^n    [X  (x  -  qt)^  Dnqf  (t)  dqt. 

[n  1\q-    JO 

Let  u  (x)  —  ax  ,  then  we  get  the  change  of  variable  formula  ([139]), 

i(a)  {-a 

f  (u)  dqu=  /     f(u(x))Diu(x)dix. 

u(0)  "'O  9P  9P 

In  this  chapter  double  g— integrals  are  meant  in  an  iterative  way. 

Lemma  37.1.  ([139])  Let  n  G  Z+;  x,t,s,a,b,A,  B  €  R.  Then 
(1)        D9x«  =  [t],*«-1, 

(2)        Z),  (Ax  +  b)(ll)  =  [n],  A  (Ax  +  fe)'"-1'  , 

(3)         Dq  (a  +  Bx)in)  =  [n]q  B(a  +  Bqx)^^  . 
We  get  the  q— power  rule 

(At  +  0)      dqt-  [n  +  i]qA 


where  fe(n+1)  =  &n+1gILT— . 

Furthermore,  it  holds  another  q— power  rule, 


(™)  _  „" 


(a  +  Bg£)v       >dqt=± /     


'"1,-B 


Let  /  (cc)  >  0  and  /  increasing,  then 

/"   f(t)dqt<f(x)-x. 

Jo 

We  easily  see  that  (a  >  0,  0  <  q  <  1) 


/  («)  rf<?a: 


o 


(37.12) 


(37.13) 


(37.14) 

(37.15) 
(37.16) 

(37.17) 


(37.18) 


(37.19) 


(37.20) 
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(by  |Etei  xi\  ^  ESi  M)>  and 

'    (ci/i  (a;)  +C2/2  (a;))dgx  =  ci  /    fi  (x)  dqx  +  c2        f2(x)dqx,     ci,c2GR. 
0  Jo  Jo 

(37.21) 

Let  0  <  x  <  y  and  /  increasing.  Then 


fe=0 


(1  -  q)  £  /  ( V1)  gfc  <  y  (1  -  g)  £  /  (j/gfc)  gfc, 
so  that 


Let  f  <  g,  then 


r  f(t)dqt<  r  f(t)dqt. 

Jo  Jo 


(37.22) 


(37.23) 


and 

fc=0  fc=0 

that  is 

/     f(t)dqt<   /    5(i)d,i 
Jo  Jo 

(a;  >0,  0  <q<  1). 

Next  conies  the  q— Holder's  inequality. 

Proposition  37.2.  Let  x  >  0,  0  <  q  <  1,  pi,qi  >  1  such  that  —  +  —  =  1. 
Then 

[  1/  Wl  \9  (t)\dqt  <  (T  \f  (t)r  <m)  n  (j*  \g  (t)^  dqt^j  "  .         (37.24) 
Proof.  By  the  discrete  Holder's  inequality  we  have 

1/  (t)\  \g  (t)\  dqt  =  x(i-q)Y,\f  (V  )  I  \g  (V)  I  qk 


=  *  (i  - 1)  E  k  K)  I  K) P1    I5  K)  I  (qk) n  ^ 

00  \    ~    /  00 

x  i1  - 1)  E  v  \xqk)  I  gfc )    l^u-^E  5(xgfe)l  gfc 

/  V  fe=0 

/wr^tV1  ( r\9{t)\qidqt 
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Clearly  it  holds  that 


idqt  =  x.  (37.25) 

It  follows  the  reverse  g— Holder's  inequality. 

Proposition  37.3.  Let  x  >  0,  0  <  q  <  1;  0  <  pi  <  1,  gi  <  0  :  —  +  —  =  1. 
Let  f,g>0  with  /*  (g  (t))qi  dqt  >  0.  Then 

£  f  (t)  g  (t)  dqt  >  (T  (/  (i))pi  d,t)  "   (T  (5  (i))91  d,t)  qi  .  (37.26) 

Proof.  Notice  that  /*  (p  (t))91  d„i  >  0,  iff  x  (1  -  g)  E^Lo  (s  N*))*1  3*  >  °>  iff 

Er=o(»K))%l>o-  ^      ^ 

By  the  discrete  reverse  Holder's  inequality  we  have 

fc=0 


fc=0  ^  '     ^  ' 

(l-g)£(/(V))V  L  (1  -  g)  £  (5  (zgfc) )%* 


pi 

,  v~>  /  ,.  /       ;  \  i  '        /    i 
X  s 

fc=0 

proving  the  claim. 
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We  give  the  g— Poincare  inequality. 


Theorem  37.4.  Let  a,/?  >  1  :  £  +  ^  =  1,  cc  >  0.  Suppose  (l)J/)  (0)  =  0, 
fc  =  0, 1, ...,  n.  —  1  and  I.D™  /I  be  increasing.  Then 

\f(w)fdqw< 


() 


/3 


jT"  (jH  ((w  -  «t)("-^)a  d,t)  "  d9»  j  (  jT  \DnJ  (t)f  dqtj  . 

(37.27) 
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Proof.  For  0  <  w  <  x,  we  have 


Thus 


1  fW 

f  («,)  =  — t—  /      (w  -  qt)^  DnJ  (t)  dqt. 


1  fW 

\f(w)\  <  ?— -^   /       (W  -  qt)^  \D-f  (t)\  dqt 

ln  1\q-   JO 

(by  q— Holder's  inequality) 


\n  -  I 

lq 


^  (jH  ((«,  -  gt)(-1))a  d,t)  "   (jH  )£)»/  (t)|"  dgt) 

jH  ((«,  -  gi)^)"  dqtj  "  (T  \Dnq.f  (tfdqtj  " 


Hence 

1/  Ml'3  <    ^        1  g   (j^  ((«  -  qtY^Y  dq?j  "   (  jT  \Dlf  (tfdqtj 


(37.28) 
Then  applying  q— integration  on  (37.28)  over  [0,x],  we  prove  (37.27).  ■ 

We  present  the  q—  Sobolev  inequality. 

Theorem  37.5.  Let  a,  (3  >  1  :  £  +  ^  =  1,  x  >  0,  r  >  1.  Suppose  (£>*/)  (0)  = 
0,  fc  =  0,  1, ...,  n  —  1  and  IDJ /I  be  increasing. 
Donotc  ll/ll,,r,[o,«]  =  UZ  \f  (vW  dqw)K  Then 


ll/IUio,*]  <  r-^TTl  (/f  (/^  ((«-^)("-1))"^)  °  d,wj  "  ll^/H 
Proof.  As  in  the  proof  of  Theorem  37.4  we  obtain 

i/wr<7  _\  ,r  ^  ((w  -  gt)(n-^y  dqty  y*\Dif(tfdqt 


q,P,[0,x] 

(37.29) 


Thus 

'  (37.23) 

\f(w)\rdqw      < 

'0 


fyTvf  (r  (r  (<•  -  '""■")■  "•') s  *■)  (r wi  (,f  **) ' 


(37.30) 
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Next  raise  both  sides  of  (37.30)  to  power  -.  Thus  proving  the  claim.  ■ 

Next  we  give  the  reverse  q— Poincare  inequality. 

Theorem  37.6.  Let  0  <  pi  <  1,  qi  <  0  :  —  +  —  =  1,  x  >  0.  Suppose 
(Dkqf)  (0)  =  0,  fc  =  0,l,...,n-l;  \D*f\  be  decreasing,  and  D™f  (t)  of  fixed  strict 
sign  on  [0,x].  Then 


fX 

Jo 


|/  (w)\-qi  dqw  > 


[n-1]  '1     " 


[  {r  ((w  _  gi)<n_i))pi  dqt) pi  dqw  t[  \D*f  {t)qi  dqt\)  ■  (37-3i) 

Proof.  Clearly  here  we  have 

f-VJ 

/      \D™ f  (t)\qi  dqt  >0     for  all  0  <  w  <  x. 
Jo 

Also  we  have 

f(w)  =  - -—         (w-qt^-^D^f^dqt,     all0<w<:E. 

I71  ~   Llq-    JO 

Hence 

1  fw 

|/(w)l  =  7 -T-r    /        (W-^)(™_1)|^/(t)|rf,i,       a\l0<W<X. 

[n-Mqx-Jo 
By  g— reverse  Holder  inequality  we  derive 

1/  HI    >     i^j-f     [[    ((»   -   Itr^y1   dqt^j   ^     (jH    \D-f  (t)|«    d9^    "     . 

Because  |-D™/|  is  decreasing,  we  have  that  l-Dg/l51  is  increasing  on  [0,x] .  Thus 

\Dnqf{t)\qidqt<      [X    \D^f  (t)\qi   dqt, 

Jo 


and 


\Dqf(t)\qi  dqt)       >       /     \Dqf(t)\qi  dqt  )       ,      for  all  0  <  w  <  x. 


/0  I  \JQ 

Therefore  we  derive 


l/MI  >  i^j-f  (jT  ((w  -  gi)^1')"1  d,i)  "  (jT  |DJ/  (t)|91  d,t) 
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all  0  <  w  <  x. 
Hence 


i/Hr9i> 


[n-l] 


(W  -  qt) 


("-^P1dat 


\Dnq.f{t)\qidqt 


(37.32) 


all  0  <  w  <  x. 

At  last  q— integrating  (37.32)  on  [0,  x]  we  obtain  (37.31).  I 

It  follows  the  reverse  g— Sobolev  inequality. 

Theorem  37.7.  All  assumptions  were  as  in  Theorem  37.6  and  r  >  1.  Then 


l/ll 


q,r,[0,x] 


huu{r^-^'-T^r^y^'\ 


'q,qi,[o,x] 


(37.33) 


Proof.  As  in  the  proof  of  Theorem  37.6  we  obtain 
1 


i/(«or> 


[n-lU 


((W  -  qt) 


^-^P1dat"" 


D^f(t)\qidqt 


all  0  <  w  <  x. 
Thus 


/' 


\f(w)\r  dqw  > 


[n-l]e 


((w  -  qt)^)P1  dqt)P1  dqwj   [J     \Dnqf{t)\qidqt 

proving  the  claim.  ■ 

We  continue  with  a  q—  Ostrowski  inequality. 

Theorem  37.8.  Assume  (Dkqf)  (0)  =  0,  k  =  1, ...,  n  -  1,  x  >  0,  0  <  q  <  1. 
Then 


f(w)dqw-f(0) 


<  \\D*f\\ 


[o.. 


■DC-,  v).x 


[n+1]  •■ 


(37.34) 


Proof.  By  assumptions  we  have 

1  Z*™ 

/(W)-/(0)  =  T ry-r   /       (w  -  qt)^^  D™  f  (t)  dqt,       al\0<W<X. 
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Hence 


A(x):=i  fX  f(w)dqw-f(0)  = 
x  Jo 

\  r  i  r 

-  \     f(w)dqw--  /     f(0)dqw  = 
x  Jo  x  Jo 

(/H-/(o)K»' 


Thus 


However  we  see  that 


|A(aO|<-  /     \f(w)-f(0)\dqw. 


l/W-/(o)|< 


< 


[n-l]q\Jo 
Dnf\\ 

1J  lloo,[0,x] 


(w-qt)^-^\D^f(t)\dqt 


[n-1]. 


/       (w  -  qt)in-1'>  dqt. 
Jo 


Next  we  apply  (37.13)  for  u(t)  :=  -t. 
We  notice  that  Dqu  (t)  =  — 1. 
Therefore  it  holds 


(37.35) 


(37.36) 


\      (w  -  qt)in-1)  dqt  =  -/      (w  +  qu(t))in-1)  Dqu(t)dqt 
Jo  Jo 


(w  +  qu  (t))<-"-1)  dqu  (*)  =  -/  (W  +  qyf"-^  dqy 

o  Jo 


(37.18) 


By  (37.36)  then  we  have 


(w  +  (— w))       —  W 


W 

M 


\\Dn  f\\ 
|/H-/(0)|<         \"°°'[°'x]wn,       a\l0<w<x. 


(37.37) 


Consequently  by  (37.35)  we  derive 


OC .    U.;T 


I  A  (^)|    S    —  /        W     «q^ 


_Li       1 1  7~)n  f  II  II  7~)n  f  1 1 

(37_14)      1         a;"  +  1  II^J  lloo.IO.g;]      _      ll-L/g-'    lloo.IO.g,] 


a;  [n  +  11 


[n  +  1] 


proving  the  claim. 
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Next  we  present  a  q—  Opial  type  inequality. 

Theorem  37.9.  Suppose  {Dkqf)  (0)  =  0,  n  G  N,  k  =  0,1,..., n  -  1,  x  >  0, 
0  <  q  <  1;  a, /3  >  1  :  —  +  4  =  1.  Also  assume  |-D™/|  is  increasing  on  [0,x].  Then 

fX\f(w)\\D^f(w)\dqw< 
■Jo 

£  (T  ((w-gi/-1))"^  d^V  (T  (££/(«,)) 2"  d,wV  . 

(37.38) 


[n-1],!  wo     vo 


Proof.  It  holds 


1  fw 

f  (w)  =  r         -M   ,  /      (w  -  ^)(n_1)  (£?/)  (t)  d,t,     all  0  <  w  <  X. 


Thus 


Put 


That  is 


|/H|<t— Vi/      (w-qt)<n-^\D-f(t)\dqt 

ln         1lq-  JO 

(by  q— Holder's  inequality) 

^i^(r((w-^)(n"iT^)"(r|^/(i)r^)" 

z(w)~  \Dg  f  (t)\0  dqt,      (*(0)=0),     all0<u;<:r. 

Jo 

z{w)<\Dnqf{w)\l3w, 

and 

(«(w))?  <  \Dqf(w)\  wK     for  all  0  <  w  <  x. 

Consequently  we  have 

l/MI  <  |^n  (T  ((^-gi)^1')"^)  °  |i3?/(w)|w*, 


Jg-     WO 

with 


and 


|/  (w)\  \Dlf  H|  <  ^p  (jH  ((«,  -  g^"^)"  d,t)  °  (pif  (w)f  wK 
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all  0  <  w  <  x. 
Finally  we  find 

'X  \f{w)\\Dnqf(w)\dqw< 


[  {[  ((™  "  gi)("_1))Q dqt)  "  (Dlf  (w)f  WJS)  d' 


1 

[n 

-1] 
i 

XI3 

i 
i' 

n-1 


[n-  hq-  y0    vo 
(by  g— Holder's  inequality) 

/"  (/"  ^  "  gi)<n_1))  "  *»*)  dqW)  "  (/"  (I)' J  (W))2"  Wd9W)  ' 

£  (/f  ((»  -  ^)(n_1))  "  <*«*)  ^w)  "  (T  (^/  Mf  d*»)  "  > 

proving  the  claim.  ■ 

We  finish  with  a  q— Hilbert-Pachpatte  type  inequality. 

Theorem  37.10.   Suppose  (Dkqf)  (0)  =   (Dkqg)  (0)  =  0,  k  =  0,1,..., n-  1, 

n  e  N;  x,y  >  0,  0  <  q  <  1;  pi,qi  >  1  :  —  +  —  =  1.  Also  assume  \Dqf\,  \Dqg\ 
are  increasing  on  [0, as],  [0, y],  respectively.  Define 

F(s)     =      [    f(s-g<r)(n_1))P1  dqa,     0  <  s  <  x, 


G(t)     =     ^((t-gT)'"-1')*1* 

r*  'y   1/ Ml  !<?(*) 


*«t,     0  <  *  <  y. 

Jo    x 

Then 


dnSdnt    < 


o    j„     iM  +  M1    ""   " 

1      PI  91 


'    ^^D-f(a)\^dqa)n   (jV\Dnqg{T)\^dqry\         (37.39) 


r„  _  _Li  n2   Vu  '        \j„ 


Proof.  We  have 


/(*)     =      r  Kn  I   {s-qa^-^D^fi^d^,     all  0  <  s  <  z; 

in  1\q-  Jo 

g(t)     =  \1  ,  /   (t-qT)(n-1)D^g(T)dqr,     all  0  <  t  <  y. 

Vn  1\q]    Jo 


Thus 


/  (s)\  <  |^p  £  (S  -  qa)^  \Dnqf  (a) |  dga  < 
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'q 
Also  it  holds 


"-i-i^fr-^T^K^wr^) 


<ii 


IS  (*)|  <  r-^n  f  (t  -  9r)(-1)  |^S  (r)|  d9r  < 

1"  J-lq-    JO 


Young's  inequality  for  a,  b  >  0  says  that 


api  6<ji   < 1 . 

Pi       9i 


Therefore  we  get 


l/WI  |9(t)|  <  7 1-—1(F(s))^  (G(t))A 


n-1]. 


P, 


/(er)!*1^)'1   QV^Mr1^) 


11  -f  c_\l«i 
0 


<  1  pW    ,   Gft) 

-([n-i]9!)2V  *         * 

o    |DJ/  (a)\n  dqa^j  ~  QT  \D-g  (r)|P1  d,r)  "  . 
Hence  it  holds  (0  <  s  <  x,  0  <  t  <  y) 


Therefore 

r*  ^   l/Wlls(*)l 


■dqSdqt   < 


o7°    (3?  +  ^)  ""([n-lU)2 

/(a)|91  d9a)  "  d,Sj      |"  (J*  \D^g(r)\pl  dgr)  "  dqt)  < 


u-1 


a;    /     /^s 


f^(   /     (   /     \Dnq.f{o)\qidqo)dqs 
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I  /     i       i  \    /    Cx  I    cx 

1  (     —     —  N    /     /       /     /       ''-in.*/    \igi 


<- ^TT(^~y~)(/      (/      \D-f(a)^dqa)dqs 

L  -lo' 


Z^5(r)|pld,rW 
i 
'    /"^/(a)^)'1    (    fy\D"q9(r)rdqr 


n     -,, 


!]  M2   V./" 


establishing  the  claim. 


38 

About  q—  Fractional  Inequalities 


Here  we  present  q— fractional  Poincare  type,  Sobolev  type  and  Hilbert-Pachpatte 
type  integral  inequalities,  involving  q— fractional  derivatives  of  functions.  We  give 
also  their  generalized  versions.  This  chapter  relies  on  [50]. 


38.1     Background 

Here  we  follow  [273]  in  all  of  this  section,  see  also  [252]. 
Let  q  6  (0, 1),  we  define 

["],==  y^y.        («£«)•  (38-1) 

The  q— analog  of  the  Pochhammer  symbol  (q— shifted  factorial)  is  defined  by: 

fc-i 
(o;«)0  =  l,     (o;«)„  =  JI  (l-aq*)        (fceNu{oo}). 

j=0 

The  expansion  to  reals  is 

(a;g)"  =  (!g°fg7     (aGR);  (38-2) 


G.A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  6151-625.1 
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also  define  the  q— analog 


-■  a) 
(a-b){a)  =a°/°ft     ~    ,      a,beR,  a  /  0. 


Observe  that 

The  q— gamma  function  is  defined  by 

r,  (*)  =  tt%"  C1  "  «)1_"  -       (*eR- {0,-1,-2,...}).  (38.3) 

Clearly 

r,(x+l)  =  [x],r,(x).  (38.4) 

The  q— derivative  of  a  function  /  (x)  is  defined  by 

(Dqf)  (x)  =  f '(x)  -  I '{qx) ,      (x^O),  (38.5) 

x  —  qx 

(Dqf)  (0)  =  lim UD,f)  (x) ,  (38.6) 

a?— »0 

and  the  q— derivatives  of  higher  order: 

D°f  =  f,      Dnqf  =  Dq(Dnq-lf),       n=  1,2,3,...  (38.7) 

The  q— integral  is  defined  by 

(W)(*)=  [X  f(t)dqt  =  x(l-q)JTf(xqk)qk,       (0  <  q  <  1)  ,       (38.8) 

and 

(/,,„/)  (s)  =  r  /  (t)  dqt  =  r  f  (t)  dqt  -  r  /  ^  <*,*.     (38.9) 

Ja  Jo  Jo 

By  [171],  we  see  that:  if  /  (x)  >  0,  then  it  is  not  necessarily  true  that 

/    /  (x)  dqx  >  0. 

J  a 

In  the  case  of  a  =  a;gn,  then  (38.9)  becomes 

/       /(t)d,t  =  *(!-«)  £/(*«*)«*,  (38.10) 

see  also  [171]. 


38.1  Background         617 

Double  q~ integration  is  defined  the  usual  iterative  way. 
Also  we  define 

#»/  =  />      C/^^tC1/),       n=l,2,3,...  (38.11) 
The  following  are  valid: 

(A,W)  (*)  =  /(*)>  (38.12) 

(Iq,aDqf)  (x)  =  f  (x)  -/(a).  (38.13) 


Denote 


["],!     =     [l],[2],...[n],,      nGN; 


[0]J     =     1, 


[*]„![«-*]„!' 


In  the  next  we  work  on  (0,6),  b  >  0,  and  let  a  G   (0,  &).  Also  the  required 
q— derivatives  and  q— integrals  do  exist. 

Definition  38.1.  The  fractional  q— integral  is 

(Kaf)  (*)  =  f^r   fX  (q-;q)  f  (t)  dqt  (38.14) 


■f    (x  -  <#)(a_1)  / ■(*)  dqt,        (a<x,  a£l+). 

J  a 


T9  (a)  Ja 
The  usual  fractional  integral  (see  also  [42])  is  the  limit  case  of  (38.14)  as  q  f  1, 


limx"-1  [q-;q]         ={x-t)a~.  (38.15) 

in         \  x    )  a_1 

Clearly 

ffiaf)  (a)  =  0.  (38.16) 

We  mention 

Theorem  38.2.  Let  a,  /3  €  R+.  The  q— fractional  integration  has  the  semi- 
group property 

(iiJlaf)  (*)  =  (C/)  (*) ,         (a<x).  (38.17) 


Corollary  38.3.  For  a  >  n  (n  G  N)  it  holds 

(Dj/^a/)  (s)  =  (/^a"/)  (*)  -         (a  <  x) .  (38.18) 

We  mention  the  fractional  g— derivative  of  Caputo  type: 
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Definition  38.4.  The  fractional  q— derivative  of  Caputo  type  is 

f    (Iqaf)  (x),     a<  0; 
(.B?../)  (*)  =  |    (/M-^W/W),     «>0,  (38-19) 

where  [".]  denotes  the  ceiling  of  the  number. 

Next  we  mention  the  highlight  of  this  introductory  section.  Again  all  here 
come  from  [273].  So  the  following  is  the  fractional  q~ Taylor  formula  of  Caputo 
type. 

Theorem  38.5.  Let  a  G  R+  -  N,  a  <  x.  Then 

(/,«„  *DZJ)  (x)  =  /(*)-  ^  (gjff,(a)*fc  (J:  ?)    •  (38-20) 

Also  we  present 
Theorem  38.6.  Let  a  G  R+  -  N,  (3  G  K+,  a  >  (5  >  0,  a  <  x.  Then 

(/£a   .C?,./)   (»)  =    (*^a'3/)   (*)  -  (38.21) 

y^1  (J>?/)(o)  fc-a+/3^a     \ 

f-      T,  (fc-a  +  /3  +  l)  U'Vfc-«+^' 

fe—  |  a  —  p  | 


38.2     Main  Results 

We  need  the  following  q— Holder's  inequality. 

Proposition  38.7.  Let  x  >  0,  0  <  q  <  1;  pi,qi  >  1  such  that  —  +  —  =  1; 
n  G  N.  Then 

r  \f(t)\\g(t)\dqt<( r  \f(t)rdqt)pi  c r  i^r^y1-  (38.22) 

J  xqn  \J  xqn  J  \J  xqn  J 

Proof.  By  the  discrete  Holder's  inequality  we  have 

n-l 

l/(*)l  \9(t)\dqt  =  x(l-q)^T  \f(xqk)\  \g  (xqk)\qk  = 


(i-«)E  kK  («*  P1    kK  («T  h 
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>(!-$)£  /(*«*)  V  i     i-'- 


(1~<i)Yl  \g\x<ik)\  1 Vs 


\f(t)\P1dqt 


\g(t)\qidqt 


We  give  a  q— fractional  Poincare  type  inequality. 

Theorem  38.8.  Let  x  >  0,  0  <  w  <  x,  0  <  q  <  1;  a  >  0,  pi,  qi  >  1  such  that 

i     i     i 


-  +  -  =  1;  n  €  N.  Put 

PI  91 


r«i-i  /  r-ifc  - 


A(w):=f(w)-    2^    fwi w    (q   'qh- 


[*],! 


Then 


|A(t 


gLw  < 


Q      W«i(a-1)      ^        -    (r,  («))« 


X       /         fVJ 


0       \  •/  u;  q 


<?—;<? 


PI  \    91 

dqt  J         ligW 


J*  (JWJ*Dlwqnf(t)\qidqt\      dqwY\  (38.23) 


Proof.  By  q— fractional  Taylor's  formula  (38.20)  we  get 

..at— 1        rw 


at— 1        rw       /      i         \ 

A(w)  =  (7^TO9n  *D°wqnf)  (w)  =  /       (g— ;g)        (*D°wqnf)  (t)dq 

1  9  lQJ    Jwqn     \     W        /   a-l 


Here  by  (38.14)  and  (38.19),  we  see  that 

f.[a~\-a-l  rw  g 

(».D°    »/)  (t)=  -/      [q-;<ii 

Tq(\a\  -a)  jwq„  \  t    /  r«i  -«— i 

all  u>gn  <  i  <  w. 

Here  we  observe  trivially  that 


(38.24) 
D[a\f(s)dq(s),     (38.25) 


f(t)dqt 


<   I       \f(t)\dqt. 

xq"- 


Furthermore  we  see  that 


<?—;<? 


(«£;  «)«,     ns„(i-^gi)     n~0(i-^ 


a_i    (?-£;?)«,    n~0(i-«a^)    nSo(i-^i+a; 


(38.26) 


>0. 


(38.27) 
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Hence  by  (38.22)  we  obtain 

,.ot— 1        rw 


..at—  1      /     rvj 


a—1        r-w        /       ,         \ 


a— ;g 


^  9  lay     \  Jiuq 

Consequently  we  derive 


I A  Ml  <      1 


dqt 


PI         /     fw 


T,(a) 


9— ;? 


rfqt 


(38.28) 


(38.29) 


r  \(»Diwqnf)(t)\qidqt)qi , 

■J  wqn  / 


and 


|A(w)|B1  <  1 


'<"'""     ':       ^    (I,  .ni,"    \Jwqn   \\qw;q 


(38.30) 


\{,Dlwqnf)(t)\qidqt 

Applying  q— Holder's  inequality  (which  is  also  valid  on  [0,  a;])  on  (38.30),  we 
observe  that 


lAwr 


d„w  < 


1 


Q      w«i(a-l)      q        ~    (r9(Q))91 


f  £.((«==«)„)  ^'•(/>D™"')(,,H 


dqW 


< 


(T,  (a))9 


<?—;<? 


PI  \    91 


X      /      /*UJ 


0        \  **  ujq™ 

.(•D?,«.«»/)(*)r^t)  ^w 

/0        \J  wqn  J 

proving  the  claim. 

Next  we  give  a  q— fractional  Sobolev  type  inequality. 


(38.31) 


Theorem  38.9.  Here  all  terms  and  assumptions  as  in  Theorem  38.8.  Addi- 
tionally let  ri,r2  >  1  :  —  +  —  =  1.  Then 


IAMIV1 ,,    \~  <      ! 


r,(«) 
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0       \Jwq"    \  V     W        /   a-1 


dqt    I  dqW 


r  ( r  \,Diwqnf(t)\qidqt) n  dq 

yJt)       \Jwqn  J 

Proof.  As  in  the  proof  of  Theorem  38.8  we  get  (38.29),  so  that 


IAHIV1  <       i 


q— \q 


Therefore 


(r9W)ri  v.,„.„ 

J(*D«wqnf)(t)\qidqt 

A(»)hri 


dqW   <  ■ 

(r,  (a)) 


(38.32) 


(38.33) 


(38.34) 


£.  ("HJ  * )"iO^-'i^"d-'J 


(by  q— Holder's  inequality  on  [0,  a;]) 


(r,  («))ri 


0       \  J  wqn 


<?—;<? 


dqt    I  dqW 


(38.35) 


11 


\{,Dlwqnf){t)\qidqt\         dqw 

'0        \J  wqn  / 

proving  the  claim.  ■ 

It  follows  a  q~ fractional  Hilbert-Pachpatte  type  inequality. 

Theorem  38.10.  Let  for  i  —  1, 2  that  #;  >  0,  0  <  w»  <  xt,  0  <  g  <  1;  a  >  0, 

Pi,  Oi  >  1  such  that  —  +  —  =  1;  n  G  N.  Set 

A    ,      ,        ,,      ,       r^1  (g*/j)  (Wig")     fc 


[*],! 


F(wi) 


q — ;q)         dqti, 


(38.36) 
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and 

fW2      (to        \qi 

G(w2)  =  /  q — ;q)        dqt2. 

JW2q~  V   ™2     J  a_1 

Then 

'"    '■"'■  |Ai  (wi)|  |A2  (W2)|  r„s„7. 

-dqwidqW2  <  (38.37) 


n         /,,         C  \a-l  (  Fiwx)     ,     G(w2)\ 

0         JO  (WlW2)  {-JT^   +   ^qf^) 


1        1 
Ji    x2       I    /        I    /  I    ria  f  \qi 

\2 


,    .      ,  .      .  \*DqiWiqnf1\il{tl)dqtl)dqWl' 

0-q(a))       \J0  \Jwiq" 


if"  if1  \*D^«nf2\P1  (t2Ki2)  d«w*) P1  ■ 

ce  by  (38.20)  that 

OC—  1  f"Wi  /         i  \ 

A*  (w0  =  ttStt  /  9—59  {*DlWiqnfi){ti)dqti,  (38.38) 

1  9  laJ   Jwiq™    \     Wi        /  a-l 


/()  \J  w2qn 

Proof.  We  notice  by  (38.20)  that 


for  i  =  1,2. 

Therefore  we  derive 

|Ai  (»i)i  <  ttVt  /       U— ;«        |(.-D?,«.i^A)(ti)|^ti< 

1  9  laJ   Jwiq"    \     wl        J  q,_i 

r9  (a)  \jwiqn  v  wi   ;a_!      j      v^19" 

(38.39) 
Similarly  we  get 

|A2  (W2)|  <  ^--  /   "    (8-7-;«)       |(.i??,«,2^/2)(*a)|d,ta< 

1       /  /  \   91  \    — 

L2  \  \  j     ,       I  /       /  I       7-.CK  r    \P1 


1,-w2q 
w2qn    \    \      ^z        /   a  — 1/  /  \Jw2qn 


q—'l)  I         d1t2    1  '(     /  \*Dq,w2q"  f2\         (t2)dqt2 

(38.40) 


Consequently  we  obtain 


/  \  a— 1 

(wm>2j 


I  A!  (u,!)|  |  A2  (w2)\  <  y2  ~    (F  (wi))  ^  (G  («*))« 


f     /  It-D^ioig™/!!91  (tl)dqtl  j  ■(     /  |«DqiU,2gn/2|P1  (t2)dqt2  j 


(38.41) 
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(by  Young's  inequality) 

(w1w2)a~1  (  F  (mi)       G(w2) 


(rq{a)y    V    Pi  9i 

(P    l.^^nn/irCtO^ti)"1  •(/"0J    |»^,»29"/2ri(fe)d,i2)P1  . 

(38.42) 

Therefore 

|Ai  (wi)|  |A2  (W2)| 

-dqw\dqw2  < 


In         /,,         C  \at-l  (  Flwx)     ,     G(w2)\ 

'°     Jo      {W1W2)        {-^T^  +  ^T1) 

(id5F(.r(C|-r,;«-/,|*'(,od-,')*H' 

[  2  (  [        \*Dq,W2q^f2\P1  (t2)dqt2)P1  dqw2)  <  (38.43) 


1         J^ 


(/  2  (/  "  l*jD^«"/2lP1  (t2Ki2)  d"W2) P1  >  (38-44) 

proving  the  claim.  ■ 

We  continue  with  a  generalized  q— fractional  Poincare  type  inequality. 

Theorem  38.11.  Let  x  >  0,  0  <  w  <  x,  0  <  q  <  1;  a  >  f3  >  0,  pi,qi  >  1  : 


-i-  +  —  =  1;  n  €  N.  Put 

PI  91  ' 


r«i-i 


{Dkqf)  (wq* 


K(w)  =  {.DqiJinf)(w)-    £     Vq{k_a  +  f3  +  1)™         (9;«)fc_a+/3 


k=\a-B\       q 

Then 

I^HV',...,       1 


0 


w* 


dqw  <  •  (38.45) 


0-1  ;       9     "  (r9(/3))91 


/    rx    /     rw  \  91  \    ; 

(/  (/  j»D9%9„/(i)|9idgtj   dqWj 
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Proof.  By  (38.21)  we  find 

3  — 1        rw        /       .  \ 

K  (W)  =  C„  (.££„,,»/)  («,)  =  ^— -   /         Ui-;,)  (.£>?,„,,»/)  (t)d,t. 

1  9  \P)   Jwq"     \     W       /  0-1 

(38.46) 
Rest  of  proof  goes  as  in  the  proof  of  Theorem  38.8.  ■ 

Next  conies  a  generalized  q— fractional  Sobolev's  type  inequality. 

Theorem  38.12.  Here  all  terms  and  assumptions  as  in  Theorem  38.11.  Ad- 
ditionally let  n,r2  >  1  :  —  +  —  =  1.  Then 


r,(/3) 


,      ;       dqW)         ^^TYT^-  (38-47) 


q  —  ;q  )  )      dqt  I       dqw 


J"  (jWJrDlwqnf(t)\qidqt\      qi      dqW\ 


''1  ''•! 


Proof.  As  in  the  Theorem  38.9,  using  (38.46).  ■ 

We  finish  with  a  generalized  q— fractional  Hilbert-Pachpatte  type  inequality. 

Theorem  38.13.   Let  for  i  =  1,2  that  Xi  >  0,  0  <  Wi  <  Xi,  0  <  q  <  1; 

a  >  (3  >  0,  pi,  qi  >  1  :  ^-  +  ^-  =  1;  n  €  N.  Put 


M-i 


(£>J/i)  («w" 


TS    t        \  (     r>a-/3        J-  \    /        \  V^  \UqH )  \Wiq    )  k-ct+B  /    n       n 


fc=fa-/31 


F*(wi)  =  /         [q—;q)        dgti,  (38.48) 

•/«,ig»    V     »1        7,3-1 


-2        /       ^  \« 


G*  (u>2)  =  /  g — ;g  <V2 


W2 


/3-1 


Then 

|ATi(wi)||^2(w2)| 


i       i 


-dqWidqw2  <  — ^-  (38.49) 


o     io      (Wl™2f -1  (^ipi  +  £!ip>)  "  (r,  (/3)) 
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(f2  (F\  \*D">™™nf2\P1  (ta)^  dqw2\ 
Proof.  Similar  to  the  proof  of  Theorem  38.10,  using  (38.21). 


39 

Inequalities  on  Time  Scales 


Here  first  we  collect  and  develop  necessary  background  on  time  scales  required 
for  this  chapter.  Then  we  give  time  scales  integral  inequalities  of  types:  Poincare, 
Sobolev,  Opial,  Ostrowski  and  Hilbert-Pachpatte.  We  present  also  the  generalized 
analogs  of  all  these  inequalities  involving  high  order  delta  derivatives  of  functions 
on  time  scales.  We  finish  with  many  applications:  all  these  inequalities  on  the 
specific  time  scales  R,  Z  and  qz,  q  >  1.  This  chapter  relies  on  [57]. 


39.1     Background 

Here  mainly  we  use  [119].  We  are  also  motivated  by  [117],  [118]. 

Definition  39.1.  A  time  scale  is  an  arbitrary  nonempty  closed  subset  of  the 
real  numbers,  e.g.  R,  Z,  gN°  =  {qk\k  G  No  =  N  U  {0},  q  >  1}. 

Definition  39.2.  If  T  is  a  time  scale,  then  we  define  the  forward  jump  operator 

T  by  a  (t)  —  inf{s  G  T|s  >  £},  Vt  G  T;  the  backward  jump  operator 

T  by  p(t)  =  sup{s  <E  Tjs  <  t},  Vt  G  T;  and  the  graininess  function 

R+  =  [0,  oo),  by  fl(t)  =  a  (t)  —  t,  Vi  G  T.  Furthermore  for  a  function 

:,  we  define  /CT  (t)  =  /  {a  (i))  ,  Vt  G  T;  and  f  (t)  =  /  (p  (t)),  Vt  G  T. 

In  this  definition  we  use  inf  0  =  supT  (i.e.,  a  (t)  =  t  if  t  is  the  maximum  of  T) 

and  sup0  =  inf  T  (i.e.,  p(t)  —  t  if  t  is  the  minimum  of  T). 


a 

T 

P 

T 

M 

T 

/ 

T 
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We  call  t  6  I  right-scattered  if  t  <  a  (t),  t  €  T  right-dense  if  t  —  a(t), 
t  G  T  left-scattered  if  p  (t)  <  t,  t  G  T  left-dense  if  p (t)  =  t,  t  €  T  isolated  if 
p(t)  <t  <a  (t),  t  G  T  dense  if  p  (i)  =  t  =  a  (t). 

We  notice  that  p  is  an  increasing  function,  so  is  p2  (t)  =  p(p(t))  , ...,  so  that 
pn  (t)  —  p  (pn_1  (i))  is  increasing  in  t  for  n  €  N.  Since  T  is  closed  subset  of  R  we 
have  that  a  (t)  ,  p  (t)  G  T,  for  t  G  T. 

Definition  39.3.  ([119])  A  function  /  :  T  — >  R  is  called  rd-continuous  (de- 
noted by  Crd)  if  it  is  continuous  at  right-dense  points  of  T  and  its  left-sided  limits 
are  finite  at  left-dense  points  of  T. 

If  T  =  R,  then  /  :  R  — >  R  is  rd-continuous  iff  /  is  continuous.  Also,  if  T  =  Z, 
then  any  function  denned  on  Z  is  rd-continuous  ([186]). 

Definition  39.4.    ([119])  If  supT  <   oo  and  supT  is  left-scattered,  we  let 

Tfc  :—  T  —  {supT},  otherwise  we  let  Tk  :—  T  the  time  scale. 

T  _,fc        f    T  —  (p  (sup  T)  ,  sup  Tl  ,    ifsupT<oo, 

In  summary,  Tfe  =  <"  %K     *    "  J 

I    T,     if  supT  =  oo. 

Definition  39.5.  ([119])  Assume  /  :  T  ->  R  is  a  function  and  let  t  G  Tfc. 
Then  we  define  /  (t)  to  be  the  number  (provided  it  exists)  with  the  property 
that  given  any  e  >  0,  there  is  a  neighborhood  U  of  t  such  that 

|  [/  ip  (*))  -  /  (*)]  -  fA  (t)  [a  (*)-*]|  <e  W  (*)  "  «l ,     V  s  G  U. 

We  call  /A  (t)  the  delta  (or  Hilger  [187])  derivative  of  /  at  t.  If  T  =  R,  then 
/A  =  /',  whereas  if  T  =  Z,  then  /A  (i)  =  A/  (t)  =  /  (t  +  1)  -  /  (i)  ,  the  usual 
forward  difference  operator. 

Theorem  39.6.  ([119])  (Existence  of  Antiderivatives)  Let  /  be  rd-continuous. 
Then  /  has  an  antiderivative  F  satisfying  F     —  f. 

Definition  39.7.  ([119])  If  /  is  rd-continuous  and  to  G  T,  then  we  define  the 
integral 


F(t)=        f  (t)  At    for  t  G  T. 
Therefore  for  /  G  Crd  (T)  we  have  by  definition 

/    f(r)Ar  =  F(b)-F(a), 

J  a 

where  F     =  /. 

If  T  =  R,  then 

/   /  (t)  At  =  I  f  (t)  dt, 

■J  a  J  a 

where  the  integral  on  the  right  hand  side  is  the  Riemann  integral  ([186] 
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If  every  point  in  T  is  isolated  and  a  <  b  are  in  T,  then  ([186] 


/ 


b  pW 

/(t)At  =  X)/(*)M(t)- 


Theorem  39.8.  ([119])  Let  /,  g  be  rd-continuous  on  T,  a,  6,  c  £  T  and  a,  j3  G 
Then 

(1)  fi  (af  (t)  +  jig  it))  At  =  a  fb  f  (t)  At  +  p  fi  g  (t)  At, 

(2)  fi  f  (t)  At  =  -  fi  /  (t)  At, 
(3)fbf(t)At  =  j;f(t)At  +  fbf(t)At, 

(4)  fi  f  (t)  5A  (t)  At  =  (fg)  (b)  -  (fg)  (a)  -  fi  /A  (t)  g  (a  (t))  At, 
(5) /;/(*)  At  =  0, 


(6) /*lAt  =  &- 


a. 


Theorem  39.9.  ([4],  Holder's  inequality)  Let  a,  b  G  T,  a  <  b,  and  /,  g  :  T  ->  R 
be  rd-continuous.  Then 

j\f(t)\\g(t)\At<(j\f(t)\pAtY  (£\g(t)\"Aty  , 
where  p,  0  >  1  :  i  +  i  =  1. 

Theorem  39.10.  ([119])  Let  f,g  e  Crd  (T),  a,b  G  T,  a  <  b.  Then 

1)  if  \f(t)\  <g(t)  on  [a,b)m,  then  |/a6/  (t)  At|  <  fig  (t)  At, 

2)  if  /  (t)  >  0,  for  all  a  <  t  <  b  and  t  G  T,  then  fi  f  (t)  At  >  0. 

Corollary  39.11.  Let  /  G  Crd  (T)  ;  a,b,c  £  T,  with  c  G  [«.,&];  /  (t)  >  0,  V 
t  G  [a,b].  Then 


[Cf(t)At<  [   f{t)  At. 

■J  a  J  a 


Definition  39.12.  ([119])  For  a  function  /  :  T  — >  R  we  consider  the  second 
derivative  /  provided  /  is  differentiate  on  Tk  =  (Tfc)  with  derivative 
/        —   (/    )      :  Tfc     — >  R.  Similarly  we  define  higher  order  derivatives  /        : 

Tfc"  -►  R. 

Similarly  we  define  a2  (t)  =  a  (a  (t))  ,  ...,an  (t)  =  a  (a"'1  (t)),  n  G  N.  For 

convenience  we  put  p°  (t)  =  a0  (t)  =  t,  fA°  =  /,  Tfc°  =  T. 
Notice  Tfc"  C  Tfc' ,  Z  G  {0, 1, ...,  n}. 

Theorem  39.13.  ([2],  Taylor's  formula)  Let  /  be  n-times  differentiable 
on  Tfc",  t  G  T,  and  a  G  Tfen_1;  h0(r,s)  =  1,  hk+1{r,s)  =  fi  hk  (t,  s)  At, 
fee  No- Then 
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k  fp        w 

/  (*)  =  E ftfc  (*■  q)  /A  («)  +  /       *»-!  (*■  ct  to)  /A"  (t) Ar- 

fe=0  •'« 

Corollary  39.14.   ([2])  Let  /  be  n-times  differentiable  on  Tfc"  and  m  G  N 
with  m  <  n.  Then,  V  a  €  Tfe"    '    "*  and  i  G  Tfem ,  we  have 

/A">)  =     E     hk(t,a)fA         («)+/  ft„-™-i(t,a(r))/A"(r)Ar. 

fc=o  Ja 

Denote  by  C™d  (T)  the  space  of  all  functions  /  G   Crd  (T)  such  that  /       G 
Crd  (T)  for  i  =  1, ...,  n  6  N.  In  this  last  case  Tk  =  T. 
We  need 

Theorem  39.15.   ([186],   [115],  Taylor's  formula)  Assume  Tfc  =  T  and  /  G 
C"d(T),  n  G  N  and  s,t  G  T.  Here  h0  (t,s)  =  1,  V  s,  t  G  T;  k  G  N0,  and 

hk+i(t,s)=  f  hk(T,s) At,      Vs,fel. 

(then  /i£  (i,  s)  =  ftfc_i  (i,  s),  for  k  G  N,  V  i  G  T,  for  each  s  G  T  fixed).  Then 

"-1       ,  ft 

/W  =  E/A    («)  ^  (*.*)+/    ^n-i(i,a(r))/A    (t)At. 


Remark  39.16.  (to  Theorem  39.15)  By  [186],  we  have  fti  (t,s)  =  t  -  s,  V 
s,i  G  T. 

So  if  £  >  s  then  hi(t,s)  >  0,  fo  (t,  s)  >  0,  ...,hn-i  (t,s)  >  0.  However  for  n 
odd  number  /i„_i  (£,<j  (r))  >  0  for  all  s  <  r  <  i  (see  proof  of  Theorem  39.24). 

Also  it  holds  ([2]) 

hk  (t,  s)  <  ^~^    ,      V  t  >  s,  k  G  No. 
k! 

Corollary  39.17.  (to  Theorem  39.15)  Suppose  /  G  C"d  (T)  and  s,t  €  T.  Let 
m  G  N  with  m  <  n  Then 

n  —  m  —  1  ,,£ 

fc=0  •/s 

Proof.    Use   Theorem   39.15    with   n   and    /   replaced    by   n  —  m   and    /       , 
respectively.  ■ 
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Corollary  39.18.  Let  /  £  Crd  (T);  a,  b  £  T,  such  that  /  (t)  >  0,  V  t  £  [a,  fc]nT, 
then  jba  f  (i)  At  >  0. 

Proof.  Since  /  (t)  >  0,  V  t  £  [a,  6]nT  by  Theorem  39.10  (39.2)  we  get  J-^  /  (i)  At  > 
0.  Assume  that  /^  /  (t)  At  =  0.  Then  F  (t)  =  J*  f  (t)  At  =  0,  V  t  £  [a,  b]  n  T. 
Thus  by  ([119])  we  get  FA  (t)  =  /  (t)  =  0,  V  i  £  [a,  6]  n  T,  a  contradiction.  ■ 

We  need 

Lemma  39.19.  Let  the  time  scale  T  be  such  that  Tfc  =  T.  Let  hk  :  T2  ->  R, 
fc  £  No,  such  that  ho(t,s)  =  1,  V  s,t  £  T,  and  hk+i(t,s)  —  f  hk  (t,s)  At,  V 
s,i  £  T,  for  all  fc£  N0. 

Then  hk(t,s)  is  continuous  in  s  £  T,  fc  £  No,  for  each  fixed  t  £  T;  and 
continuous  in  t  £  T  for  each  fixed  s  £  T.  Also  it  holds  that  hk  (t,a(s))  is  rd- 
continuous  in  s  £  T  for  each  fixed  t  £  T;  for  all  k  £  No. 

Proof.  Consider  also  g^  :  T2  — »  R,  fe  =  0,  l,...,n,  such  that  go(t,s)  =  1,  V 
s,  t  £  T;  and  3fc+i  (i,  s)  =  /s*  gk  {a  (r) ,  s)  At,  V  s,  i  £  T,  for  k  £  N0. 

By  [119],  we  have  that 

ht  (t,  s)  =  /ifc_i  (t,s),    k  £  N,  V  t  £  T, 

for  each  fixed  s  £  T. 
Also  we  have 

9k  (t,  s)  =  5k_i  (<r  (*) ,  s) ,     fc  £  N,  V  i  £  T, 

for  each  fixed  s  £  T. 

Clearly  pi  (i,  s)  =  hi  (t,  s)  =  t  -  s,  V  a,  t  £  T. 
By  Theorem  1.112  ([119])  we  get  that 

ft/t  (i,  s)  =  (-l)fc  gk  (s,  t),      V  i,  s  £  T,  for  all    fc  £  N0. 

By  Theorem  1.16(i)  of  [119],  we  have  that  since  gk  is  differentiable  for  any  t  £  T 
(the  first  variable),  then  it  is  continuous  for  any  t  £  T;  for  all  fc  £  No-  Thus,  by 
the  last  equation  just  above,  we  obtain  that  hk  (t,  s)  is  continuous  in  s  £  T;  and 
of  course  hk  is  also  continuous  in  t  £  T;  for  all  k  £  No- 

By  Theorem  1.60(111)  of  [119],  we  have  that  the  jump  operator  a  is  rd- 
continuous,  and  by  the  same  Theorem  1.60(v)  ([119]),  we  get  that  hk  (t,a  (a)) 
is  rd-continuous,  for  all  k  £  No- 

The  lemma  now  is  established.  ■ 


39.2     Main  Results 

In  this  eh; 
inequality. 


In  this  chapter  we  assume  Tfe   =  T.We  give  first  a  time  scales  Poincare  type 
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Theorem  39.20.  Let  /  G  C"d(T),  n  is  an  odd  number,  a,b  G  T;  a  <  b; 
p,q  >  1  :  -  +  -  —  1.  Assume  fA  (a)  =0,  k  =  0,1, ...,  n—1.  Here  a  is  continuous 
and  hn-i  (t,s)  jointly  continuous.  Then 

i  A+  <r  I    /  h      .  (+  „(^\\p  A^  \      At  1  I    /     I  fA" 


/(t)|*At<iy     (J    ^(^(t^At)     At  I  (J     |/A    M|    Ar^ 

(39.1) 
Proof.  Since  /      (o)  =  0,  k  =  0, 1, ...,  n  —  1,  by  Theorem  39.15  we  get 

/(*)=   /i/in_1(t,a(r))/A"(r)Ar, 


V  i  G  [a,  b]  n  T,  where  a,  &  G  T. 
Hence 


|/(*)|<   /     ftn-i(t,a(r))   /A"(r)  At 


,A"    -     -I" 


<  (J     hn^(t,a(r)rArj      U     |/A     (r)|    Ar 


Therefore 


|/(t)|*<  (J*hn-i(t,a(T)rATY  (J    |/A"(r)|9Ar),  (39.2) 

for  all  a  <  £  <  6.  Next  by  integrating  (39.2)  we  are  proving  the  claim.  ■ 

Next  we  present  a  time  scales  Sobolev  type  inequality. 

Theorem  39.21.  Here  all  terms  and  assumptions  are  as  in  Theorem  39.20. 
Let  r  >  1.  Denote  ||/||r  =  ( J*  \f  {t)\r  At)  ~  .  Then 

\\f\\r  <  (fa    [jy^-i  (t,a(r)Y  Ar)  "  Atj  "  ||/A"||g.  (39.3) 

Proof.  As  in  the  proof  of  Theorem  39.20  we  have  (o  <  t  <  6) 

l/(i)l<  (J*  hn-i(t,a(T)r  ATy  (j'\fAn  (r)\q  ATy  . 

Thus 

\f{tW<(j\n-,{t,a{r)fATy  fj"\fAn(T)\qAry  , 
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and 

"\f(t)\rAt<  (£  Q*  hn_1(t,a(T)r  ATy  AtJ  Q"  \fA"  (r)\"  At 

(39.4) 
Next  raise  both  sides  of  (39.4)  to  power  -.  Thus  proving  the  claim.  ■ 

We  give  a  time  scales  Opial  type  inequality. 

Theorem  39.22.   Let  /  G   C"d(T),  n  is  an  odd  number,  a,b  G  T;  a  <  b; 

p,  q  >  1  :  -  +  -  =  1.  Suppose  fA    (a)  —  0,  k  —  0, 1, ...,  n  —  1,  and  that    /A      is 

increasing  on  [a,b]  l~l  T.  Here  a  is  continuous  and  hn-i  (t,s)  jointly  continuous. 
Then 

f  l/(i)l|/A"(i)|Ai<(&-a)5. 

{la     {la    /ln_1  ^'  a  {T))P  AT)  M)  P    {la     ^  ^  ^  ^)  ^   '  ^ 

Proof.  It  holds 


/(*)=   /i/ln-i(t,a(r))/A"(r)Ar, 


V  i  G  [a,  6]  n  T,  where  a,  6  G  T. 
Hence 


Therefore 


1/  (t)\  <  (£  fen-i  (t,a  (r))p  At)  "  (£  |/A"  (t)|*  At)  ' 
<  (J*  hn-i  (t,a(r))p  At)  "  |/A"  (t)|  (t  -  o)«  . 

I/Wl|/A"(i)|<  (j\n-i(t,<7(T)rArY  (/A"(t))2(t-a)l, 


for  all  a  <  t  <  b. 

Consequently  we  obtain 

b  ,  ,  /    rb    /    rt 


a      \J  a 


A"  m  \  A-h  <\     /  h..     ,/f.MUAT  (fA 


|/(t)|    /*     (t)At<  fcn-l(U(r))pAr  /-     (i)       (t-o)«      At 


2 


f  (J*  hn-i  (t,  a  (r)Y  At)  At)  "  (7"  (/A"  (t))  2"  (t  -  a)  At) 
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<  (6  -  o)  *  U"  (£  hn-!  (t,  a  (r)f  At)  At)  "  (£  (/A"  (*))**  At)  '  , 

proving  the  claim.  ■ 

We  make 

Remark  39.23.  (to  Theorem  39.20-39.22  and  their  proofs)  As  we  know 
([119]),  we  have  that 

ht-i  (t,  o  (r))  =  hn-2  (t,  a  (r))  ,      V  t  G  [a,  b]  n  T. 

Also  (/i„-i  (t,cr(i)))p  is  continuous  at  (t, t),  t  >  a;  p  >  1. 

By  Chain  Rule,  Theorem  1.90  [119],  we  get  that  {hn-i  (t,a(r))p)  exists  in 
t  G  T,  where  r  is  fixed  in  T;  p  >  1,  and 

((ft„_1(t,a(r)))p)A      =     Py^  {hn-i(t,  o  (t))  + 

hn{t)hn-2  (t,  a  (r)))p_1  d/i}  hn_2  (t,  a  (r))  . 

Here  by  assumption  a  is  continuous  and  /i„-i  (t,  s)  is  jointly  continuous.  So 
that  (hn-i  (t,o-(r)))p  is  jointly  continuous  in  (t,r)  ,  that  is  rd-continuous  in  t 
and  t;  p  >  1.  Here  Tfe  =  T,  and  by  Lemma  39.19  we  get  that  fen-2  (t,<7  (r))  is 
continuous  in  t  and  r.  By  bounded  convergence  theorem,  using  the  last  formula 
above,  we  get  that  ((/i„_i  (t,a  (r)))p)  is  continuous  in  t  and  r;  p  >  1,  and  thus 
rd-continuous  in  t  and  t. 

Consider  now  the  function 

u(t)=         /i„-i(t,cr(r))pAr,      V  t  £  [o,  6]  H  T. 

J  a 

Clearly  u(a)  =  0.  Furthermore,  by  Theorem  1.117  of  [119],  we  derive 
uA  (t)  =   I    (hn-i  (t,  a  (r))p)A  At  +  (hn-i  (a  (t)  ,  a  (t)))p 

J  a 

(ft„-i(t,a(r))p)AAr. 

That  is  u  (t)  is  differentiable,  hence  continuous  and  therefore  rd-continuous  on 
[a,  b]  n  T. 

We  proceed  with  a  time  scales  Ostrowski  type  inequality. 

Theorem  39.24.  Let  /  G  C"d  (T),  n  is  odd,  a,  b,  c  G  T  :  a  <  c  <  b.  Suppose 
that  fAk  (c)  =  0,  k  =  1, ...,  n  -  1.  Then 


b  —  a 


f  /(t)  At -/(c) 


<  [fen+i  (a,  c)  +  few+i  (b,  c)]  II    A"  II  ,3g6^ 

6  —  a  I'  Hoo,[a.,6]nT 
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(»:!,r) 


Proof.  By  assumptions  and  Theorem  39.15,  we  get 


/(t)-/(c) 


hn-i(t,a(r))fA    (r)Ar,     Vt€[o,i]flT. 


Hence 


E(x):=^—^   /(t)At-/(c)  = 


1 


b  —  a 


I  if)  At  - 


b  —  a 


/(C)  At: 


1 


b  —  a 


(/(*)-  /(c))  At. 


Thus 


|£(*)|<-1-  /    |/(t)-/(c)|At. 
However  we  observe  that  (c  <  t  <  6) 


|/(t)-/(c)|<    /    ft„-i(t,«7(r))   /"    (t)  At 


<  I  J    /j„_i(t,(7(r))Ar)  ||/ 
Also  when  a  <  £  <  c,  we  obtain 


A" 


[o,6]nT 


l/(*)-/(c)|  = 


/in-i(t,a(r))/A    (r)Ar 


|ftn-i(t,a(r))||/A"(r)|Ar<  (    /     |^^_!  (t,  a  (r))|  Ar  )  ||/A" 


,[o,6]nT 


Since  hi  (t,  $)  —  t  —  s,  if  t  <  s  then  fei  (t,  s)  <  0.  Then  It2  (t,  s)  —  f  hi  (r,  s)  Ar  = 
-  //  fti  (r,  s)  Ar  =  //  (-fti  (r,  s))  Ar  >  0.  That  is  h2  (t,  s)  >  0,  for  any  t,  s  G  T. 
We  continue  with  (t  <  s)  I13  (t,  s)  =  /"  I12  (r,  s)  Ar  =  —  ^  fe  (r,  s)  Ar  <  0. 
Consequently  by  induction,  we  obtain  (i  <  s) 

\hk(t,s)\  =  {-l)khk(t,s),     fee  No. 

Thus  hk(t,  s)  >  0,  for  any  t,  s  €  T,  when  fe  is  even. 
Therefore  when  a  <  t  <  c,  we  derive 


|/(t)-/(c)|<       /     fe„-i(t,a(r))Ar       / 


rA" 


xi,[a,6]nT 

By    (1.7),    (1.8),    (1.9)    of   [119]    and   Theorem    1.112   of   [119],   we   notice   that 

(c  <  t  <  b) 

ft  i-t 

/i„-i(t,cr(r))Ar  =   /    0„_i  (<r  (t)  ,  t)  At 
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=  (-1)"  f  Sn-i  (a  (r) ,  0  At  =  (-1)"  gn  (c,  t)  =  hn  (t,  c) , 
Also  it  holds  (a  <  t  <  c) 

(-1)"-1   f  />„_!  (t,  a  (r))  Ar  =    f  gn^  (a  (r)  ,  t)  Ar 


gn  (c,t)  —  (-l)n/tn  (t,c)  . 


So  we  found  that  (c  <  t  <  b) 


\f(t)-f(c)\<hn(t,c)  \\f 


A" 


oo,[a,6]nT 


and  (a  <  t  <  c) 


Thus  we  have 


1/  (t)"/(c)|   <(-!)"  /In  (i,c)||/A" 


loo,[o,i)]nT 


|£WI< 


6  —  a 


[C\f(t)-f(c)\At+  f"\f(t)-f(c)\At 

■J  a  J  c 


l 


b  —  a 


(-1)"  /    ft„(t,c)At+  /    hn(t,c)At 

■J  a  J  c 

[/ca  /ln  (t,  C)  At  +  hn  +  1(b,c)]     II      A„  || 


b  —  a 


/A"  < 

Hoo,[a,b]nT 


,,i>]nx 


[/tn+1  (fl,c)  +  hn+1  (b,c)\    ||      An|| 

b  —  a  II'        lloo,[a,i;]nT ' 

proving  the  claim. 

It  follows  a  time  scales  Hilbert-Pachpatte  type  inequality. 


Theorem  39.25.  Let  e  >  0,  i  =  1,  2;  /;  G  C""d  (T;)  ,  n  is  odd,  with  /f  '  (a,)  =  0, 

fe  =  0,  l,...,n  —  1;  Oj  <  fei;  a;,&;  G  T,,  time  scale.  Let  also  p,q  >  1  such  that 

i  +  i  =  1.  Call 
p       i 

F(ti)=   ri/£21(ti,en(n)),'A7i, 

for  all  ii  G  [oi,  &i]  (~l  Ti,  and 


I  2 


G(fa)=/         h^1(t2,*2(T2))qAT2, 
J  a2 
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for  all  £2   G    [02,62]  n  T2   (where  h^_1,  a^'  the  corresponding  hn-i,  a  to  Ti„ 
i  —  1,2).  Here  ct;  is  continuous  and  h„_1  (£;,Sj)  jointly  continuous  in  i;,s;  G  TV 
We  further  suppose  that 

x(tl)=r,   ^   ,A,2 

V  p  9 

is  an  rd-continuous  function  on  Ti. 
Then 

61      ft2  |/l(tl)||/2(t2)|  A,     A,      <    ,,  fl     w,  , 

V  p  9 

|AA    (n)|    An  J     (/      |/2A    (r2)|    Ar2J  (39.7) 

(above  double  time  scales  integration  is  considered  in  the  natural  iterative  way). 
Proof.  Since  /;      (a;)  =  0,  k  —  0, 1, ...,  n  —  1;  i  =  1,  2,  by  Theorem  39.15  we  get 

/i  (t0  =  /" '  ^li  (*i.  <*  (t<))  /f "  in)  An, 

J ai 

V  U  G  [oi,  6»]  n  T^  where  a;,  6,  G  TV 
Hence 

l/i  (ti)|  <  (T1  ^1  (ti.cn  (n))p  An)  '  (T1  |/iA"  (n)|?  An)  ' 

1     /    /•*!   I      An  19  \    9 

=  F(t1)'U     \hA    (n)|    An  J     , 
and 

1/2  (fe)|  <  f  /'2  h^l,  (t2,a2  (r2)Y  Ar2)  *  (  P  |/2A"  (75) I"  Ar2 


=  G(fe)«       /        /2A"(r2)     Ar2 
Young's  inequality  for  a,  6  >  0  says  that 

1,1.0       & 

BPO'    < 1 . 

P  1 
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Consequently  we  have 

|/i(ti)||/a(*2)|< 

1  1      (     l'H    I       A™  \1  \    «      (     ft2    I       A"  IP 

F{U)*G{U)-«(  /f    (n)    At,  /       /2A(r2)     Ar2        < 


F(ti)    ,   G(t2)\  /  rM-A",    J9 


«1  /  \J  ^2 


+  ^M  /f    (n)    An  \f?    (r2)    Ar2 


P  g 

The  last  gives  (e  >  0) 

|/i(ti)||/2(i2)|       ^  {  f*1  \  .*«  ,     ,\* 


,-A" 


-   +   l^  +  ^2|  -- 


for  alii;  G  [a;,6i]  n  T;,  i  =  1,2. 
Next  we  see  that 


<      /     kA    (n)    An  /      /2A"(r2)    Ar2 


61  f  -PM^^A,  < 

«1     •'"2      £  +  H L^2 


|/A"  (n)!'  An  ) '  An        /      (  /     |/2A"  (n)\*  Ar2  I     Ai2  I  < 


|/A"(n)rAn)  An)     (6i-«n)* 


b2 


CA™ 


*' 


«2        \J  a2 


/f    (r2)|    Ar2J  Ai2  I     (&2-a2)«  < 

1_ 

(/^"(rOrAn)  AnV  (h-ai)*- 


62    /    rb 


,A" 


P 


|/2"    (r2)|    Ar2  I  Ai2l      (62-a2)5  = 

(61  -  01)  (62  -  02)  (j  '  \tf"  (ntf  AtX  (J  2|/2A"(r2)|PAr2 

proving  the  claim.  ■ 

Based  on  Corollary  39.17  we  get  the  following  results: 
First  a  generalized  time  scales  Poincare  type  inequality. 

Proposition    39.26.    Let    /    G     C"d  (T),    m,n    G    N,    m    <    n,    n  -  m 
is  odd,   a,b   G    T;   a   <   b;  p,  q   >    1    :    -  +  -    —    1.   Assume  /  (a)    =   0, 
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k  =  0, 1, ...,  n  —  m  —  1.  Here  a  is  continuous  and  hn-m-i  (t,  $)  jointly  continuous. 
Then 


a" 


<> 


r  (t)\  Ai< 


/in-m-i(t,a(r))pAr        At         /      /A     (r)     At     .  (39.8) 


'< 


Proof.  As  in  Theorem  39.20.  ■ 

It  follows  a  generalized  time  scales  Sobolev  type  inequality. 

Proposition  39.27.  Here  all  terms  and  assumptions  are  as  in  Proposition 
39.26.  Let  r  >  1.  Then 

|/A'"|     '•  (    /     (fhn-m-  i(t,a(T)rATY  AtY\\fAn\\^.  (39.9) 

Proof.  As  in  Theorem  39.21.  ■ 

Next  comes  a  generalized  time  scales  Opial  type  inequality. 

Proposition  39.28.  Let  /  £  C"d  (T),  m,  n  £  N,  m  <  n,  n~m  is  odd,  a,  b  £  T; 
a  <  b;  p,  q  >  1  :  -  +  -  —  1.  Assume  /  (a)  —  0,  k  —  0, 1, ...,  n  —  1,  and  that 

/         is  increasing  on  [a,  b]  (1  T.  Here  a  is  continuous  and  hn-m-i  (t,s)  jointly 
continuous.  Then 

b\fAm(t)\\fA7l(t)\At<(b-a)^ 


f    (  J   hn-m-i  (t,  a  (r))p  At j  AtY  f  j    (/A"  (t))  "'  Aij  *  .         (39. 

Proof.  As  in  Theorem  39.22. 

We  continue  with  a  generalized  Ostrowski  type  inequality  over  time  scales. 


10) 


Proposition   39.29.   Let  /   £   C™d(T),  m,n  £   N,  m  <  n,  n  —  m  is  odd, 
a,  b,  c  £  T  :  a  <  c  <  b.  Assume  that  /  (c)  =  0,  k  —  1, ...,  n  —  m  —  1.  Then 


b  —  a 


fAmAt-fAm(c) 


[hn-m+l  (a,  c)  +  ft-n-m+1  (&,  c)]    II      A"  II 

b  —  a  !!'        Hoo,[a,i;]nT 

(39.11) 
Proof.  As  in  Theorem  39.24.  ■ 
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We  finish  with  the  generalized  Hilbert-Pachpatte  type  inequality  on  time 
scales. 

Proposition  39.30.  Let  e  >  0,  i  =  1,2;  /;  G  C?d  (Ti) ,  m,n  G  N,  m  <  n, 

n  —  m  is  odd,  with  ft  (oj)  =  0,  fc  =  0, 1, ...,  n  —  m  —  1;  a;  <  bi;  a;,  b;  G  T;, 

time  scale.  Let  also  p,  a  >  1  :  -  +  -  —  1.  Call 


for  all  ii  €  [ai,&i]  HTi,  and 

G*(t2)=  /t2^m_1(t2,a2(r2))9Ar2, 

for  all  i2  G   [a2,62]  n  T2  (where  /l„_m_1,  a^  the  corresponding  /in_m_i,  a  to 
Ti,  i  =   1,2).  Here  a";  is  continuous  and  h^_rn_1{ti,Si)  jointly  continuous  in 

Ei ,  Si  kz    ii-i- 

We  further  suppose  that 

f»2  |/2A">2)| 

A*  (ti)  =   /       -, ! ! rAr2 


is  an  rd-continuous  function  on  Ti. 
Then 

&i    /•*>    |/iAm  (*i)|  |/2Am  (t2)| 


i     -F    (*l)     i     G*(t2) 


AiiAi2  <  (bi  -  ai)  (b2  -  a2)  • 


""'    4»  i«  \  «   /   f^  |    A„        jr 


|/r    (n)|    An)      (    /       \f.f    (>,)|    At,)      .  (:i!).12) 

Proof.  As  in  Theorem  39.25. 


39.3     Applications 

We  need 

Remark  39.31.  ([119]) 

i)  When  T  =  R,  then  hk(t,s)  =  ^f^-,  V  k  G  N0,  V  t,  s  G  R,  a  (t)  =  t, 

f*f(t)At  =  f*f(t)dt,  fA  (t)  =  f  (t),  fA"  =  /(fc);  rd-continuous  corresponds 
to  /  continuous. 
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ii)  When  T  =  Z,  hk  (t,s)  =   ^'fi™  ,  V  k  G  No,  V  t,  s  G  Z,  where  i(0)  =  1, 
t(k)  =  Ilteo1  (*  ^  *)  for  fe  €  N,  <t  (t)  =  t  +  1, 

6-1 

/(t)At  =  £/(t),      a<6, 

/A  (t)  =  /(t+l) -/(*)  =  A/ (t), 

A: 


/A*(t)=Afc/(*)=i:f  ?  )(-!)*-'/ (t+o, 


rd-continuous  /  corresponds  to  any  /. 
A  Poincare  inequality  conies: 

Corollary  39.32.  Let  /  G  Cn  (R),  n  G  N,  a,  b  G  R;  a  <  b;  p,  q  >  1  :  ±  +  ±  =  1. 
Assume  /(fc)  (a)  =  0,  k  =  0, 1, ...,  n  -  1.  Then 

6i/(*)i**<- — 1„w/&r°)"' ,,(.-!)  (ri/(n)wr^)-  (39-13) 

((n-  l)!)9(p(n-  1)  +  1)(9    }  ng  Via  !  '      / 

Proof.  Based  on  Theorem  39.20  and  Remark  39.31  (i).  ■ 

A  discrete  Poincare  follows: 

Corollary  39.33.  Let  /  :  Z  ->  R,  n  is  odd,  a, 6  G  Z;  a  <  6;  p,q  >  1  :  ±  +  ±  =  1. 

Assume  Ak  f  (a)  =  0,  k  =  0, 1, ...,  n  -  1.  Then 

t=a  vv  '  '        \t—a    \r=a  /        I      \T=a 

(39.14) 
Proof.  Based  on  Theorem  39.20  and  Remark  39.31  (ii).  ■ 

A  Sobolev  inequality  conies: 

Corollary  39.34.  All  as  in  Corollary  39.32.  Let  r  >  1.  Then 

\f(t)\rdt)      < 

(o-")(n-1+i+i) ([b\^^dty.  (39,5) 


(ti  -  1)!  ((n  -  l)p  +  l)p  ((n-  1  +  i)  r  +  l)  : 
Proof.  Based  on  Theorem  39.21  and  Remark  39.31  (i 
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A  discrete  Sobolev  inequality  follows: 

Corollary  39.35.  All  as  in  Corollary  39.33  and  let  r  >  1.  Then 

(g,,„fs 

(^i)i  (e  (e  (c  -  *  -  tf^T)  j  (e  i a"/  wi') *  •  (39-16) 

Proof.  Base  on  Theorem  39.21  and  Remark  39.31  (ii).  ■ 

An  Opial  inequality  comes  next: 

Corollary  39.36.  Let  /  G  Cn  (R),  n  G  N,  a,  b  G  R;  a  <  b;  p,  q  >  1  :  ±  +  ±  =  1. 
Assume  /(-fc-)  (a)  =  0,  k  =  0,1,...,  n—  1,  and    /(-n-)    is  increasing  on  [a,  b].  Then 

\f(t)\f(n)(t)dt<  (&-^         " 


(n-l)![((n-l)p  +  l)((n-l)p  +  2)]p 

(J*  (f(n)  (t))2*  dty  .  (39.17) 

Proof.  Based  on  Theorem  39.22  and  Remark  39.31  (i).  ■ 

A  discrete  Opial  inequality  follows: 

Corollary  39.37.  Let  /  :  Z  ->  R,  n  is  odd,  a,  6  G  Z;  a  <  6;  p,  g  >  1  :  i  +  i  =  1. 
Assume  Afe/ (a)  =  0,  k  =  0,  l,...,n  —  1,  and  that  |An/|  is  increasing  on  [a,  b]. 
Then 

Ei/wiiA"/wi<f^f- 
(e(e((*-t-1)(""1T)  )  (e^/w)29)'-       (39-18) 

Proof.  By  Theorem  39.22  and  Remark  39.31  (ii).  ■ 

An  Ostrowski  inequality  comes  next: 

Corollary  39.38.  Let  /  G  Cn  (R),  n  G  N,  a,  b,  c  G  R  :  a  <  c  <  b.  Suppose 
that  /(fc)  (c)  =  0,  k  =  1, ...,  n  -  1.  Then 


1        '    f(t)dt-f(c) 


b  —  a 


((c-a)n+1  +  (b-c)n+1) 


(n+ !)!(&- a) 


/(n)  .   (39.19) 

!  1 1  oo,  [a,b] 
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Proof.  Based  on  Theorem  39.24  and  Remark  39.31  (i).  ■ 

A  discrete  Ostrowski  inequality  follows: 

Corollary  39.39.  Let  /  :  Z  — »  R,  n  is  odd,  a,  b,  c  G  Z  :  a  <  c  <  b.  Assume 
that  Akf  (c)  =  0,  k  =  1, ...,  n  -  1.  Then 


b  —  a 


E/w-/(c) 


(g-c)in+1J  +  (ft-c) 
(n +  !)!(& -a) 


(n+l) 


l|An/IL,Kt,  •    (39.20) 


Proof.  By  Theorem  39.24  and  Remark  39.31  (ii). 
A  Hilbert-Pachpatte  inequality  follows: 


Corollary  39.40.  Let  e  >  0,  i  =  1,  2;  /;  eC"(I),n€  N,  with  /^fc)  (ai)  =  0, 

p,q>l: 

(ii-ai)p(n-1)+1 


fc  =  0, 1, ...,  n  -  1;  Oi  <  &»;  Oi,  &i  6  M.  Let  p,  ?  >  1  :  -  +  -  =  1.  Call 


G(t2)  = 


1 
((n-l)!)p    (p(„-i)  +  i)    ' 

1  (t2-a2)g(n~1)+1 


Then 


((n-l)!)«    («(n-l)  +  l) 

61    ^2      l/i(ii)ll/2(t2)| 


V  ti  €  [ai,6i] 
Vt2G  [02,62] 


j     (£+£^i  +  G^i 


/i(n)(Ti)    d-n 


dtidt2  <  (61  —  01)  (62  —  02)  ■ 


L/T(T2)      rfr2  .  (39.21) 

Proof.  Based  on  Theorem  39.25  and  Remark  39.31  (i).  Notice  here  that  A  (£1)  is 
a  continuous  function  on  [ai,6i]  by  bounded  convergence  theorem.  ■ 

It  follows  a  discrete  Hilbert-Pachpatte  inequality. 

Corollary  39.41.  Let  e  >  0,  i  =  1,  2;  ft  :  Z  ->  R,  n  is  odd,  with  Ak  ft  (ai)  =  0, 
fc  =  0, 1, ...,  n  -  1;  at  <  h;  ai,  b%  G  Z.  Let  p,  q  >  1  :  ±  +  ±  =  1.  Put 


^(*i)  = 


E^  (fr  -  n  -  1) 

((n-iy.r 


(n-1) 


and 


G(i2) 


gggi((fa-^-l)^ 

((n-1)!)9 


Vii  G  [ai,6ilnZ, 


Vt2  G  [a2,b2]  HZ. 
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Then 

£      V  \fl(tl)\\h(t2)\  <   {b     _        }  (6     _        }  . 

^      ^        P    ,     f(*i)     ,     G(*2)\    ~  V  ;  V  ^ 

tl=ai  t2=tt2    I        '         p        "r        q       J 

/  61-1  \   5    /  62-1  \  p 

£    |A"/i(n)|«)  £    I^M^H     •  (39.22) 

\ti=oi  /  \T2  =  a2  I 

Proof.  By  Theorem  39.25  and  Remark  39.31  (ii).  ■ 

Another  generalized  Poincare  inequality  comes: 

Corollary  39.42.   Let  /   €   C"  (R),  m,n  G   N,  m  <  n,  a,b  G   R;  a  <   b; 
p,q>  1:1  +  1  =  1.  Assume  /(fc+m)  (a)  =  0,  k  =  0, 1, ...,  n-m-1.  Then 

|/("")  (£)T  rft  < 

(6_a)(»-»0«  //'l-W/J' 


(J   \f(n)  (t)\"  dtY   (39.23) 


((n-m-  l)!)9(p(n-m-l)  +  l)(<!_1)  (n  -  m)  q  \Ja 

Proof.   By  Corollary   39.32,   n   i->    n  -  m,   /    h+    /(m),   /(fc)    h->    /(fc+m)    into 
(39.13).  ■ 

A  generalized  discrete  Poincare  inequality  follows: 

Corollary  39.43.  Let  /  :  Z  — »  K,  m,  n  €.  N,  m  <  n,  n  —  m  is  odd,  a,  6  G  Z; 
a<b;  p,g>l:i  +  i  =  l.  Assume  Afc+m/  (a)  =  0,  k  =  0, 1, ...,  n-m-1.  Then 


E|Am/(t)|9< 


6-1  /t-i 


bw  E  E  ((«— ')■"- ")'       Eia"/(T 


((n-m-1)!)9 

vv  '  '        \t=a    \t= 

(39.24) 
Proof.  By  Corollary  39.33.  ■ 

A  generalized  Sobolev  inequality  comes. 

Corollary  39.44.  All  as  in  Corollary  39.42,  r  >  1.  Then 

r6'/(ro)(t)|P*V  < 

(b-a)l   -  -  -J r (/; |/(") W|'*) • . 

(n  —  rn  —  l)!((ra  —  rn  —  1)  p  +  1)  p  (  (n  —  m  —  1  +  -  )  r  +  1)  r 

(39.25) 
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Proof.  By  Corollary  39.34. 

A  generalized  discrete  Sobolev  inequality  comes  next: 

Corollary  39.45.  All  as  in  Corollary  39.43,  r  >  1.  Then 


EiA"7(t)rY< 

t=a  ) 


i^rrryr  (g  (£'  (('  —  »'-""")')  j  "  (g  1*7  MP 

(39.26) 
Proof.  By  Corollary  39.35.  ■ 

A  generalized  Opial  inequality  follows: 


Corollary   39.46.   Let  /   €   Cn  (R),  to,  n  €   N,  m   <  n,  a,  b  £   R;  a  < 

9>1:F+«=1-  Suppos 
is  increasing  on  [a,b].  Then 

r\f(m)(t)\\f(n)(t)\dt< 


p,q>  1  :  i  +  \  =  1.  Suppose  /(fc+m)  (a)  =  0,  fc  =  0, 1,  ...,n  -  m  -  1,  and   /(n) 


rfc  , 


(b  —  a)  p 


[  (/w  w)"  *y 


(n-rn-  1)!  [((n  -  TO-  l)p+  1)  ((n  -  TO-  l)p  +  2)]p    Va 

(39.27) 
Proof.  By  Corollary  39.36.  ■ 

A  generalized  discrete  Opial  inequality  follows: 

Corollary  39.47.  Let  /  :  Z  — »  R,  to,  n  £  N,  m  <  n,  n  —  m  is  odd,  o,t£Z; 

i  +  i  =  1.  Assume  Afe+m  ^ 
p       <i 
that  |  A" /|  is  increasing  on  [a,b].  Then 

6-1 


a  <  b;  p,q  >  1  :  -  +  -  =  1.  Assume  Afc+m/  (a)  =  0,  k  =  0, 1, ...,  n  -  to  -  1,  and 


£|Am/(t)||A"/(t)| 


< 


(6-a)< 


(n  —  m  —  1) 


6-1    /t-i 


£  =  a     \T= 


E  E((*-T-1)(""","1))        E(An/w)29    •      (39-28) 


Proof.  By  Corollary  39.37. 

A  generalized  Ostrowski  inequality  follows: 
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Corollary  39.48.  Let  /  G  C"  (R),  m,  n  G  N,  m  <  n,  a,  b,  c  G  R  :  a  <  c  <  b. 
Assume  that  /(fc+m>  (c)  =  0,  k  =  1, ...,  n-m-1.  Then 


/^(t)dt-/^(c) 


(«0  , 


a\n  —  m-\-l     i     /t  \n-  m+l\ 

c  -  «)  +  (ft  -  e)         +  ) 

(n-m+  !)!(&- a) 


/ 


(") 


I  oo,[a,b] 


(39.29) 


Proof.  By  Corollary  39.38.  I 

A  generalized  discrete  Ostrowski  inequality  comes  next: 

Corollary  39.49.  Let  /  :  Z  — >  R,  m,  n  G  N,  m  <  n,  n  —  m  is  odd,  a,  b,  c  G  Z 
a  <  c  <  fe.  Assume  that  Afc+m/  (c)  =  0,  fc  =  1, ...,  n-m-1.  Then 

l-^Am/(t)-Am/( 


b  —  a 


\(n—  m+1) 


(a  _  c)^-"»+^  +  (fe  -  c) 
(n-m  +  l)!(6-a) 

Proof.  By  Corollary  39.39. 

A  generalized  Hilbert-Pachpatte  comes: 


(n  —  m  +  1) 


IIAVIL.K6]  ■  (39.30) 


Corollary  39.50.  Let  e  >  0,  i  =  1,  2;  /;  G  Cn  (R)  ,  m,n  G  N,  m  <  n,  with 

i   i   i 


Call 


fi  (ai)  =  0,  fc  =  0,1,...,  n-m-1;  cn  <&;;«;,&;  G  R.  Letp,q>  1  :  ^  +  ^  =  1 


*"(ti)  = 
G*  (fa)  = 


(t1-ai)p(n~m~1)+1 


((n-m-l)!)p  (p(n-m-l)  +  l) 

1  (t2-a2)g(n~m~1)+1 

((n  -  m  -  1)!)"  (q  (n  -  m  -  1)  +  1) 


,     V  ii  G  [ai,  &i] 

,      Vt2  G  [02,62]. 


Then 


*  /•*>  /r'(*i)  /r;(fe) 


(™)  , 


1  p  « 


/r;(n)    «ta 


dtidt2  <  (bi  —  ai)  (62  —  12)  - 


/rW     rfr2 


(39.31) 


Proof.  By  Corollary  39.40. 

It  follows  a  generalized  discrete  Hilbert-Pachpatte  inequality. 
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Corollary  39.51.  Let  e  >  0,  i  =  1, 2;  /»  :  Z  — >  M,  m,n  £  N,  m  <  n,  n  -  m 
is  odd,  with  Afc+m/;  (o»)  =  0,  fc  =  0, 1, ...,  re  -  m  -  1;  a;  <  6^;  a,,  &,  G  Z.  Let 
p,g>l:i  +  i  =  l.  Set 

Et1i;l1((*i-n-l)("-m-1)>P 


F   (ti)  = ^ — -p ^-,     Vti€[oi,6i]nZ, 

((n  —  m  —  1)\) 


and 


E;22ii2  (t2-r2-i)( 

G  (fa)  = )t ttt^ *-,    v  t2  e  [oa,  62]  n  z. 

((n  —  rn  —  1)\) 


Then 

61-1   62-1 


|Am/!  (ti)|  |Am/2  (t2 


V    V    '?   ^MJ^4i^<(6l_ai)(&2_a2) 


£+^_^w   + 


*1  =  al  f2—  a2      \  ~  p  '  q 


/    6l-l  \      q        /   62-l  \      P 

£    |A"/i(n)|*)  J2    |A"/a(7!.)r)     •  (39.32) 

Proof.  By  Corollary  39.41.  ■ 

Remark  39.52.  ([2],  [119])  Consider  q  >  1,  qz  =  {gfe  :  fc  €  Z},  and  the  time 
scale  T  =  gz  =  qz  U  {0},  which  very  important  in  (/-difference  equations. 
It  holds  [2],  [119]  that 

k—  1 

hh  (t,  8)  =  H*~  qV\  ,      Vs.tGT; 

a(t)  =  qt,     p(t)  =  -,    VteT, 

/A(t)=/(gW(t))     VteT_{0}] 

We  present  a  related  g-Ostrowski  type  inequality. 

Corollary  39.53.  Let  /  €  C"d  (qz) ,  n  is  odd,  a,b,c  €  gz  :  a  <  c  <  b.  Suppose 
that  fAk  (c)  =  0,  k  =  1, ...,  n  -  1.  Then 

,     f(t)At-  f  (c)    < 

b  - 


—  f"f(t)At-f(c) 

a  J  a 
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tttt,  a  —  qvc        I     T~\n  b  —  qu 


b  — g    c 


f 


,b]nqz 


(39.33) 


Proof.  By  Theorem  39.24. 

We  finish  with  a  generalized  g-Ostrowski  type  inequality. 


Corollary  39.54.  Let  /  G  C™d  (qz  J ,  m,  n  6  N,  m  <  n,  n  —  m  is  odd,  a,b,c  £ 
qz  :  a  <  c  <  b.  Assume  that  fAk+m  (c)  =  o,  k  =  1, ...,  n  -  m  -  1.  Then 

,-b 


b  —  a 

Tn  —  m      a  —  qvc 


/A     (i)Ai-/A     (c) 


< 


nn  —  m      a  —  q    c        ,    y-rn  —  rn       b  —  q 
"=°    EJUoS"  + 11^=0    E^ 


n  —  m       b  —  quc 


b  —  a 


f 


,b]nqz 


(39.34) 


Proof.  By  Corollary  39.53. 

One  can  give  many  similar  applications  for  other  time  scales. 


40 

Nabla  Inequalities  on  Time  Scales 


Here  first  we  collect  and  develop  necessary  background  on  nabla  time  scales 
required  for  this  chapter.  Then  we  give  nabla  time  scales  integral  inequalities  of 
types:  Poincare,  Sobolev,  Opial,  Ostrowski  and  Hilbert-Pachpatte.  We  present 
also  the  generalized  analogs  of  all  these  nabla  inequalities  involving  high  order 
nabla  derivatives  of  functions  on  time  scales.  We  finish  with  many  applications: 
all  these  nabla  inequalities  on  the  specific  time  scales  R,  Z  and  gz,  q  >  1.  In 
most  of  these  nabla  inequalities  the  nabla  differentiability  order  is  any  n  g  N,  as 
opposed  to  delta  time  scales  approach  where  n  is  always  odd.  This  chapter  relies 
on  [59]. 


40.1     Preliminaries 

Here  we  use  [94],  [103],  [119],  [223].  Let  T  be  a  time  scale  (a  closed  subset  of  R) 
([187]),  [a,b]  be  the  closed  and  bounded  interval  in  T,  i.e.  [a,  b]  :—  {t  G  T  :  a  < 
t  <  b}  and  a,  b  G  T. 

Clearly,  a  time  scale  T  may  or  may  not  be  connected.  Therefore  we  have  the 
concept  of  forward  and  backward  jump  operators  as  follows.  Define  a,  p  :  T  i — >  T 
by 

a  (t)  =  inf{s  G  T  :  s  >  t]     and     p  (t)  =  sup{s  G  T  :  s  <  t}, 

(inf  0  :=  supT,  sup0  :=  inf  T). 

If  a  (t)  -  t,  a  (£)  >  t,  p  (t)  =  t,  p  (£)  <  t,  then  t  G  T  is  called  right- 
dense,  right-scattered,  left-dense,  left-scattered,  respectively.  The  set  Tj,  which  is 
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derived  from  T  is  as  follows:  if  T  has  a  right-scattered  minimum  m,  then  T^  = 
T  —  {m},  otherwise  Tfe  =  T.  We  also  define  the  backwards  graininess  function 
v  :  T  i — >  [0,  co)  as  v  (t)  —  t  —  p  (t).  If  /  :  T  i — >  R  is  a  function,  we  define  the 
function  f  :  Tfc  i — >  R  by  f  (t)  =  f  (p  (*))  for  all  i  €  Tfe  and  a0  (t)  =  p°  (i)  =  i; 
Tfe„+1  :=  (Th»)fc. 

Definition  40.1.  If  /  :  T  i — >  R  is  a  function  and  t  £  Tfe,  then  we  define  the 
nabla  derivative  of  /  at  a  point  t  to  be  the  number  /v  (t)  (provided  it  exists) 
with  the  property  that,  for  each  e  >  0,  there  is  a  neighborhood  of  U  of  t  such 
that 

|  [/  (P  (*))"/  «]  -  /V  (*)  [P  (*)  -  »]  |  <  e  \p  (t)  -  s\  , 

for  all  s  €U. 

Note  that  in  the  case  T  =  R,  then  /v  (i)  =  /'  (t),  and  if  T  =  Z,  then  /v  (t)  = 
V/(t)  =  /(t)-/(t-l). 

Definition  40.2.  A  function  F  :  T  — »  R  we  call  a  nabla-antiderivative  of 
/  :  T  ->  R  provided  that  Fv  (t)  =  /  (i)  for  all  t  £  Tk.  We  then  define  the  Cauchy 
V-integral  from  a  to  t  of  /  by 

/  (s)  Vs  =  F  (t)  -  F  (a) ,     for  all  t  G  T. 
Note  that  in  the  case  T  =  R  we  have 


j  f  (t)  Vt  =  /  /  (t)  «ft, 

i/  a  i/  a 


and  in  the  case  T  =  Z  we  have 


where  a,  &  £  T  with  a  <  b. 


Definition  40.3.  A  function  /  :  T  — >  R  is  left-dense  continuous  (or  Id- 
continuous)  provided  that  it  is  continuous  at  left-dense  points  in  T  and  its  right- 
sided  limits  exist  at  right-dense  points  of  T. 

If  T  =  R,  then  /  is  Id-continuous  iff  /  is  continuous.  If  T  =  Z,  then  any 
function  is  Id- continuous. 

Theorem  40.4.  Let  T  be  a  time  scale,  /  :  T  — >  R,  and  t  €  Tfe.  The  following 
holds: 

1.  If  /  is  nabla  differentiate  at  t,  then  /  is  continuous  at  t. 
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2.  If  /  is  continuous  at  t  and  t  is  left-scaterred,  then  /  is  nabla  differentiable 
at  t  and 

,v(t)=  /(«)-/(,(«)). 

t-  p(t) 

3.  If  t  is  left-dense,  then  /  is  nabla  differentiable  at  t  if  and  only  if  the  limit 

lim/(!W(£) 

s— ►«       i  —  s 
exists  as  a  finite  number.  In  this  case, 

/*  (t)  =  ton '<«> -'('>■ 

4.  If  /  is  nabla  differentiable  at  £,  then  /  (p  (£))  =  f  (t)  -  u  (£)  /v  (£)  . 

For  any  time  scale  T,  when  /  is  a  constant,  then  /v  =  0;  if  /  (£)  =  kt  for  some 
constant  fe,  then  /v  =  fc. 

Theorem  40.5.   Suppose  /,  g  :  T  — >  R  are  nabla  differentiable  at  t  €.  TV 
Then, 

1.  the  sum  f  +  g  :  T  — >  R  is  nabla  differentiable  at  i  and  (/  +  <?)     (i)   = 
/v(t)  +  3v(t); 

2.  for  any  constant  a,  af  :  T  — >  R  is  nabla  differentiable  at  £  and  (a/)     (£)  = 

3.  the  product  fg  :  T  —>  R  is  nabla  differentiable  at  £  and 

(/3)V  (*)  =  /V  (*)  3  (*)  +  /"  (t)  3V  (*)  =  /V  (*)  3"  (i)  +  /  (t)  9V  (t)  • 


Some  results  concerning  Id-continuity  are  useful: 

Theorem  40.6.  Let  T  be  a  time  scale,  /  :  T  ->  R. 

1.  If  /  is  continuous,  then  /  is  Id-continuous. 

2.  The  backward  jump  operator  p  is  Id-continuous. 

3.  If  /  is  Id-continuous,  then  f  is  also  Id-continuous. 

4.  If  T  =  R,  then  /  is  continuous  if  and  only  if  /  is  Id-continuous. 

5.  If  T  =  Z,  then  /  is  Id-continuous. 

Theorem  40.7.  Every  Id-continuous  function  has  a  nabla  antiderivative.  In 
particular,  if  a  £  T,  then  the  function  F  defined  by 


F(t)=  I    /(t)Vt,     (6T, 
is  a  nabla  antiderivative  of  /. 
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The  set  of  all  Id-continuous  functions  /  :  T  — >  R  is  denoted  by  C;d(T,R), 
and  the  set  of  all  nabla  differentiable  functions  with  Id-continuous  derivative  by 

c&pr.R). 

Theorem  40.8.  If  /  G  Cu  (T,R)  and  t  G  Tk,  then 


^    f{r)Vr  =  u{t)f{t). 
JP(t) 


Theorem  40.9.  If  a,  b,  c  G  T,  a  <  c  <  b,  a  G  R,  and  f,g  G  CH(T,R),  then: 
1-  £  (/  (*)  +  9  (*))  Vt  =  Ja6  /  (t)  Vt  +  Ja6  5  (t)  Vt; 
2./06o/(t)Vt  =  a/06/(*)Vt; 

3../aV(t)Vt  =  -/;/(t)Vt; 
4.  Jaa  /  (i)  Vi  =  0; 

5. /}/(t)Vt  =  /oc/(t)Vt +  £/(*) Vt; 

6.  If  /  (t)  >  0  for  all  a  <  t  <  b,  then  [^  /  (t)  Vt  >  0; 

7.  Jab  /'  (t)  Pv  (t)  Vt  =  [(fg)  (*)]*!*  -  )ha  fv  (t)  9  (t)  Vt; 
8-  fl  f  (t)  9V  (t)  Vt  =  [(/S)  {t)]%a  -  Ja6  /v  (t)  g»  (t)  Vt; 

9.  If  /  (t)  >  0,  a  <  t  <  6,  then  f*  f  (t)  Vt  >  0; 

10.  If  /  (t)  >  0,  a  <  c  <  fo,  then  /ab  /  (t)  Vt  >  Jac  /  (t)  Vt; 

11.  If  /  and  /v  are  jointly  continuous  in  (t,  s),  then 

(J  f  (t,  a)  Vs)         =     /  (p  (t) ,  t)  +  ^  /v  (t,  8)  Vs, 
^    /(t,s)V«)        =     -f{p(t),t)  +  J  /v(t,s)VS; 

12.  If  /  (t)  >  g  (t),  then  /a6  /  (t)  Vt  >  /a6  S  (t)  Vt; 

13.  |/o6/(t)Vt|</a6|/(t)|Vt; 

14.  ff'lVt  =  b-a. 

Similarly  we  define  higher  order  nabla  derivatives  on  Tfe„+i  by 


Mi+i  /    ,  .N  i    n  + 1 


/// 


/v"+1-(/v") 

,      n£  N. 

:  /(n+1),  and  if  T  = 

=  Z,  then  /v"+1  (t) 

f(t-m). 

If  T  =  R,  then  /v      '    =  /(n+1\  and  if  T  =  Z,  then  /v        (t)  =  Vn+1/  (t) 

Elt'o  (-1)" 
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Let  hk  :  T2  ->  K,  k  G  N0  =  N  U  {0},  defined  recursively  as  follows: 
h0(t,s)  =  l,     alla,teT, 
and,  given  hk  for  k  G  No,  the  function  hk+i  is 

hk+i  (t,  s)  —   /    hk  (t,  s)Vt,     for  all  s,  t  €  T. 


Note  that  h^  are  all  well  defined,  since  each  is  Id-continuous  in  t. 
If  we  let  h]?  (£,  s)  denote  for  each  fixed  s  the  nabla  derivative  of  hk  (t,  s)  with 
respect  to  t,  then 

hk  {t,  s)  =  hk-i  (t,  s) ,    forfceN,  ieTfe. 

Observe  that  fei  (£,  s)  =  t  —  s,  for  all  s,  £  G  T. 

Example  40.10.  1.  If  T  =  R,  then  p  (t)  =  t,  t  €  R,  so  that  /ifc  (i,  s)  =  ^f^- 
for  all  s,i  G  R,  ft  G  N0. 

2.  If  T  =  Z,  then  p  (t)  =  t  -  1,  t  £  Z,  and  ftfc  (t,  s)  =  ^f^-,  for  all  s,  t  G  Z, 
k  G  No,  where  i¥  ~t(t  +  1)  ...  (i  +  k  -  1),  fc  G  N;  t°  :=  1. 


Definition  40.11.  The  set  C"d(T,R),  n  G  N,  denotes  the  set  of  all  n  times 
continuously  nabla  differentiable  functions  from  T  into  R,  i.e.  all  /,  /v,/v   ,..., 

/v"  gch(t,r). 

This  definition  requires  T^  =  T. 
We  need 

Theorem  40.12.  ([93],  Nabla  Taylor's  formula)  Suppose  f  is  n  times  nabla 
differentiable  on  Tfe«,  n  G  N.  Let  a  G  Tfc„_i,  t  G  T.  Then 

/(t)  =  J]Mt,a)/V    (a)+   /    L-i(i,p(r))/V"(r)Vr. 
fe=o  •'a 

If  /  G  C(nd  (T,R),  then  nabla  Taylor  formula  is  true  for  all  t,  a  G  T. 

Corollary  40.13.    (to  Theorem  40.12)   Suppose  /   G   Cft(T),  n  G   N,  and 
s,  i  G  T.  Let  m  G  N  with  m  <  n.  Then 

n  —  m—  1  ~£ 

/V™  (*)  =     E     /Vl+?"  (s)  &*  (*■  s)  +  /    hn-m-i  (t,  p  (r))  /V"  (r)  Vr. 
fc=0  Je 

Proof.    Use   Theorem   40.12    with   n   and   /    replaced   by   n  —  m   and   /v    , 
respectively.  ■ 
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Define  [o,  b]k  =  [a,  b]  if  a  is  right-dense,  and  [a,  b]k  =  [a  (a)  ,b]  if  a  is  right- 
scattered. 

Proposition  40.14.  ([223])  Assume  a,  b  G  T,  a  <  b,  and  /  G  CH([a,6]  ,R)  is 
such  that  /  >  0  on  [a,  b].  If  /a6  /  (i)  Vi  =  0,  then  /  =  0  on  [a,b]k. 

Theorem  40.15.  (Nabla  Holder's  inequality)  Let  a,  b  G  T,  a  <  b.  For  /,  g  G 

Cid([a,  b])  we  have 


b\f(t)\\g(t)\vt<(  [b\f(t)\pm 


\g(t)\"Vt 


where  p,  a  >  1  :  i  +  -  —  1. 

Proof.  For  a,  /3  >  0  we  have  Yang's  inequality 

i  -1    .  a      13 
ap/3i  <  —  +  —. 
P       1 

Assume,  without  loss  of  generality,  that  { f*  \f  (t)\p  Vi}{/a6  \g  (t)\q  Vt}  /  0. 
Apply  Yang's  inequality  for 


that  is  for 


and 


--     a(t)  = 

\f(t)\P 

.Ci/wrvr' 

p  -- 

~-     /?(*)  = 

\g(tw 

I'lffMI'Vr' 

-  < 

v  tt\\p   — 

l/(*)l 

/?*  =(/9  (*))«  = 


/:i/(r)rVrjP 

Iff  Ml 
la  IflWI'Vr)*' 


and  integrate  the  resulted  inequality  from  a  to  6  (this  is  valid  since  all  involved 
functions  are  Id-continuous)  to  obtain 


l/(*)l 


|S(*)I 


-Vt< 


°       ri/WIPVr    *      |>(T)|*V 


i    i/wr    +i.  i3wr 


«      LPlal/WrVT  «|>(t)|'Vi 


Vt 
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'^)!P  win  Jg(t)|g  Wui=i, 


P'-    V.Cl/Mrv^/  9^    \S:\9(r)\"VTj  P       Q 

proving  the  claim.  ■ 

Next  define  go  (t,  s)  =  1, 

gn+i{t,s)=        gn{p{r),s)Vr,     n  G  N,  s,teT. 

J  s 

Notice  that  g^+i  (t,  s)  =  gn  (p  (t)  ,s),  t  6  T^;  7ji  (t,  s)  =  t  —  s,  for  all  s,  t  €  T. 
If  T  has  a  left-scattered  maximum  M,  define  Tfc  :—  T  —  {M};  otherwise,  set 

Tfc  =  T.  Similarly  define  Tfc"+1  —  (V")    .  Notice  Tfc„+i  C  Tk  and  Tfe"+1  C  Tfc. 

Theorem  40.16.  ([93])  Let  t  G  Tfe  n  Tfc,  s  G  Tfc",  and  n  >  0.  Then 

hn(t,s)  =  (-l)npn(s,t). 

Remark  40.17.  Let  the  time  scale  T  be  such  that  Tk  =  T^  =  T.  Clearly 
both  hn,  3n  are  nabla  differentiable  in  their  first  variables,  therefore  both  are 
continuous  in  their  first  variables. 

Using  now  Theorem  40.16  we  obtain  that  also  both  h„,  <?n  are  continuous  in 
their  second  variables. 

Consequently  h„  (t,  s)  is  ld-continuous  in  each  variable  and  thus  h„  (t,  p  (s))  is 
Id-continuous  in  s. 

Notice  also  in  general  that  if  t  >  s  then  hi(t,s)  >  0,  h,2(t,s)  >  0,..., 
hn-i  (t,  s)  >  0.  So  that  hn-!  (t,  p  (r))  >  0  for  all  s  <  r  <  t. 

Also  in  general  it  holds 


hk  (t,  s)  <  (t-  s)k  ,   V  t  >  s,  k  €  N0. 


Wc  need 


Theorem  40.18.  ([103])  (Nabla  chain  rule)  Let  /  :  R  ->  R  be  continuously 
differentiable  and  suppose  that  g  :  T  — >  R  is  nabla  differentiable  on  T.  Then 
/  o  g  :  T  — >  R  is  nabla  differentiable  on  T  and  the  formula 

(fog)v(t)^U1f'(g(t)  +  hu(t)gv(t))dh\gv(t) 

holds. 

We  formulate 

Assumption  40.19.  Let  the  time  scale  T  be  such  that  Tfc  =  T^  =  T. 
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Remark  40.20.  Suppose  that  p  is  a  continuous  function,  T^  =  T,  hn-i  (t,s) 
and  hn-2  {t,s)  are  jointly  continuous  in  (t,s)  G  T2;  p  >  1.  Clearly  h^-i  (t,s)  — 
hn-2  (t,$)  in  i  6  T.  Also  hn-i  it,  pis)),  hn-2  (t,p(s))  are  jointly  continuous  in 

(i,s)£T2. 

By  Theorem  40.18  we  have  that  I  I  hn-i  it,  P  (t))  )  )  exists  in  t  G  T,  where 
t  is  fixed  in  T,  and 

((X-i(i,p(r)))Py 

pi         (hn-i(t,p(T))  +  hv(t)hn-2(t,p(T))Y   J  dh\hn-2(t,p(r)). 

By  bounded  convergence  theorem  we  obtain  that  (  (  hn-i  it,  p  (r)) )    )      is  jointly 


p\  v 


continuous  in  (i,  r),  and  of  course  I  hn-i  it,  p  (t))  )    is  jointly  continuous  in  (t,  r)  . 
Therefore  by  Theorem  40.9  (40.11),  we  derive  for 

u(t)=   /   ft„-i(i,p(r))pVr 

■J  a 

{te  [a,b]  C  T),  that 

«VW  =  /6pn-i(t,p(r)r)VVr+pn_1(p(t),/9(t)))P. 


I.e. 


«V(t)  =  y"(L-i(t,p(r)r)VV7 


That  is  u  (t)  is  nabla  differentiable,  hence  continuous  and  therefore  Id-continuous 

on  [a,  b]  C  T. 

We  formulate 

Assumption  40.21.  We  assume  that  p  is  a  continuous  function  and  hn-i  it,  s), 
hn-2  (t,  s)  are  jointly  continuous  in  (t,  s)  G  T2. 

Assumption  40.22.  We  assume  that  p  is  a  continuous  function  and 
hn-m-i  it,  s)  ,  hn-m-2  it,  s)  are  jointly  continuous  in  (t,  s)  G  T2. 


40.2     Main  Results 

In  all  of  the  main  results  we  assume  Assumption  40.19.  We  present  a  Nabla  time 
scales  Poincare  type  inequality. 
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Theorem  40.23.  Suppose  Assumption  40.21.  Let  /  G  C;nd  (T),  n  G  N,  a,  b  G  T; 
a  <  b;  p,  q  >  1  :  -  +  -  =  1.  Assume  fv>°  (a)  =  0,  k  =  0, 1, ...,  n  -  1.  Then 


|/(t)|'Vt<iy     (J    ^_i(t,p(r)rVrj     V*  I  (J    |/v    (t)|    Vr^ 

(40.1) 
Proof.  Since  /v    (a)  =  0,  k  —  0, 1, ...,  n  —  1,  by  Theorem  40.12  we  obtain 

/(*)=    rL-i(i,p(r))/V"(r)Vr, 

V  t  6  [a,  6],  where  a,  6  G  T. 
Thus 

|/(i)|<    rL-i(i,p(r))|/V"(r)|Vr 


<  (/    /iTl-i(t,p(r))pVrj      (J     |/v     (r)|    Vr 
Therefore 

\f{t)\q<(jyn-i{t,P{r)fVTy  (T|/vn(r)rvT)-     (4o-2) 

for  all  a  <  £  <  6.  Next  by  integrating  (40.2)  we  are  proving  the  claim.  ■ 

Next  we  give  a  Nabla  time  scales  Sobolev  type  inequality. 

Theorem  40.24.  Here  all  terms  and  assumptions  are  in  Theorem  40.23.  Let 
r  >  1.  Denote 

ll/llP  =  (^6|/(*)lrvt)r. 

Then 

||/||P<  (f^j\-i{t,p{r)YVry  VtJP|/vn|9.  (40.3) 

Proof.  As  in  the  proof  of  Theorem  40.23  we  have  (o  <  t  <  b) 

\f{t)\<(jyn-,{t,p{T)Yvrynyvn{T)\qVTy. 
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Hence 

1/  (t)\r  <  [J*hn-i  (t,P(r))P  Vr)  "  [f  |/V"  (r)\q  Vr 
and 

b\f(t)\rVt<  (jb^j\^{t,p{r)YVry  Vtj  (/6|/V"(r)rVT)?- 

(40.4) 
Next  raise  both  sides  of  (40.4)  to  power  -.  Thus  establishing  the  claim.  ■ 
We  present  a  Nabla  time  scales  Opial  type  inequality. 

Theorem  40.25.  Suppose  Assumption  40.21.  Let  /  G  C"d  (T),  n  G  N,  a,  b  G  T; 
a  <  b;  p,  q  >  1  :  -  +  -  —  1.  Assume  /v    (a)  =  0,  k  —  0, 1, ...,  n  —  1,  and  that 

/v      is  increasing  on  [a,  6]. 
Then 

f  l/(*)l|/v"(*)|vt< 

{b~a)kq    (la     Uy71'1^'3^''^1')^1)''    {la     ^  ^y  Vt)q   '       ^ 

Proof.  It  holds 

ft 


f{t)^    (  L-i(i,p(r))/V"(r)Vr, 

J  a 


V  i  G  [a,  6],  where  a,  b  G  T. 
Hence 


Therefore 


|/(*)l<  Q*hn-i(t,p(T)rVry  (/a*|/V,*«rVT)9 

<    n*hn-l(t,P(T)TVTY   |/V"(i)|  (i-a)i. 

|/(i)||/V"(i)|<(£/;„-i(t,p(r)rVry  (/v"(i))2(t-a)^ 


for  all  a  <  t  <  b. 
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Consequently  we  find 

rb  r-b    /     r-t 


Ja  l/(i)l|/v"w|vi<^  U  hn-ifrpwyvTy  (fvn (tj)' {t-a)*vt 


a       \«/  a 


^(t.pMfVr     V( 


2„ 


r  w    (t-o)vt 


-     (6-«)-  I    /     I    /  fin-i(t,p(r))pVr)  Vt 


2,, 


/v    (*)      Vt      , 


proving  the  claim.  ■ 

We  proceed  with  a  Nabla  time  scales  Ostrowski  type  inequality. 

Theorem  40.26.  Let  /  £  C"d  (T),  n  is  an  odd  number,  a,  b,  c  G  T  :  a  <  c  <  fe. 
Assume  that  /v    (c)  =  0,  k  —  1, ...,  n  —  1.  Then 


/(t)Vt-/(c) 


ftn+i  (a,  c)  +  /i„+i  (6,  c) 


/v  (40.6) 

I  1 1  oo,  [a,b\ 


Proof.  By  assumptions  and  Theorem  40.12,  we  get 

/(*)-/(c)=   /!i-i(t,p(r))/V"(T)Vr,     Vte[0,6]. 

J  c 

Hence 


£ 


(*):=r^/  /(*)Vt-/(c)  = 

0         a  Ja 


1 


f(t)Vt- 


b  —  a 


f  (c)  Vt  = 


1 


b  —  a 


Thus 


\E{x)\<-±-  (    |/(i)-/(c)| 
However  we  see  that  (c  <  £  <  &) 


(/(t)-/(c))Vt. 


Vt. 


V" 


/(t)-/(c)|<   /    ftn-i  (t,p(r))/v     (t)  Vt 


<      /    /i„_!(t,p(r))Vr       / 


Also  when  a  <  t  <  c,  we  have 
l/(*)-/(c)|  = 


/' 


I  oo,[o,6] 


^n-i(t,p(r))/v    (r)Vr 
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f  |L-i(i,p(r))||/V"(r)|Vr<  (  f  fL-i  (t,  p  (r))|  Vr)  ||/V"  I!  . 

Jt      '  '   '  '  \Jt      '  '  J    "  lloo,[a,6] 

Since  hi  (t,  $)  —  t  —  s,  if  t  <  $  then  hi  (t,  s)  <  0.  Then  hi  (t,  $)  —  f   hi  (r,  s)  Vr 

=  -  //  hi  (t,  s)  Vr  =  //  (-hi  (r,  s))  Vr  >  0. 

That  is  h2  (t,  s)  >  0,  for  any  t,  s  G  T. 
We  continue  with  (t  <  s) 


h3(t,s)=         hi  (r,  s)  Vr  =  -   /     hi  (r,  s)  Vr  <  0. 
Consequently  by  induction,  we  obtain  (t  <  s) 

\hk{t,s)\  ={-l)khk(t,s),    fee  N0. 

Thus  hk  (t,  s)  >  0,  for  any  t,  s  €.  T,  when  fc  is  even. 
Therefore  when  a  <  t  <  c,  we  derive 


|/(*)-/(c)|<       /     fe„-i(t,p(r))Vr       f 

\Jt  /    '  Hoo,[a,6] 

By  Theorem  40.16  we  notice  that  (c  <  t  <  b) 


hn-l  (t,  p  (T))  VT  =     /      fl„_i(p(T),t)VT  = 

?„-i  (p  (r)  ,  t)  Vr  =  -<7„  (c,  i)  =  (-1)"  gn  (c,  i)  =  hn  (t,  c)  . 
Also  it  holds  (a  <  t  <  c) 

hn-i  (t,  p  (r))  Vr  =    /    gn_i  (p  (r)  ,  i)  Vr 

=  g„  (c,  t)  =  (-1)™  hn  (t,  c)  . 
So  we  found  that  (c  <  t  <  b) 


i/(t)-/(c)i<M*,c)  It 


oo,[a,b] 


and  (a  <  i  <  c) 


Thus  we  have 


l/(*)-/(c)|  <(-!)"  M*,c)/^ 


I  oo,[a,fe] 


l-Efa)!  < 


b  —  a 


[C\f(t)-f(c)\vt+  f  \f  (t)  -  f  (c)\m 

■J  a  J  c 
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b  —  a 


(-1)"  /    hn(t,C)Vt+  /    hn(t,c)m 

■J  a  J  c. 

[f"hn(t,c)X7t  +  h„+1(b,c) 


I  oo,  [a,b] 


b  —  a 


f 


I  oo,[a,6] 


\h„+i  (a, c)  +  hn+i  (b, c)    „        „ 

_L J_      fV 

6  —  a  II'  lloo,[a,t]  ' 

proving  the  claim. 

It  follows  a  time  scales  Nabla  Hilbert-Pachpatte  type  inequality. 


Theorem  40.27.  Let  e  >  0,  i  =  1,  2;  /;  €  C?d  (T;),  n  €  N,  with  /„"  (a;)  =  0, 
k  =  0,  l,...,n  —  1;  Oj  <  &;;  fti,&i  £  T,,  time  scale.  Let  also  p,q  >  1  such  that 
i  +  i  =  1.  Put 

P  Q 


F(ti 


KU  (ti,pi  (n))p  Vn,    for  all  n  e  [aiM 


and 


*2 


G  (t2)  =   /      hj-ii  (t2l  P2  fo))*  Vr2,    for  all  t2  €  [a2,  62] 


(where  ft„_l5  p      the  corresponding  hn-\,p  to  T,  i  =  1,2). 

Here  T;,  i  —  1,2  and  their  terms  fulfill  Assumptions  40.19,  40.21. 
We  further  suppose  that 


A(ii 


l/2(*2)| 


a2  [£  +  mi  +  £(M 

1  p  1 


Vr2 


is  an  Id-continuous  function  on  Ti. 
Then 

|/l(tl)||/2(*2)| 


6i      rb2 


,  Ja2  [£+nm  +  o(t2l 

1  P  9 


VtlV*2  < 


(6i-oi)(fe-02)[y      |/i     (n)|    Vnl     (/      |/2V    (r2)|    Vr2j         (40.7) 

(above  double  time  scales  nabla  integration  is  considered  in  the  natural  iterative 

way). 

Proof.  Since  /?*  (a;)  =  0,  k  =  0, 1, ...,  n  -  1;  i  =  1,  2,  by  Theorem  40.12  we  get 


A  (*0 


^il(ti,Pi(Ti))/r(Ti)VTi, 
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V  U  G  [oi,6»],  where  a;,&;  G  T». 
Hence 

ti  ^,. ,  \  p  /  /** 


I  9 


|/i(fi')|'-(/      ^(^MrOrVnj      (J       l/^-CMlI'Vr, 


and 


^(2)      /*_    „_^WT7~V    (   f^lf^ 


l/2(i2)|<  Ci(fa>P2W)'Vr2  /2V     (r2)     Vr2 


p 


v" 


ip 


G(fe)«       /        /2      (r2)     Vr2 


o  2 


Young's  inequality  for  a,  6  >  0  says  that 


Therefore  we  have 


i, I     .  a       6 
opo«  <  — I — . 

p     q 


|/i(ti)||/2(t2)|< 


F(ti)?G(t2)5  (    / '    'l/rCrOl'VnV  f  /2|/.;  "  lr,ij    Vr,)       '. 
F(ir)  +  G(fe)  /;      (rjJrr_    ,       ,     ,        ,£      ,rj|   rr2 


P  <i 

The  last  gives  (e  >  0) 


a\  /  V(I2 


1/^011/^)1  <(r\fr{rA\ry(r\fr^vr> 


+  [  £^ii  +  £^i 

for  all  ti  G  [o»,  6»],  i  —  1,  2. 
Next  we  observe  that 

61  '*     '*(fa>l  I*  <fa>lNvfayfa< 

1  p  q 

' '*  '  fi"  (n)\9  VtiY  mi)   (  [b2  (  [t2\fr  (r>,\    Vr,  )      V/2  ]   '. 
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62  /  r*2 


Av    (n)    Vn    Vti       (6i-oi)5 


,v" 


IP 


/2      (t2)     Vt2     Vfc        (62-a2)^  < 


rV" 


I  9 


Av    (n)    Vn    Vli       (6i-ai)5 


62    . 

V" 


"2 


/2      (r2)     Vt2     Vfe        (62-a2 


(61  -  01)  (62  -  02)  (J      |/7    (ri)|    VnJ      I  J      |/2V    (r2)|    Vr2 

establishing  the  claim.  ■ 

Based  on  Corollary  40.13  we  get  the  following  results: 
First  a  generalized  time  scales  nabla  Poincare  type  inequality. 

Proposition  40.28.  Suppose  Assumption  40.22.  Let  /  G  Cpd  (T),  m,n  G  N, 
m  <  n,  a,  b  £  T;  a  <  6;  p,  q  >  1  :  -  +  -  —  1.  Suppose  /v  (a)  =  0,  fc  = 
0, 1, ...,  n  —  m  +  1. 

Then 


rv 


1 9 


/v     (*)     Vt< 


nj\-m-i(t,P(T)rvryvtj  (/Vv"(r)rvr)-    (4a8) 

Proof.  As  in  Theorem  40.23.  ■ 

It  follows  a  generalized  time  scales  nabla  Sobolev  type  inequality. 

Proposition  40.29.  Here  all  terms  and  assumptions  are  as  in  Proposition 
40.28.  Let  r  >  1.  Then 

l|/v1r< (/b(/t^m"i(t'p(r))PVr)P vt)  ll/V"L-    (40-9) 

Proof.  As  in  Theorem  40.24.  ■ 

Next  comes  a  generalized  time  scales  nabla  Opial  type  inequality. 

Proposition  40.30.  Suppose  Assumption  40.22.  Let  /  G  C"d  (T),  m,n  G  N, 
m  <  n,  a,  b  €  T;  a  <  6;  p,  q  >  1  :  -  +  -  —  1.  Assume  /v  (a)  =  0,  A:  = 
0, 1, ...,  n  —  1,  and  that    /v      is  increasing  on  [a,  6]  . 
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Then 

\fm  (*)||/V"(*)|vt<  (40.10) 

(6-o)«  U"  (J*h„-m-i  (t,p(r)r\7r^  Vi)  "  (j"  (/V"  (t))2"  Vt)  "  . 

Proof.  As  in  Theorem  40.25.  ■ 

We  continue  with  a  generalized  nabla  Ostrowski  type  inequality  over  time 
scales. 

Proposition  40.31.   Let  /   G   C"d(T),  m,n  G   N,  m  <   n,  n  —  m  is  odd; 
a,  b,  c  €  T  :  a  <  c  <  b.  Assume  that  /v         (c)  =  0,  k  —  1, ...,  n  —  m  —  1.  Then 

1        fb    „m  wm  \hn-m+i(a-,c)  +  hn-m+i(b,c)\    ..  .. 


r  (t)vt-r  (C)<i i.  r  , 

b  —  aja  o  —  a  ll  lloo,[a,6] 

(40.11) 

Proof.  As  in  Theorem  40.26.  ■ 

We  finish  with  the  generalized  nabla  Hilbert-Pachpatte  type  inequality  on  time 
scales. 

Proposition  40.32.  Let  e  >  0,  i  =  1,  2;  /;  G  C"d  (T;),  m,  n  G  N,  m  <  n,  with 

f7         iai)  —  0,  fc  =  0, 1, ...,  n  —  m  —  1;  aj  <  &,;  a;,  bj  G  T»,  time  scale.  Let  also 
p,g>  1:1  +  1  =  1.  Set 

F*(ti)=  /1fti12m_1(ii,pi(r1))pVr1,      foralHiG[ai,6i], 

and 

G*  (t2)  =  /  '  h£L_i  (*2,pa  (r2))'Vr2,      for  all  i2  G  [a2,b2]  , 

(where  fe„_m_i,p('1'1  the  corresponding  hn-m-i,p  to  T,  i  =  1,  2). 
Here  T;,  i  =  1,  2  and  terms  fulfill  Assumptions  40.19,  40.22. 
We  further  suppose  that 


\*  (ti)  =  / 

J  a 


»2  \f¥       (*») 


2      .  e  +  £llil)   +  GUM 
V  P  8 

is  an  Id-continuous  function  on  Ti. 
Then 

rbi    ri*   |/ivm(ii)||/2vm(i2)' 


Vr2 


r"i    r"2   i/i      ^i;  U2      ^27 

/       /      4 u rVtiVfe  <  (40.12) 
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(6i  -  Oi)  (&2  -  Oa)  (J       |/7    (ri)|    VriJ      (/       |/2V     (r2)|    Vr2 
Proof.  As  in  Theorem  40.27. 

40.3     Applications 

A  Poincare  inequality  comes: 
Corollary  40.33.  Let  /  i 

Assume  /(fc)  (a)  =  0,  k  =  0, 1, ...,  n  -  1.  Then 

f\f{t)\qdt< 

■J  a 

(b-a)nq 


Corollary  40.33.  Let  /  G  Cm  (R),  n  G  N,  a,  b  G  R;  a  <  b;  p,  q  >  1  :  ±  + ±  =  1. 


(7    |/(n)W|9dt).  (40.13) 


((n-l)!)9(p(n-l)  +  l)(^1)ng 
Proof.  Based  on  Theorem  40.23.  ■ 

A  discrete  nabla  Poincare  follows: 

Corollary  40.34.  Let  /  :  Z  ->  R,  n  e  N,  a,  6  £  Z;  a  <  6;  p,  q  >  1  :  -  +  -  =  1. 
Assume  Vfc/  (a)  =  0,  fc  =  0, 1, ...,  n  -  1.  Then 

b 

t  —  a+l 

vv  '   '        \  t=a+l    \r=a+l  /        /     \r=o+l 


(40.14) 


Proof.  Based  on  Theorem  40.23. 
A  Sobolev  inequality  comes: 

Corollary  40.35.  All  as  in  Corollary  40.33.  Let  r  >  1.  Then 

1 


(/i/(t)r*)F< 

(&-a)(-1+*+*)  /  r, ,,,, 


(n-l)!((n-l)p  +  l)J  ((n-l  +  ijr  +  l)7 


(J    \f(n)  it)]*  dty  .     (40.15) 
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Proof.  Based  on  Theorem  40.24. 

A  discrete  nabla  Sobolev  inequality  follows: 

Corollary  40.36.  All  as  in  Corollary  40.34  and  let  r  >  1.  Then 


(t  i/wi 

t  =  a  +  l    \T  —  a+l  I        J  \t  =  a+l 


fa"1)1      v_..,. 

(40.16) 
Proof.  Based  on  Theorem  40.24.  ■ 

An  Opial  inequality  follows: 

Corollary  40.37.  Let  /  G  Cn  (R),  n  G  N,  a,  b  G  R;  a  <  b;  p,  q  >  1  :  ±  +  ±  =  1. 
Assume  /(-fc'  (a)  =  0,  fc  =  0, 1, ...,  n  —  1,  and    /'"'    is  increasing  on  [a,  b]. 
Then 

'"l/(i)l|/(n)W|di< 


(6-a)n+? 


-([    (f(n)  (t)Yq  dtY  .         (40.17) 

i)p  +  2)]p  VA  v  '       / 


(n-l)![((n-l)p  +  l)((n 
Proof.  Based  on  Theorem  40.25.  ■ 

A  discrete  nabla  Opial  inequality  follows: 

Corollary  40.38.  Let  /  :  Z  ->  R,  n  G  N,  a,  6  G  Z;  a  <  6;  p,  q  >  1  :  \  +  \  =  1. 
Assume  Vfc/  (a)  =  0,  k  —  0, 1, ...,  n  —  1,  and  that  |  Vn/j  is  increasing  on  [a,  &]. 
Then 

E  i/(t)iivn/(*)i< 


(6-o)< 


f  E  (e  ((t-^+^^iVf  E  (v"/w)29 

\t  =  a+l    \T=a  +  l  /  /  \t=a+l 


(40.18) 
Proof.  By  Theorem  40.25.  ■ 

An  Ostrowski  inequality  follows: 
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Corollary  40.39.  Let  /  G  Cn  (R),  n  G  N,  a,  b,  c  G  R  :  a  <  c  <  b.  Suppose 
that  /(fe)  (c)  =  0,  k  =  1, ...,  n  -  1.  Then 


b  —  a 


f(t)dt-f(c) 


[(c_ar+1  +  (6_cr+1] 

(n  +  l)!(6-a)  IK       IL,[a,b]  '      l  ; 


Proof.  Based  on  Theorem  40.26. 

A  discrete  nabla  Ostrowski  inequality  follows: 

Corollary  40.40.  Let  /  :  Z  — >  R,  n  is  an  odd  number,  a,  6,  cGZ:a<c< 
Assume  that  Vfc/  (c)  =  0,  fc  =  1, ...,  n  -  1.  Then 


^  E  /(*)-/(c) 


6  —  a 

t=a+l 


[(a-c)("+1)  +  (6-c)("+1)l 

II  V     /  lloo,[a,6]  ■ 


(n  +  l)!(6-a) 

(40.20) 
Proof.  By  Theorem  40.26.  ■ 

A  Hilbert-Pachpatte  inequality  follows: 

Corollary  40.41.  Let  e  >  0,  t  =  1,  2;  /;  G  Cn  (R),  n  G  N,  with  f\k)  (cn)  =  0, 
k  =  0, 1,  ...,  71  -  1;  a;  <  &*;  a,,  bt  G  R.  Let  p,  q  >  1  :  -  +  -  -  1.  Put 

1  (  4-  \P(,n  — 1)  +  1 

J,(ti)=  77         ,^p     ,7°     in   I   n    ■    V  tie  [01,61]. 


Q(fa)=  77^     1WV;.,„   \,  :  ^  ,  vt2  £[02,62] • 

Then 

-dtidt2  < 

I  I        ,     Fit,)     ,     Gtt2) 

\  V  1 

bl    ,  ,  „  \    a     /     rb 


((« 

-1) 

)p  (p(1 

1-1)  +  1) 

1 

(*2- 

a2)9(n-l)  +  l 

((n 

-1) 

)?      (<?(> 

I  -   1)  +  1) 

/.61 

/•f>2 

l/l  (*1 

)M/2(t2)| 

(61  - ai) (62  - a2)  u  |/r(n)|  dnj  ry  |/r(r2)|  a^j  .  (40.21) 

Proof.  Based  on  Theorem  40.27. 

Notice  here  that  A  (ti)  is  a  continuous  function  on  [ai,  61]  by  bounded  conver- 
gence theorem.  ■ 

It  follows  a  discrete  nabla  Hilbert-Pachpatte  inequality. 

Corollary  40.42.  Let  e  >  0,  i  =  1,  2;  ft  :  Z  ->  R,  n  €  N,  with  Vfc/i  (oi)  =  0, 
fc  =  0, !,...,«,-  1;  ^  <  bv,  cn,bi  €  Z.  Let  p,q  >  1  :  -  +  -  =  1.  Set 


EtU1+i((^-^  +  1)(n_l))P 


F(ti)  = ((n-l)!)" '    Vil£[ai'&1] 
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and  

G  (t2)  = 
Then 


G(ta)  =  ((n-l)!)g — ,    Vi2e[a2,&2] 


|/l(tl)||/2(t2)| 
F(ti)     .     G(t2) 

tl=a1+i  t2=02+i  ( £  +  ^r2  +  -ir 


E     E 


(61  -  ai)  (62  -  02)  (     E      |V"A(n)r)      (     E      |V"/2  (r2)|p  )  "  .    (40.22) 

\ri=ai  +  l  /  \t2  —  a2  +  l  / 

Proof.  By  Theorem  40.27.  ■ 

Another  generalized  Poincare  inequality  comes: 

Corollary  40.43.   Let  /   G   Cn  (R),  m,n  G   N,  m   <   n;  a,  6  G   R;  a   <   6; 
p,^>l:i  +  i  =  l.  Assume  /(fe+m)  (a)  =  0,  fc  =  0, 1, ...,  n-m-l.  Then 

(m)    -    -I" 


If"1'  (t)\      dt< 

{b-a){n-m)q 


(40.23) 


((tt-m-  l)!)9(p(n-m-l)  +  l)(9_1)  (n-m)q 

(£\fM*)- 

Proof.   By  Corollary   40.33,   n   ^    n  -  m,   f   ^    /(m),   /(fc)    h-»    /(fc+m)    into 
(40.13).  ■ 

A  generalized  discrete  nabla  Poincare  inequality  follows: 

Corollary  40.44.   Let  /   :   Z  -»  R,  m,  n   G   N,  m  <  n,  a,  b  G   Z;  a   <   b; 
p,qf>l:i  +  i  =  l.  Assume  Vfc+m/  (a)  =  0,  fc  =  0, 1, ...,  n-m-l.  Then 

E  ivm/wr< 

t  =  a  +  l 

f  E    |V"/(r)|' 

V  =  a  +  1 
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Proof.  By  Corollary  40.34. 

A  generalized  Sobolev  inequality  comes. 

Corollary  40.45.  All  as  in  Corollary  40.43,  r  >  1.  Then 

i 

\f(m)  (t)\r  ^y  < 

(b-a)(n-m-1+$  +  i) 

(n  —  m  —  1)!  ((n  —  m  —  l)p  +  1)p  I  In  —  m  —  1  +  -)  r  +  1 

|/(n)  (t)\q  dt 


(40.25) 


Proof.  By  Corollary  40.35. 

A  generalized  discrete  nabla  Sobolev  inequality  follows: 

Corollary  40.46.  All  as  in  Corollary  40.44,  r  >  1.  Then 


D! 


(Ei^/wr)r<^ 

|    E(E    ((t-T+l^^^^y)      )      f^|V"/(t)rV.      (40.26) 

V  t  =  a+l    \r=B+l  /         /  \t  =  o+l  / 

Proof.  By  Corollary  40.36.  ■ 

A  generalized  Opial  inequality  follows: 

Corollary  40.47.   Let  /   G   Cn  (R),  m,n  G   N,  rre   <   n,  0,6  €  K;  a  <   b; 
p,q>  1  :  i  +  i  =  1.  Assume  /(fe+m)  (a)  =  0,  fc  =  0, 1, ...,  n  -  m  -  1,  and  |/(n)|  is 


increasing  on  [a,  b]. 
Then 


fb\f(m)(t)\\f(n)(t)\dt< 


{b-af 


M^r* 


(n-m-  1)!  [((n-m-  l)p+  1)  ((n-m-  l)p  +  2)]p 

(40.27) 
Proof.  By  Corollary  40.37.  ■ 

A  generalized  discrete  nabla  Opial  inequality  follows: 
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Corollary  40.48.   Let  /   :   Z 


R,  m,  n  G   N,  m  <  n,  a,  b  G   Z;  a  <  b; 
p,  q  >  1  :  -  +  -  -  1.  Assume  \7k+mf  (a)  =  0,  k  -  0, 1, ...,  n  -  m  -  1,  and  that 
jVn/j  is  increasing  on  [a,  6]. 
Then 


J2    |Vm/(i)||V"/(i)l< 

<=a  +  l 


<=a+l    \t 


Proof.  By  Corollary  40.38. 

A  generalized  Ostrowski  inequality  comes  next: 


=a+\ 

(40.28) 


Corollary  40.49.  Let  /  G  Cn  (R),  m,  n  G  N,  m  <  n,  a,  b,  c  G  R  :  a  <  c  <  b. 
Assume  that  /(fc+m)  (c)  =  0,  k  =  1, ...,  n-m-1.  Then 


b  —  a 


fW(t)dt-f(m>(c) 


O)  , 


[(c-a)' 


+  1 


(n-m +  !)!(&-  a) 


/ 


(«) 


Proof.  By  Corollary  40.39. 

A  generalized  discrete  nabla  Ostrowski  inequality  follows: 


oo,[a,b] 

(40.29) 


Corollary  40.50.  Let  /  :  Z  — >  R,  m,  n  G  N,  m  <  n,  n  —  m  is  odd,  a,  b,  c  G  Z 
a  <  c  <  6.  Assume  that  Vfe+m/  (c)  =  0,  ft  =  1, ...,  n-m-1.  Then 


i-   ]T   Vm/(i)-Vm/(c) 


b  —  a 


Ua  -  c)(n-m+1)  +  (6  -  c)(n-m+1) 

(n-m+  l)!(6-o) 
Proof.  By  Corollary  40.40. 

A  generalized  Hilbert-Pachpatte  comes: 


|V7||, 


(40.30) 


Corollary  40.51.  Let  s  >  0,  i  =  1,2;  /;  G  Cn  (R),  m,  n  G  N,  m  <  n,  with 


f(k+m) 

Put 


fi         '(at)  =  0,  ft  =  0,1, ..., n-m-1;  a;  <  fa;  a;, fa  G  R.  Letp,g>  1  :  £  +  ±  =  1. 


F*  (tl) 
G*  (fa) 


1 


(ii  -  ai)p(n-m-1)+1 


((n-m-l)!)p  (p  (n  -  m  -  1)  +  1) 

1  (fa  -  a2)g("-"'-1)+1 

((n-m  -  l)!)9  (g  (n  -  m  -  1)  +  1) 


V  fa  G  [ai,6i] , 

V  fa  G  [02,62]  ■ 
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Then 


»i  &  mm)(ti) Mm)(t2) 


i  i        i     F*(ti)     i     G*(t2) 

1  p  9 


&1     i  ,n  \     a     /     rb 


dtldt2  < 


(6i  -  ai)  (62  -  02)  U      \fr(n)\   dn\     U      |/2W  (r2)|    dr2j     .      (40.31) 

Proof.  By  Corollary  40.41.  ■ 

It  follows  a  generalized  discrete  nabla  Hilbert-Pachpatte  inequality. 

Corollary  40.52.  Let  e  >  0,  i  =  1,2;  /;  :  Z  ->  R.  m,n  £  N,  m  <  n,  with 
Vfe+m/i(aO  =0,  fc  =  0,l,...,n-m-l;Oi  <  b;;a;,6i  G  Z.  Lctp,g>  1  :  ±  +  ^  =  1. 
Set 

^    ti)  = 77 7W — ■   Vtie  01,61, 

((n  —  m  —  1)!) 


and 


E:u+i((i2-T2+1)H"))' 

G    (fe)  = ((n-m -!),)> -'    Vfag^fe]. 


Then 

61  b2 


vm/i_(ti)|  1  v"y2  (t3)| 

f*(«l)      I      G*(«2) 


tl=ai  +  l*2=<»2+l     I  e  H r 


p  1 

1 
b-i  \    q    /        62 


(ft!  -  01)  (62  -  a2)        £      |V7i(n)|*l  £      lV"/2(^)lP        •    (40-32) 

\ri=ai  +  l  /  \T2  =  a2  +  l  / 

Proof.  By  Corollary  40.42.  ■ 

We  make 

Remark  40.53.  ([93])  We  consider  the  time  scale  T  =  q^  =  {0, 1,  <?,<J_1,  q2,  q~2, ...}, 
for  some  q  >  1.  Here  p  (t)  =  -,  V  i  £  T.  We  have  that 


1' 

fc-i 


£fc  (M)  =  11  fi      1 '    for  a11  s'*  G  T< 

for  all  fc  G  No . 

We  give  a  related  nabla  g-Ostrowski  type  inequality. 
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Corollary  40.54.  Let  /  €  Cfd  (<f\ ,  n  is  odd,  a,  b,  c  G  q1 :  a  <  c  <  b.  Assume 
that  fvk  (c)  =  0,  k  =  1, ...,  n  -  1.  Then 


b  —  a 


f  (t)  m-f  (c) 


r-rrn  q"g-c        ,     n"  q"b-c     1 

[1I„  =  0  E^  =  o^    +ii-=0£^  =  o^J     II      v"  || 

6  —  a  II'  lloo,[a,b] 

(40.33) 


Proof.  By  Theorem  40.26. 

We  finish  with  a  generalized  nabla  g-Ostrowski  type  inequality. 


Corollary  40.55.  Let  /  G  C™d  [  q   ) ,  to,  n  £  N,  to  <  n,  n  —  m  is  odd,  a,b,c  £ 
qz  :  a  <  c  <  b.  Assume  that  f^k+" 


(c)  =  0,  k  =  1, ...,  n  -  TO  -  1.  Then 


/v™(i)Vi -/*">) 


6  —  a 

[t— I rn  —  m       g^  a  — c        ,     t— rn  — m       q v  b  —  c 
ll„=o    ggj^g  +ii^=o    £^=0^j   ||    V" 

6  —  a  II'  lloo,[a,6] 

By  Corollary  40.54. 

One  can  give  many  similar  applications  for  other  time  scales. 


(40.34) 


41 

The  Principle  of  Duality  in  Time 
Scales  with  Inequalities 


Here  we  present  and  extend  the  principle  of  duality  in  time  scales.  Using  this 
principle  and  based  on  a  variety  of  important  delta  inequalities  we  produce  the 
corresponding  nabla  ones.  We  give  several  applications.  This  chapter  relies  on 

[52]. 


41.1     Preliminaries 

Here  we  use  the  seminal  book  by  Bohner  and  Peterson  [119]. 

A  time  scale  is  any  closed  nonempty  subset  T  of  R.  The  jump  operators  a,  p  : 
T  — >  T  are  defined  by 

o(t)  —  inf{s  G  T  :  s  >  t},  and  p(t)  =  sup{s  G  T  :  s  <  £}, 

and  inf  0  :=  sup  T,  sup  0  :=  inf  T.  A  point  t  G  T  is  called  right-dense  if  u(t)  —  t, 
right-scattered  if  o(t)  >  t,  left-dense  if  p(t)  =  t,  left-scattered  if  p(t)  <  t. 

The  forward  gravniness  p,  :  T  — >  R  is  defined  by  p(t)  —  a(t)  —  t,  and  the 
backward  graminess  v  :  T  — *■  R  is  defined  by  v(t)  =  t  —  pit)- 

Given  a  time  scale  T,  we  denote  Tfe  :=  T\(p(supT),  supT],  if  sup  T  <  oo  and 
Tfe  :=  T  if  sup  T  =  oo.  Also  Tfe  :=  T\[inf  T,  <r(inf  T))  if  inf  T  >  -oo  and  Tfc  =:  T 
if  inf  T  =  — oo.  In  particular,  if  o,  b  £  T  with  a  <  b,  we  denote  by  [a,  b]  the  interval 
[a,  b]  n  T. 

Notice  that  R  itself  is  one  obvious  example  of  time  scale,  but  one  could  also 
take  T  to  be  the  Cantor  set  or  the  integers  Z. 
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Let  /  be  a  function  defined  on  T,  we  say  that: 

Definition  41.1.  /is  rd-continuous  (or  right-dense  continuous)  we  write  /  £ 
Crd  if  it  is  continuous  at  the  right-dense  points  and  its  left-sided  limits  exist 
(finite)  at  all  left-dense  points;  /  is  Id-continuous  (or  left-dense  continuous)  if  it 
is  continuous  at  the  left-dense  points  and  its  right-sided  limits  exist  (finite)  at  all 
right- dense  points. 


Definition  41.2.  A  function  /  :  T  — »  R  is  said  to  be  delta  differentiable  at 
t  £  Tfc  if  for  all  e  >  0  there  exists  U  a  neighborhood  of  t  such  that  for  some  a, 
the  inequality 

\f(a(t))  -  f(s)  -  a(a(t)  -  s)\  <  e\a{t)  -  s\  (41.1) 

is  true  for  all  s£[f.  We  write  /    it)  —  a. 

Definition  41.3.  /  :  T  ->  R  is  said  to  be  delta  differentiable  on  T  if  /  :  T  ->  R 
is  delta  differentiable  for  all  t  £  Tk . 

Definition  41.4.  A  function  /  :  T  — »  R  is  said  to  be  nabla  differentiable  at 
t  £  Tfc  if  for  all  e  >  0  there  exists  U  a  neighborhood  of  t  such  that  for  some  j3, 
the  inequality 

I/(P(*))  -  /(*)  -  PW)  -  s)\  <  e\P(t)  -  s\  (41.2) 

is  true  for  all  s  €  U.  We  write  /v(i)  =  /?. 


Definition  41.5.  /  :  T  — »  R  is  said  to  be  nabla  differentiable  on  T  if  /  :  T  — »  R 
is  nabla  differentiable  for  all  t  G  T^. 

Definition  41.6.  /  is  rd-continuously  delta  differentiable  (we  write  /  £  C*d) 
if  /  (i)  exists  for  all  t  £  Tfc  and  /  £  Crd,  and  f  is  ld-continuously  nabla 
differentiable  (we  write  /  £  C/d)  if  /v(i)  exists  for  all  t  £  Tfc  and  /v  £  Cw- 
Similarly  one  can  define  higher  order  such  spaces. 

Remark  41.7.  If  T  =  R  then  the  notion  of  delta  derivative  and  nabla  deriva- 
tive coincide  and  they  denote  the  standard  derivative,  however,  when  T  =  Z, 
then  they  do  not  coincide  (see  [119])  and  they  are  the  forward  and  backward 
differences  (respectively). 
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41.2     The  Dual  Time  Scale 

In  this  section  we  mention  the  definition  of  a  dual  time  scale,  (see  [127]). 
A  dual  time  scale  is  just  the  "reverse"  time  scale  of  a  given  time  scale. 

Definition  41.8.  Given  a  time  scale  T  we  define  the  dual  time  scale  T*  := 

{sGR|  -se  T}. 

Let  T  be  a  time  scale.  If  p  and  a  denote  its  associate  jump  functions,  then 
we  denote  by  p  and  a  the  jump  functions  associated  to  T*.  If  p  and  v  denote 
respectively  the  forward  graininess  and  backward  graininess  associated  to  T,  then 
denote  by  p  and  v  respectively  the  forward  graininess  and  the  backward  graininess 
associated  to  T*. 

We  need 

Definition  41.9.  ([127])  Given  a  function  /  :  T  — »  R  defined  on  time  scale  T 
we  define  the  dual  function  /*  :  T*  — »  R  on  the  time  scale  T*  :=  {s  G  R|  —  s  G  T} 
by  /*(«)  :=  /(-«)  for  all  s  G  T*. 

That  is  f*(-s)  =  f(s),s  G  T. 

Definition  41.10.  Given  a  time  scale  T  we  refer  to  the  delta  calculus  (resp. 
nabla  calculus)  any  calculation  that  involves  delta  derivatives  (resp.  nabla  deriva- 
tives). 
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In  this  section  we  mention  some  basic  lemmas  ([127])  which  follow  easily  from 
the  definitions.  These  lemmas  concern  the  relationship  between  dual  objects.  We 
will  use  the  following  notation:  given  a  time  scale  T  with  jumps  functions,  a,  p, 
and  its  associated  forward  graininess  p  and  backward  graininess  v,  hence  given 
the  quintuple  (T,  cr,  p,  p,  v),  its  dual  will  be  (T*,a,  p,  p,  v),  where  a,p,p,  and  v 
are  given  as  in  Lemmas  41.12,  41.13.  Also,  A  and  V  will  denote  the  derivatives 
for  the  time  scale  T  and  A  and  V  will  denote  the  derivatives  for  the  time  scale 
T*. 

Lemma  41.11.  ([127])  Given  a  time  scale  T,  then 

(Tfc)*  =  <J*)k,  and  (Th)*  =  (T)k.  (41.3) 

Lemma  41.12.  ([127])  Given  a,  p  :  T  — >  T,  the  jump  operators  for  T,  then 
the  jump  operators  for  T*,  a  and  p  :  T*  — >  T*,  are  given  by  the  following  two 
identities: 

*(«)  =  -P(-S)  =  -P*(s) 

p(s)  =  -a(-s)  =  -a*  (a)  (41.4) 
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for  all  s  G  T*. 

Lemma  41.13.  ([127])  Given  /i  :  T  — »  R,  the  forward  graininess  of  T,  then 
the  backwards  graininess  of  T* ,  v  :  T*  —*  R  is  given  by  the  identity 

i>(s)  =  fi*(s)  for  all  s£T*.  (41.5) 

Similarly,  given  v   :  T  — >  R,  the  backward  graininess  of  T,  then  the  forward 
graininess  of  T*,  fi  :  T*  — »  R  is  given  by  the  identity 

(i(s)  =  v*(s)  for  all  s  £T*.  (41.6) 

Lemma  41.14.  ([127])  Given  /  :  T  ->  R,  /  is  rd- 
continuous  (resp.  Id-continuous)  if  and  only  if  its  dual  /*  :  T*  — ■»  R  is  Id- 
continuous  (resp.  rd-continuous) . 

The  next  lemma  connects  delta  derivatives  to  nabla  derivatives,  showing  that 
the  two  fundamental  concepts  of  the  two  types  of  calculus  are,  in  a  certain  sense, 
the  dual  of  each  other. 

Lemma  41.15.  ([127])  Let  /  :  T  — >  R  be  delta  (resp.  nabla)  different iable  at 
to  £  Tfc  (resp.  at  to  £  Tfc),  then  /*  :  T*  — >  R  is  nabla  (resp.  delta)  differentiable 
at  —to  £  (T*)fc  (resp.  at  —to  G  (T*)fc),  and  the  following  identities  hold  true 

/A(M  =  -(/*)*(-*>)  (resp-  /V(M  =  Hrf(-to)), 

or, 

/A(fe)  =  -((/*)^)'(to)  (resp.  /v(i„)  =  -((/*)A)*(to)),  (41.7) 

or, 

(fAY(-to)  =  -((/*)^)(-*o)  (resp.  (/Vn-io)  =  -(/*)A(-to)), 

where  A,  V  denote  the  derivatives  for  the  time  scale  T  and  A,  V  denote  the 
derivatives  for  the  time  scale  T*. 
That  is 


(/Ar  =  -(/T,  (/v)*  = 

-(DA. 

(41.8) 

More  generally  we  obtain 

(r)V"   =  (_ir(/A"r;    and   (r)A" 

=  (-i)n(/v")*- 

(41.9) 

We  need 

Lemma  41.16.  ([127])  Given  a  function  /  :  T  — >  R,  /  belongs  to  C\d  (resp. 
C}d)  if  and  only  if  its  dual  /*  :  T*  — >  R  belongs  to  C\d  (resp.  C^d). 
Using  Lemmas  41.14,  41.15  we  get 
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Proposition  41.17.  ([127])  (i)  Let  /  :  [a,  b]  — >  R  be  a  rd-continuous,  then  the 
following  two  integrals  are  equal 

f    f(t)At=   f    "  f(s)X7s;  (41.10) 

J  a  J  -b 

(ii)  Let  /  :  [a,ii]  -tRbea  Id-continuous,  then  the  following  two  integrals  are 
equal 

'   /(*)Vt=  /    *  f(s)As.  (41.11) 


That  is, 


and 


-6 


f(-t)Vt=  [    *  f(s)As,  (41.12) 

f(t)m  =  j   a  f(s)As.  (41.13) 


Notice  also  that  (/*)*  =  /. 

In  this  chapter  we  will  be  acting  under  the  following 

Duality  Principle  ([127])  For  any  statement  true  in  the  nabla  (resp.  delta) 
calculus  in  the  time  scale  T  there  is  an  equivalent  dual  statement  in  the  delta 
(resp.  nabla)  calculus  for  the  dual  time  scale  T* . 

We  make 

Remark  41.18.  We  observe  that 

/A  =  (-l)  ((/*)*)*,  (41.14) 

/A2  =  (/A)A=((/T2)\  (41.15) 

and  in  general 

/A*=(-l)fc  ((/*)**)*,  (41.16) 

any  k  G  N. 

Similarly  we  have 


and 

and  in  general 

any  k  G  N. 


/V  =  -((f)A)    ,  (41.17) 

/v2  =  (/V)V  =  ((/*)A2)\  (41.18) 

/vfc=(-i)fc((f)Ay,  (4i.i9) 
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41.4     Dual  Generalized  Monomials 

We  make 

Remark  41.19.  Assume  h0(t,s)  =  1,  V  a,  t  £  T,  and 

hk+1(t,s)  =        hk(T,s)Vr,     \fs,teT.  (41.20) 

■J  s 

Thus 

hk7(t,s)  =  hk-i{t,s),        VfcGN,  teTfe.  (41.21) 

Here  hk  are  all  well  defined,  since  each  is  Id-continuous  in  t,  V  fc  G  No  =  NU  {0}. 
Notice  hi(t,s)  -t-s,     Vs,iGT. 

Next  assume  ho(t,s)  =  1,  V  s,t  G  T*  =  — T,  and 

h*k+1(t,s)=  J  h*k(e,s)Ae,  \/s,teT*.  (41.22) 

Furthermore 

feJA(i,  s)  =  ftfc_i(t,s),       VfcGN,      £G(T*)\  (41.23) 

Here  /i£  are  all  well  defined,  since  each  is  rd-continuous  in  t,  V  k  G  No. 
Notice  ft*(t,s)  =  t-s,  V  i,s  G  T"\ 
Here  s,  i  G  T  iff  -a,  -t€T*. 
We  see  that 

hi(t,s)=t-s  =  -s-(-t)  (41.24) 

=  (-l)(-t-  (-5))  =  (-l)/i*(-i,-a),    true  for  fc  =  1. 

Suppose  for  fixed  fc  G  N  that 

hfc(t,a)  =  (-l)fc/4(-t,  -a),     Vt,sGT.  (41.25) 


That  is 

Therefore  we  obtain 


hk(r,s)  =  (-l)hh%(-T,-s),      Vr,sGT.  (41.26) 


hk+1(t,s)  =        hk(T,s)Vr  = 

■J  S 

(-1)     /    ftfc(-r,-a)Vr         = 

(-i)fc|  S/4(^,-s)Ae  = 

(-l)fc+1  /   '/4(0,-a)A0  = 

(-l)fc+1/4+1(-i,-a). 
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That  is  proving 

hk+i(t,s)  =  (~l)k+1ht+1(-t,-s).  (41.27) 

So  by  mathematical  induction  we  have  proved  that 

hk(t,s)  =  (-l)khl(-t,-s),     VfcGNo,  (41.28) 

Wt,s  G  T.  That  is  Wt,s  G  T,  Vfc  G  No  holds 

h*k(-t,-s)  =  {-l)khk(t,s).  (41.29) 

We  make 

Remark  41.20.  Suppose  h0(t,s)  =  1,  V  s,i  G  T,  and 

hk+1(t,s)  =        hk(T,s)Ar,     \/s,teT.  (41.30) 

That  is 

hk{t,s)  =  hk-i(t,s),       VfcGN,      teTk.  (41.31) 

Also  suppose  h*(t,s)  =  1,  V  s,t  G  T*  =  — T, 

fan  (*,«)  =  j  hi(e,s)ve,  (41.32) 

V  s,i  G  r*.  Then 

^v(M)  =  ^fc-i(M),     VfcGN,  te  (T*)fc.  (41.33) 

One  can  prove  similarly  to  (41.28)  that 

hk(t,s)  =  (-l)khl(-t-s),      VfcGNo,  Vi,s  GT.  (41.34) 

Indeed  we  have  for  k  —  1  that 

hi(t,s)  =t-s  =  -s-  (-£)  =  (-l)(-t-  (-a))  =  (-l)fti(-i,-s).       (41.35) 
Suppose  that 


Mt,s)  =  (-l)*ftfc(-t,-a),  (41-36) 


true  for  a  fixed  fc  G  No. 
That  is 


Therefore 


hk{T,s)  =  (-l)khl(-T,-s),      Vr,sGT.  (41.37) 


hk+i(t,s)=        hk(T,s)AT  =  (-l)k       h*k(-T,-s)AT 


(by  (41.10))    .  .fc     f     S  ?»,  .   ~ 

(-1)     /       hk(9,-s)Ve 


(-l)k+1  [   '  ft*  (e,-«)ve  =  (-l)h+1ft;+1  (-*,-«),  (41.38) 

proving  (41.34). 
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41.5     Time  Scales  Integral  Inequalities 

We  need  the  following  delta  Ostrowski  inequality. 

Theorem  41.21.  ([57])  We  assume  Tk  =  T.  Let  f  G  C"d(T),  n  is  odd,  a,b,c 
G  T  :  a  <  c  <  b. 

Suppose  fA"  (c)  =  0,  k  =  1, . .  . ,  n  -  1.  Then 

f(t)At-f(c) 


b  —  a 

[hn+i  {a,  c)  +  hn+1  (b,  c)]      An 

7 J  oo,[a,6]nT 

b  —  a 


(41.39) 


We  reprove  differently  the  following  nabla  Ostrowski  inequality  using  (41.39). 

Theorem  41.22.  ([59])  We  assume  Tk  =  T.  Let  /  G  C"d(T),  n  is  odd,  a,  b,  c,  G 
T  :a<c<b.  Suppose  /v*  (c)  =  0,  fe  =  1, . . . ,  n  -  1.  Then 


^-  f"f(t)Vt-f(c) 

a  J  a 


[hn+i (a,  c)  +  hn+i(b,  c)]      V"  I, 

j— 11/  ||oo,[a,6]nT- 


(41.40) 


Proof.  See  that  a  <  c  <  b  is  equivalent  to  —6  <  — c  <  —a  and  b— a  —  (—a)—  (—6). 

N„    (6j/(41.3))   /rn,.k  *   _    .      ».fc 


By  assumption  T  —  Tk  we  get  T*  =  (T*.; 
And  by  (41.9)  we  find 


(T*)fc,  i.e.  T*  =  (T*) 


(r)^(_c)  =  (-i)h(/^)'(-c) 

=     (-I)fc(/Vfc)(c)  =  0,      fc  =  l,...,n-l, 

by  assumption.  That  is  (/*)      (— c)  =  0,  fe  =  1, . . . ,  n  —  1. 
Also  (/)'  G  Cr"d(T*)  iff  /  G  C?d(T),  by  Lemma  41.16. 
Then  we  see  that 


02/(41.28)) 


1 


b  —  a 


/(i)Vi-/(c) 


(f>2/   (41.11)) 


rooAS-r(-c) 


(_a)-(-6),_6 

(*v  («.39))  [/i;+1(-b,-c)  +  fe;+1(-a,-c)] 

(-a)  -  (-b) 

IK/*)         ||oo,[-6,-a]nT» 

\hn+1(b,c)  +  /in+i(a,c)] 


6  —  a 


11/         ||oo,[a,6]nT, 
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because  by  (41.9)  we  have 

IK/    )         ||oo,[-i>,-a]nT»    = 

IK/         )     ||oo,[-6,-o]nT*   —   ||(/         )||oo,[a,6]nT, 

proving  the  claim. 

Similarly,  one  can  prove  (41.39)  by  the  use  of  (41.40). 
We  mention  a  delta  Poincare  type  inequality. 


Theorem  41.23.  ([57])  Here  Tk  =  T. 

Let  /  €  C"d(T),  n  is  odd,  a,  b  €  T  :  a  <  b;  p,q  >  1  :  -  +  -  =  1.  Suppose 

/      (a)   =  0,  k  =  0, 1, . . .  ,ri  —  1.  Here  a  is  continuous  and  hn-i(t, s)  jointly 
continuous.  Then 

j\f(t)\«At<  (£  ^h^^a^rArJ  "  At)   Q'\fAn(t)\"A?j  . 

(41.41) 
We  present  a  nabla  Poincare'  type  inequality. 

Theorem  41.24.  Here  Tk  =  T.  Let  /  G  C"d  (T),  n  is  odd,  a,b  e  T  :    a  < 
6;p,g>l:i  +  i  =  l. 

Suppose  /v   (b)  —  0,   k  —  0, 1, . . .  ,n  —  1.  Here  p  is  continuous  and  hn-i{t,  s) 
is  jointly  continuous.  Then 


/ 


6  /(*)i*vt<  f  [b(  r^-i^pwrvrVvt)  f/6i/v"wrvi 


(41.42) 
Proof.  Notice  that  f  /v   )  (6)  =  0,      k  —  0, 1, . . . ,  n  —  1,  which  is  same  as 


and 


(/Vfc)*(-&)  =  0,     fc  =  0,l,...n-l, 

(rfHw^(-if(fy(4)  =  o, 

fc  =  0,l,...,n-  1. 


That  is 


(/*)A    (-6)=0,      fc  =  0,l,...,n-l.  (41.43) 


AlsoT*  =  (T*)*\ 

Observe  /*  €  Cr"d  (T*)  iff  /  G  C5(T). 

By  (41.28)  and  assumption  we  get  h*rt_x  is  jointly  continuous  on  (T*)   . 
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(61/(41.4)) 
Also  a(s)        —'      —p(—s),  s  £  T* ,  is  continuous.  Notice  also  that  (|/|9)*(s)  = 

\f\q(~s)  =  \f(-s)\",  seT\ 

We  observe  that  (|/|9  €  CM{T)) 


I  |/(t)|«vt(^»  rm-sWAs 

J  a  J-b 

(62,(41.41))     //—«//•*  .      \p     .    \    /    /— °  I  X™  19    .     \ 

<         (/       yj_hl^{t,a{T)YAr'j     Atjjj^    \(f)       (t)\    At  J 


(41.44) 


We  notice  the  following 


(j       ?i;_i(t,a(r))pArJ     At 
(/     A;.!  (t,  -p(-r))pArj     At 


(61,(41.28)) 


/  /  ft„-i(-t,p(-r))pAT        At 


(62,(41.13),     ra  f   [h  I  ,      .       ,    ,,-p^j    V    J. 

■    ftn-iH,pW)  Vr     At 


(6j/  (41.13)) 


-6       V-t  / 

/b    /    rb  \  s/p 

(/     ft„-i(t,p(r))pVrj        Vt, 


notice  the  integrand  of  last  integral  is  continuous  in  t  by  dominated  convergence 
theorem. 

So  we  have  established  that 

/-a     /     r-t  \    l/p  r-b     /      r-b  \    l/P 

U     K_.it,  a(T))p  Ar)       kt  =  J     U     /i„_i(t,p(r))pVrJ       Vt. 

(41.45) 
Next  we  observe  that 

~\(ffn(t)\qAt(byi^9)) 


|(/V       )*(*)|       At: 

r°i/vB(-t)l'At 


-6 
(by  (41. 13), (41. 11))      '''' 


/  \rn(t)\\t. 
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Notice  here  (£  €  T*) 

(|/v"|y«H/VT(^H/V"H 


19.  '■»■ 


So  we  proved 

/    °  I  (/•)*" (t)!"  At  =   I    |/v"(i)|'Vi.  (41.46) 

J-b      '  '  Ja     '  ' 

Finally  using  (41.45),  (41.46)  into  (41.44)  we  establish  (41.42).  ■ 

We  mention  the  Delta  Sobolev  type  inequality. 

Theorem  41.25.  ([57])  Here  all  terms  and  assumptions  as  in  Theorem  41.23. 
Let  r  >  1.  Then 

(Ij/wrAty  <  m/V-if^wrir)'  a*V  . 


rA" 


'» 


|/"   (*)|    Ail     .  (41.47) 

We  give  the  following  Nabla  Sobolev  type  inequality. 

Theorem  41.26.  Here  all  as  in  Theorem  41.24. 
Let  r  >  1.  Then 

|/V   (t)|    VtJ     .  (41.48) 

Proof.  Similar  to  the  proof  of  Theorem  41.24,  using  (41.47).  ■ 

We  mention  the  following  delta  Opial  type  inequality. 

Theorem  41.27.  ([57])  Here  Tk  =  T. 

Let  /  €  C"d  (T),  n  is  an  odd  number,  a,  b  £  T;  a  <  b;  p,  q  >  1  :  -  +  -  =  1. 

Suppose  /      (a)   =  0,  k  —  0,  l,...,n  —  1,  and  that    /         is  increasing  on 
[a,  b]  n  T. 

Here  <r  is  continuous  and  /in_i(i,  s)  jointly  continuous.  Then 

|/(t)|  |/A"(i)|At<(6-a)i-  (41.49) 
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Comment  41.28.  Let  /,  g:  T  ->  K  and  f*,g*  :  T*  ->  R,  where  T*  =  -T, 
with  fl*(t)  =  /(-t),  S*(t)  =  g(-t),  teT*. 
Consider  the  product  f.g  :  T  — >  R,  then 

(/■5)*W  =  (/-9)(-t)  =  f(-t)-9(-t)  =  f*(t).g*(t). 

I.e. 

(/■<?)*=/*•<?*■  (41.50) 

Let  t  <  s,  t,  s  £  T* ,  and  /*  •  T*   — >  R  being  increasing,  i.e.  /*(i)   <   f*(s), 
equivalently,  f(—t)  <  /(— s),  here  — i  >  —  s. 

So  /*  is  increasing  on  T*  (decreasing)  iff  /  is  decreasing  on  T  (increasing). 

We  give  the  following  nabla  Opial  type  inequality. 

Theorem  41.29.  Here  Tk  =  T.  Let  /  £  C"d{T),  n  is  odd,  a,b  G  T  :  a  <  b; 
p,  q  >  1  :  i  +  i  =  1.  Suppose  /v  (6)  =  0,  k  —  0, 1, . . . ,  n—  1.  Here  p  is  continuous 
and  hn—i{t,  s)  is  jointly  continuous.  Assume  also  that  /v  is  decreasing  on 
[a,  b]DT. 

Then 


/  \f(t)\\fvn(t)\m<(b-a)i  ■ 
(/b(/^n~l(i'p(r))PVr)Vt) 


6 

V 


/v  "(i))29Vt)\  (41.51) 

Proof.  Here  again  we  have  T*  =  (T*)fc,  and  (DA"  (-6)  =  0,  k  =  0, 1 . . . ,  n  -  1. 
By  (41.9)  and  |/|*  =  |/* |  wc  find  that 

|(/*)A"|  =  |(/V"r|  =  |/V"P  (41-52) 

is  increasing  on  T*. 
Notice  also  that 


and 


|/V"|    (t)  =  |/V"(-t)|.  (41-53) 

((/V")29)*W=(/V"(-i))2',    teT*.  (41.54) 
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Furthermore  by  (41.11),  (41.50),  (41.19)  we  get 

f  l/«ll/V>)|Vi  = 

■J  a 

/j/«ri(f)A>)iAt 

(6,(41.53))      /—  |/(_t)|  ]fV"{_t)]A  t  =  .  ^  (4L55) 

-6 


We  further  notice 


That  is 


fa(rn(-t)yqAt(bv(^i3)) 


/v"(t))2?Vi.  (41.56) 


As  in  the  proof  of  Theorem  41.24  we  derive  that 


I    (f  h„-i(t,p(T))pVTjm.  (41.57) 
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So  we  apply  (41.49)  for  /*  on  T*  to  obtain 

/i<  (b-a)1/q- 

i/p 

K_1(t,a(r)rAr)At' 


-b       \J-b 


(/>>"<.»-*) 


9    i     \  (6a   (41.57)   and  (41.56)) 


(6-a)1/? 


/b    /    fb  \  \  1/P 

f    /     ftn-i(t,p(r))pVrjVij 


6  .    2a  \  1/? 

(/V   (*))     Vij       ,  (41.58) 

proving  (41.51).  ■ 

We  need  the  delta  Hilbert-Pachpatte  type  inequality  which  follows: 

Theorem  41.30.   ([57])  Let  e  >  0,  i  =  1,2;  /;  G  C?d(Ti),  n  is  odd,  with 

/f fc  (oi)  =  0,  k  =  0,  1,  . . . ,  n  -  1;  cu  <  &;;  o»,  6,  G  T;,  time  scale.  Here  2f  =  T%, 
i  —  1,2.  Let  also  p,  q  >  1  such  that  1  +  1  =  1.  Put 

F(ii)=  r  h^.1(tiMn)r  An,  (41.59) 

«/  a  i 

for  all  ii  G  [01,61]  n  Ti,  and 

G(i2)  =   /  2  fei221(i2,a2(r2))9Ar2,  (41.60) 

for  all  t2  G  [a2,62]nT2  (where  h„_1,  tr'*'  the  corresponding  hn—i,  <?  toTj,  i  =  1,  2). 
Here  <7i  is  continuous  and  ft^lj  (£i,S;)  jointly  continuous  in  ti,  Si  G  Ti. 
We  further  suppose  that 

a2     V  p  p     / 

is  an  rd-continuous  function  on  7i. 
Then 

/i(ti)||/a(fa)|      iAflA,_.    l/„_,/|J(/jJ_„L,) 


,  p^  gfej  j.  G(«2) 
■''•2     \£H       j 1       — 

bl   I      An  19  \«    /     Z"62   I       .„  IP 

AA    (n)     An  /        /2A    (r2)     Ar2)  (41.62) 
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(above  double  time  scales  integration  is  considered  in  the  natural  iterative  way). 
We  give  the  following  nabla  Hilbert-Pachpatte  type  inequality. 


Theorem  41.31.  Let  e  >  0,  i  =  1,2;  /;  G  C"d(Ti),  n  is  odd,  with  f?  (bi)  =  0, 
k  =  0,1,  . . . ,  n  —  1;  cii  <  bi;  ai,bi  G  T,,  time  scale.  Let  also  p,  q  >  1  such  that 
i  +  i  =  1.  Put 


^(*i)  =   I  '  ^-i(«i>Pi(^))PVti,     for  all   ti  G  [oi,6i]nTi  (41.63) 

Ju 


and 

G{ti)=   I      fti221(i2,P2(r2))?Vr2,      for  all   t2  €  [a2,b2]nT2.  (41.64) 


Here  ft„_!,  p       are  the  corresponding  hn-i,p  to  T;,  i  =   1,2,  and  are  all 
assumed  continuous.  Also  T;,  i  —  1,  2,  are  such  that  Tjfc  =  Ti. 
We  further  suppose  that 

e(ti)  =   /"  "  -7 iMt2)l .  Vfa  (41.65) 

\  V  1 

is  an  Id-continuous  function  on  Ti. 
Then 

61  f  ,  ^M|L  vtlVt2  < 

\  p  i 

(6i-ai)(62-oa)  (^  |/ivB(ti)|*Vti)"  Q  "  |/2v"(i2)|pVt2J'        (41.66) 

(above  double  time  scales  nabla  integration  is  considered  in  the  natural  iterative 

way). 

Proof.  We  have  that  (/*)A* '  (-bi)  =  0,  k  =  0, 1,  . . . ,  n  -  1,  and  T*  =  (T*)k , 

i=  1,2. 

Also  ft  G  CUTt)  iff 

fi£C?d(Ti),     <  =  1,2. 

By  (41.28)  and  assumption  we  get  that  /i*_x  are  jointly  continuous  on  (If)2, 
j=  1,2. 

Also  di(si)        =        —  pj(— Sj),  Si  G  T* ,  is  continuous. 
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We  notice  that 

T{ti)  =  F{-ti)  (4  =  3)   r  ^(-ti.piCrOJ'VTi 
J-ti 

(4"4)   f1  hZU-tu-^-^TVn 


(41.28) 


-*1 
61 


/1ft;(_1l(ti,*i(-n)),,VTi 

J-tl 
f '  ^(^^(ti^Ati 


(41.3)      I         ^ 

F(ii)     ,Vii  G  [-fci,-ai]nTi 


where  _F  as  in  (41.59). 
Similarly  we  get 


G»  =  G(-fa)  (4  =  4)  /62  h^_1(-t2,p2(T2))qVr2 

J  —to 


!>■■ 


(41.4)      /         ~(2) 


/i^i(-*2,-a2(-r2))9Vr2 


(41_28)     /^       »(2) 


/2/C(-i(£2,ct2(-t2))*Vt2 

•/-t2 

/'2  ^(_2)i(t2,a2(r2))"Ar2 

J-b, 


'  [1_13)     /  fc*(2) 

-6; 

=     G(t2),  Vt2e  [-b2,-a2]nT2*, 


where  G  as  in  (41.60). 
So  we  proved  that 

F*{ti)  =  F{ti),Wti€  [-bi,-ai]r\T?,  (41.67) 

and 

G*(t2)  =  G(t2),Vt2  G  [-62,-a2]nT2*.  (41.68) 

Here  we  have  that 


/1  ==  /bl    Z62        ^PS    VfaVfa 


(41.11) 


/  '  |/i(ti)|«(ti)v*i  (41=" 

«/  a  1 

/    ^  |/i'(*i)|0*(ti)Ati.  (41.69) 

J-bi 
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Next  we  observe  (V  £1  G  [-61,-01]  l~l  Ti* ) 
0*(ti)     =     9{-ti) 

(4i=65)  z-"2        JMMJ  _      vt 

V  P  9 

Ja2   (£+nm  +  oiM.       - 

\  V  9 

(notice  G(t2)  is  continuous  in  ti  G  [02,62]  fl  T2, 

(6»(41.11),(41.13))      f~a2  |/2(fe)| ^ 

V  P  9 


fUt2)\       At2 


_62     |e+£iiii  +  £fe) 
'  p  9 


(41=61)  A(ti),  Vti     G     [-6i,-ai]nT;. 

Clearly  here  A(£i)  is  an  rd-continuous  function  on  [—61,  — ai]  fl  T* . 
So  here 

0*{ti)  =  \(ti),  Vii  €  [-6i,-ai]nTi*.  (41.70) 

Therefore  we  obtain 

/i(41=ro)  /  ai  i/r(«i)iA(ti)Ati 

J-bt 

W-62    f£+£iiii  +  G(Mx  ! 


p  9 

"'    <    "J      |/i'(*i)||/l(t2)| 


6l    ,/_62     ,  e  +  Eihl  +  °M1 
p  9 


AtiAt2 


(by  (41.62))  /     /— 01  „        \   X/9 

<        (6i-oi)(62-o2)     /        |(/DA   (ti)!9At 


1 
V-61 

-02  \  !/p 

j(/2)A     (faJI'Afa 

-62 
6)  (61  -  ai)(62  -  02)  (  f  1  |/iv"  (ti)\qVU 

62  \/r (t2)\pVt2)    \  (41.71) 


proving  (41.66). 
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One  can  go  reverse,  and  using  the  nabla  inequalities  to  prove  the  delta  ones, 
etc. 

Also  one  can  prove  similarly  other  inequalities  by  applying  this  principle  of 
time  scales  duality. 


41.6     Applications 

For  applications  to  delta  Ostrowski  inequalities,  see  [57]  and  to  nabla  Ostrowski 
inequalities,  see  [59]. 

For  applications  to  the  rest  of  delta  inequalities  mentioned  in  this  chapter,  see 
[57]. 

Here  we  give  applications  to  the  rest  of  derived  nabla  inequalities. 

I)  Here  T  =  R,  the  real  numbers,  then  p(t)  =t,t€R,  hk(t,  s)  =  ^~f  for  all 
s,t€R,  fee  N0. 

Also  fv"{t)  =  f(k){t),  k  G  No,  and  f*  f(t)Vt  =  f"  f(t)dt. 
Furthermore  /  G  CJ^(K)  iff  /  G  C*n(R),  n£N0. 
A  Poincare  type  inequality  follows: 

Theorem  41.32.  Let  /  G  Cn(R),  n  is  odd,  a,  b  G  R  :  a  <  b;  p,  q  >  1:  1  +  1  =  1. 
Suppose  /(fc)  (&)  =  0,  k  =  0, 1, . . . ,  n  -  1.  Then 

\f(t)\9dt< 


(*-«)*" 


nq((n  -  l)!)«((n  -  l)p  +  l)"-1 
(j[6|/"  (*)!"*)■  (41-72) 


Proof.  By  (41.42). 

We  give  next  a  Sobolev  type  inequality. 

Theorem  41.33.  Here  all  as  in  Theorem  41.32.  Let  r  >  1.  Then 

(o  —  ay       ^p^ri 


l/llr,[o,6] 


< 


(n-l)!((n-l)p  +  l)»((n-l  +  i)r  +  l)? 

Il/(n)||  •  (41.73) 

r      i.i 
II  llg,[a,6J 


Proof.  By  (41.48).  ■ 
We  give  next  an  Opial  type  inequality. 

Theorem   41.34.    Let   /    G    Cn(R),   n  odd,  a,  b   G  R;   a   <    b;  p,q   >    1    : 

1  +  1   =   1.   Suppose  fk(b)   =   0,  k  =   0,  l,...,n  -  1;  |/(n)|   is  decreasing  on 
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[a,b].  Then 

•b  /l  \n+i 

\f(t)\\f(n)(t)\dt< 


(n-l)!((p(n-l)  +  l)(p(n-l)  +  2))p 

(/V^*))2'*)"-  (4L74) 

Proof.  By  (41.51).  ■ 

We  continue  with  a  Hilbert-Pachpatte  inequality. 

Theorem  41.35.  Let  s  >  0,  i  =  1,  2,  /;  £  C"n  (R),  n  is  odd,  /^(ft;)  =  0, 
fc  =  0,  1, . . .,  n  -  1;  en  <  h;  Oi,  6i  €  R.  Let  p,  g  >  1  :  ±  +  i  =  1. 
Put 

*<*>  =  ((n^m^nT+l)'^1  £  [aiA1'  (4L75) 

and 

^  =  (^liV-lHiy^2  "  ^^  (4L76) 

Then 

^      r"2  |/l(tl)||/2(t2)| 


,         ,     F(ti)     ,     G(t2) 
1  P  9 


dtidt2  < 


(6i-oi)(62-aa)n      I^Vi)]    *ij       (/      |/in)(i2)|    dfej       •     (41-77) 

Proof.  By  (41.66).  ■ 

II)  Here  T  —  Z,  the  integers. 
Then 

/(i)Vi  =    £    /W,      where 

my  /  :  Z  — ►  R  is  Id-continuous. 
Also  fvk(t)  =  Vkf(t) 
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Furthermore  here 

hk(t,s)=  ^T,g)  ,  Vs,tez,  fee  No, 

fc! 
tfc  =  i(t  +  l)...(*  +  fe-l),     fcGN; 

t°  =  1.  Also  p(t)  =  t  -  1,    teZ. 
We  present  a  nabla  discrete  Poincare  inequality. 

Theorem  41.36.  Let  /  :  Z  -»  R,  n  is  odd,  a,  6   £Z:a<l;p,g>l:  i  +  i 
1.  Suppose  Vfc/(&)  =  0,  fc  =  0,  1, . . .,  n  -  1.  Then 

E  i/wi9<      ' 


f(n-l)!)« 


E  f(E«*-*+1)CB"1) 

t  =  tt+l     \    \T  =  t  +  l 

E    |V"/(*)I')-  (41-78) 


Proof.  By  (41.42).  I 

We  give  a  nabla  discrete  Sobolev  inequality. 

Theorem  41.37.  Same  assumptions  as  in  Theorem  41.36.  Let  r  >  1.  Then 

6  \    Vr- 


r/p\     1/r 


'e  (e  (c-r+ir1)* 

t  =  a  +  l    \r=t+l 

E    |V"/(t)r  •  (41.79) 

i  =  a  +  l  / 

Proof.  By  (41.48).  ■ 

We  give  a  nabla  discrete  Opial  inequality. 

Theorem  41.38.   Let  /  :  Z  ->  R,  n  is  odd,  a,  b  €   Z  :  a  <  b;  p,  q  >   1   : 
i  +  |    =    1.    Suppose   Vfc/(fe)    =    0,  k    =    0,  l,...,n  -  1.    Suppose   |Vn/|    is 
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decreasing  on  [a,  b]  n  Z.  Then 

b  lh        ^1/i 


ft  /       6  \   \    !/P 

E         E    ((*-r  +  D- 

t=a+l    \T=t+l 

1/9 


(    E  (Vn/W)29)       ■  (41.80) 

\t  =  o+l  / 

Proof.  By  (41.51).  ■ 

We  present  a  nabla  discrete  Hilbert-Pachpatte  inequality. 

Theorem  41.39.  Let  e  >  0,  i  =  1,  2;  /,  :  Z  ->  K,  n  is  odd,  Vk  fi{h)  =  0, 
fc  =  0, 1,  ...,n-  1;  a*  <  &*;  Oi,6i  e  Z.  Let  p,g  >  1  :  -  +  -  =  1.  Set 

Ji,     ((*i  -  n  +  I)")" 
F(ti)=   E  ffn-mp       '  v*ie[ai,&i]nz, 


and 


;*2  -  r2  +  I)""  !  '  " 


G(t2)=     E  (fn-lVV?  '    V(2£[fl2't2lnI 


Then 

6i  6 


y-  y-  |/i(ti)||/2(t2)| 

*—>            ^—>        (      i     F(ti)     ,     G(t2)\ 
ti=oi+l  t2=«2+l  l^e  H J 1 —  J 


V«     /        ft.,  x    1/P 


/ft!  \L'q/b2 

<(6i-oi)(62-oa)        E      |V"A(*i)l*  E      |V"/a(*2)r 

V*i=oi+l  /  \t2=a2+l 

(41.81) 

Proof.  By  (41.66).  ■ 

III)  Here  T  =  gj  =  {0,  1,  g„,  gr\  ql,  q*2 ,  ■  ■  •},  for  some  q,  >  1,  see  [93].  We 
have  p(i)  =  t/q, ,  Vt  €  gf  and 

fc—  1 

**(*>*)  =  II  ^—^  (41-82) 

r=o    £  g^ 

Vs.te  gf,  for  all  fee  N0. 
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We  finish  with  a  g-Opial  type  nabla  inequality. 


Theorem  41.40.  Let  /  €  C"d{ql),  n  is  odd,  a,  b  €  ql  :  a  <  b;  p,q  >  1  : 
-  +  -  —  1.  Assume  /v  (b)  —  0,  k  —  0, 1, . . . ,  n  —  1.  Suppose  |/v  |  is  decreasing 
on  [a,b]  n  gj.  Then 


f  l/«ll/V>)|Vi<(b-a)^ 

•/  a 


"^  git 

r=0       J]  g;> 
3=0 


AP    \ 


i/p 


Yr 


Vt 


r  (*)    vt 


2q 


1/9 


Proof.  By  (41.51). 

One  can  give  many  similar  applications  for  other  time  scales. 


(41.83) 


42 

Foundations  of  Delta  Fractional 
Calculus  on  Time  Scales  with 
Inequalities 


Here  we  present  the  Delta  Fractional  Calculus  on  Time  Scales.  Then  we  prove 
related  integral  inequalities  of  types:  Poincare,  Sobolev,  Opial,  Ostrowski  and 
Hilbert-Pachpatte.  At  the  end  we  give  inequalities  applications  on  the  time  scale 
R.  This  chapter  is  based  on  [56]. 


42.1     Background  and  Foundation  Results 

For  the  basics  on  time  scales  we  use  [119],  [113]  and  [2],  [4],   [57],   [114],   [116], 
[181],  [186],  [187],  [215]. 

By  [282],  p.  256,  for  fi,u  >  0  we  have  that 

r(M)        i»  r  (/,  +  »/)  v     ' 

where  F  is  the  gamma  function. 

Here  we  consider  time  scales  T  such  that  Tk  =  T. 

Consider  the  coordinate  wise  rd-continuous  functions  ha  :  T  x  T  — >  R,  a  >  0, 
such  that  ho  (t,  s)  —  1, 

ha+i  (t,  s)  =  J    ha  (t,  s)  At,  (42.2) 

J  s 

Vs,ter. 
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Here  a  is  the  forward  jump  operator  and  fi(t)  =  a  (t)  —  t. 
Furthermore  for  a,  (3  >  1  we  suppose  that 

/       feci  (t,  (7  (t))  /i^j  (r,  (7  (u))  At  =  ftaW-i  (t,  (T  (ti)) ,  (42.3) 

io-(u) 

for  all  u  <t;  u,t  e  T. 

In  the  case  of  T  =  R;  then  a  (t)  =  t,  and  hk  (t,  s)  =  (i~f  -  ,  k  G  N0  =  N  U  {0}, 
and  define 

M',s)  =  r^TIj'    a-°- 

Notice  that 

rt  (r~s)a    ,         (t-s)a+1        ,  ,      . 


r(a  +  i)         r(a  +  2) 

fulfilling  (42.2). 

Furthermore  we  see  that  (a,  /3  >  1) 

(by  (42.1))    (t-ti)"^-1 

=  r(a  +  /3)      =W-i  (*.«). 

fulfilling  (42.3). 

By  Theorem  4.1  of  [115],  we  have  for  fc,  m  £  No  that 


hk  (t,  a  (r))  hm  (r,  t0)  Ar  =  hk+m+l  (t,  to)  .  (42.4) 

Let  now  T  =  Z,  t  G  Z,  then  u  (t)  =  £  +  1,  and  hk  (t,  s)  =  (-t~^W  ,  V  k  G  No,  V 
t,  s  G  Z,  where  t(0)  =  1,  t(k)  =  H*~*  (t  -  i)  for  k  G  N. 

Also  £/(*)  At  =  £^/(*) ,'<*<&. 
By  (42.4)  we  obtain  that 

y^   (t-r-l)(fc)  (T-t0)(m)  _  (i-i0)(fc+m+1) 


fc!  to!  (fc  +  m+1)! 


which  leads  to 


^      (t  -  r  -  l)(fc-1}  (t  -  to  -  l)^-1'  _  (t  -  to  -  l)(fc+"'-1) 

^  (fc-1)!  (to-1)!  (fc  +  m-1)!       '  l        ' 

"=*0+l 
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confirming  (42.3). 

In  general  let  [i,,v  >  0,  and  t  G  N^+v  :=  {fj,  +  v,  (x  +  v  +  1,/j,  +  v  +  2, ...}, 
here  t'"'  =  r(["^  *,  and  a  (s)  —  s  +  1.  Let  r  G  {0, 1, ...,  J  —  (fj,  +  u)},  by  proof  of 
Theorem  2.2  of  [104]  we  obtain 

mm  E  (*--w)^1)(---w)^1)  =  f^(*--(r))("+'*-i), 

which  is 

that  is  almost  confirming  (42.3).  By  Lemma  19  of  [48]  for  only  —  1  <  a  <  0, 
t,  s  G  Z,  i  >  s,  we  get 

^  (r -*)(">         ft-S)("+1)  _  1  (,9  7) 

^sr(a  +  i)       r(a  +  2)       r  (a  +  2)  r  (-<*) '  K      ' 

missing  (42.2). 

So  in  case  of  T  —  Z,  because  of  the  deficiencies  of  (42.6)  and  (42.7)  we  gave 
a  special  treatment  to  the  subject  of  discrete  fractional  calculus  and  inequalities, 
presented  in  [48],  see  also  related  [51]. 

We  need 

Theorem  42.1.  (Theorem  1.75  of  [119])  If  /  G  Crd  and  t  G  Tk ,  then 

/(t)  At  =  *»(*)/(«)■  (42.8) 

For  a  >  1  we  define  the  time  scale  A-Riemann-Liouville  type  fractional  integral 

(a,  b£T) 

Kf  (*)  =  /   ha-i  (*,  a  (t))  /  (t)  Ar,  (42.9) 

(by  [116]  is  an  integral  on  [a,t)  fl  T) 

#2/  =  /, 

where  /  G  Li  ([a,  fe]  fl  T)  (Lebesgue  A-integrable  functions  on  [a,  6]  PIT,  see  [181], 
[113],  [114]),  te[a,b]r\T. 

Notice  Kaf  (t)  —  J  f  (t)  At  is  absolutely  continuous  in  t  G  [a,  b]  fl  T, 
see  [116]. 
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Lemma  42.2.    Lot   a    >    1,   /    G    Li([a,b]C\T).   Suppose  ha-i  (s,cr  (£))   is 
additionally  Lebesgue  A-measurable  on  ([o, b]f~\T)  ;  a,b  G    T.  Then  K"f   G 
Li([a,6]nT). 
Proof.  Define  A  :  fi  =  ([a,  6]  n  T)2  -»  R,  by 

A/     ^  —  /    ^-a-i  (s,a(i))  ,    if  a  <  i  <  s  <  6, 
AlS'tj_1    0,        if  a<s<t<&. 


Clearly  A  (s,  t)  is  Lebesgue  A-measurable  on  ([a,  ijflT)    . 

Then 

rb 

A( 

l[a,t) 
rb  rb 

A(s,t)As  =        ha-i(s,a(t))As 


.(s,t)As=  A(s,t)As  +       A(s,t)As 

J\a,t)  Jt 


rcr(t)  rb 

=  /        ha-i(s,cr(t))As+  ha-i(s,cr(t))As 

Jt  Ja(t) 

(by  (42.8)  and  (42.2)) 

=  /i  (t)  ha-i  (t,  a  (i))  +  hoc  (b,  a  (t))  G  R. 

Next  we  consider  the  repeated  double  Lebesgue  A-integral 

A(s,t)\f(t)\As]At=  [   \f(t)\(  f  A(s,t)As]At- 


/    1/  Ml  {M  (*)  fta-i  (*,  o  (*))  +  ftc  (6,  <t  (*))}  At  = 

|/  (t)|  M  (*)  /la-l  (*,  CT  (i))  At  +    /     |/  (t)|  fta  (6,  O-  (t))  At, 

./a 

which  exists  and  is  finite.  Thus  the  function  (s,t)  — >  A(s,t)/(t)  is  Lebesgue 
A-integrable  over  f2  by  Tonelli's  theorem. 
Let  now  the  characteristic  function 

u\       \    1,  if  *e  [a,s)nT 
X[«,.)nT(*)-|    ^^^ 

where  s  G  [a,  b]  n  T. 

Then  the  function  (s,  t)  — >  X[a,s)nT  (i)  A  (s,  t)  /  (t)  is  Lebesgue  A-integrable  on 
f2.  Hence  by  Fubini's  theorem  we  obtain  that 

X[a,s)nT  (t)  A  (s,  t)  f  (t)  At  =    f  ha-i  (s,  a(t))f  (t)  At  =  K?f  (s)  , 

J  a 

is  Lebesgue  A-integrable  in  s  on  [a,  b]  n  T,  proving  the  claim.  ■ 
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For  u  <  t;  u,t  £  T,  we  define  (a,  j3  >  1 

fCT(u) 


/•ct(u) 

(t,u)  —   /         /ia_i  {t,a{r ))hp-i  (t,<j(u))  At 

J u 


(42.10) 


(by  (42.8)) 


H  (u)  ha-i  (t,  a  (u))  h/3-i  (u,  a  (u)) . 

Next  we  notice  for  a, /?  >  1;  a, b  €  T,  f  £  L\  {[a,b]  C\T)  and  ha-i  (s, <?  (t)) 
continuous  on  ([a,  b]  Pi  T)    for  any  a  >  1,  that 

JQKif  (t)  =   /   ha-i  (t,  a  (r))  At  f  hp-i  (r,  a  («))  /  (u)  Am 

t/  a  t/  a 

(by  Fubini's  theorem) 

=  /    f(u)Au       ha-i(t,<7(r))hfi-i(T,(T(u))AT  = 

■J  a  -J  u 

ra(u) 
f(u)Au-        /  /la_l(i,<7(T))/l/3_l(T,0-(w))AT 

«/  It 

+  /        fta-i  (t,  cr  (r))  /lj3_i  (r,  a  («))  At 

i<r(u) 
=     /     /(u)Au(fta+/3_l(t,<T(tt))+0(t,u)) 

=   /    fc„+M(t,a(H))/(u)Au+   /   /(u)fl(t,«)A« 
=  K°+Pf(t)  +  f  f{u)9{t,u)  An. 


Thus 

KZK*f  (t)  -  f  f  (u)  9  (t,  u)  Au  =  K^f  (t),     Vie  [a,  b]  n  T.         (42.11) 
So  we  have  proved  the  semigroup  property 

*?  KS  f  (t)-  J   f  («)  n  («)  fta_!  (i,  a  («))  ft/5-x  («,  a  («))  An  =  K:+I3f  (t) , 

(42.12) 
V  t  e  [a,  b]  n  T,  with  a,beT. 
We  call  the  Lebesgue  A-integral 


E(f,a,/3,T,t)=       f(u)n(u)ha-i(t,<7(u))hp-i(u,a(u))Au,        (42.13) 
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t   G    [a,  b]  n  T;  a,  b   G    T,  the  forward  graininess  deviation  functional  of  /   G 

MM]nT). 

If  T  =  R,  then  E  (/,  a,  /?,  T,  t)  =  0. 
Putting  things  together  we  have 

Theorem   42.3.    Let   T   =    Tk,   a,  b    G    T,   /    G    Li  ([a,b]f]T);   a,/3    >    1; 
ft-a-i  (s,  ct  (£))  is  continuous  on  ([a,  b]  n  T)    for  any  a  >  1.  Then 


KZKf  (t)  -  E  (/,  a,  (5,  T,  t)  =  K:+Pf  (t) ,  (42.14) 


V  t  G  [a,  b]  n  T. 
We  make 


Remark  42.4.  Let  /j,  >  2  :  m  —  1  <  ^  <  m  G  N,  i.e.  m  =  [/i]  (ceiling  of  the 
number),  v  —  m  —  (x  (0  <  v  <  1). 

Here  we  take  f  e  C™d  ([a,b]  n  T).  Clearly  here  ([181])  /A™  is  a  Lebesgue  A- 
integrable  function. 

We  define  the  delta  fractional  derivative  on  time  scale  T  of  order  /i-l  as 
follows: 

K^f  (t)  =  (K+1fAm)  (t)  =  £  ho  (t,a(r))  fAm  (r)  At,  (42.15) 

V  t  G  [a,  6]  n  T. 

Notice  here  that  A^T  /  G  C  ([a,  fc]  n  T)  by  a  simple  argument  using  dominated 
convergence  theorem  in  Lebesgue  A-sense. 

If  fj,  —  m,  then  v  =  0  and  by  (42.15)  we  obtain 

A™-1/  (t)  =  KlfAm  (t)  =  /A™"  (i) .  (42.16) 

More  generally,  by  [116],  given  that  /  is  everywhere  finite  and  absolutely 

continuous  on  [a,  b]  n  T,  then  /  exists  A-a.e.  and  is  Lebesgue  A-integrable  on 
[a,t)  n  T,  V  t  G  [a,b]C\T  and  one  can  plug  it  into  (42.15). 

We  see  that 

KrlK:xf  (t)  =  (K-lK+lfAm)  (t) 

(by  (42.14))    [KS+Vf^   {t)  +  £  ;A-  (u)  ^  {u)  k_2  (^  ^  (M))  fe  (M]  ^  (M))  Am  = 

(KTf^)  (t)  +  J   fAm  (u)  M  («)  fc^-a  (t,  a  («))  ftp  (u,  a  («))  Am. 
Therefore 

K^K^fit)-   f   fAm(u)v(u)h^2(t,a(u))h~v(u,a(u))Au  = 

J  a 
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(KTf^)  (t)  =  f  ft™-!  (t,  a  (r))  fAm  (r)  At.  (42.17) 

We  have  established 

Theorem  42.5.  Let  jx  >  2,  m  —  1  <  /t  <  m.  G  N,  v  —  m  —  y;  f  E 
C^([o,6]nT),  a,b  eT,Tk  =  T.  Assume  ftM_2  (a,  a  (t)),  ftp(s,cr(i))  to  be  con- 
tinuous on  ([a,  b]  n  T)  . 

Then 

'   ftm_i  (t,  a  (t))  fAm  (t)  At  =  (42.18) 

a 
/  («)  /i  («)  ftM-2  (£,  <7  («))  ftp  («,  <7  (it))  All 


+  /tftM-2(i,a(r))A^1/(r)Ar, 

•/  a 


V  £  G  [a,  6]  n  T. 

We  need  the  delta  time  scales  Taylor  formula 

Theorem  42.6.   ([115],   [186])  Let  /  G  C™d{T),  m  G  N,  Tk  =  T;  a,  b  G  T. 
Then 


(42.19) 


m_1  fc  /"' 

/(*)=  ^ftfe(£,a)/A    (o)+/    ftm-1(i,a(r))/A'"(r)Ar, 

fc=o  •'a 

V  i  G  [a,  6]  n  T. 

Next  we  present  the  fractional  time  scales  delta  Taylor  formula 

Theorem  42.7.  Let  y,  >  2,  m-1  <fi<meN,5  =  m-fi;  f  G  C^  (T) ,  a,  b  G 
T,  Tfc  =  T.  Assume  ftM_2  (s,<r(£)),  ftp  (s,  a  (*))  to  be  continuous  on  ([a,b]  flT)2. 
Then 

m  —  1 

/(*)=  ^ftfc(t,a)/A"(a)-  (42.20) 

fe=0 
/         (it)  /t  (u)  ftM-2  (i,  o"  («))  ftp  («,  cr  («))  Au+ 

ftM_2(i,a(r))A^1/WAr, 

«/  a 

V  i  G  [a,  6]  n  T. 

Corollary  42.8.  All  as  in  Theorem  42.7.  Additionally  suppose  /A  (a)  =  0, 
k  =  0, 1,  ...,m-  1.  Then 

B  (£)  :=  f(t)  +  E  (fAm ,n-l,v  +  l,T,t)  (42.21) 
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=  /(*)+/      fA       (U)  M  (M)  ftM-2  (*,  f  («))  fe  («,  ^  (it))  Au 

V  i  G  [a,  b]  n  T. 

Notice  that   E  (fAm  ,n  -  l,v  +  l,T,t)    G    Crd  ([0,6]  n  T).   Also  the   R.H.S 
(42.21)  is  a  continuous  function  in  t  G  [a,  6]  n  T. 
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We  give  a  Poincare  type  related  inequality. 

Theorem  42.9.  Let  (i  >  2,  m-  1<  /i  <  m  £  N,  ?  =  m-/i;  /  6  Cr™  (T), 
a,  6  G  T,  a  <  fe,  Tk  —  T.  Suppose  7iM_2  (s,  a  (t)) ,  hz,  (s,cr  (i))  to  be  continu- 
ous on  ([a,  6]  n  T)2,  and  /Afc  (a)  =  0,  k  =  0, 1, ...,  m  -  1.  Here  B  (t)  =  f  (t)  + 
E(fAm,H-  l,V  +  l,T,t),te  [a,b]  nT;  and  let  p,g  >  1  :  ±  +  ±  =  1. 

Then 

'Af^l      /       /     /      If,        .  ^    ^^^IPA^r    Atl    /     /         AC"1 


B(t)|*At<iy     (J    |/iM_2(t,a(r))rArJ     At  I  (J    |A^7(*)rA^ 

(42.22) 
Proof.  By  Corollary  42.8  we  obtain  that 

B  (t)  =  f  /v_2  (t,  a  (r))  A^V  (t)  Ar. 

Hence 

\B  (t)\  <    [   \K-2  (t,a(r))\  |  A^1/  (t)|  At 

(by  Holder's  inequality) 


<U    |/tM-2(t,a(r))rArl      (J    |  A£~7  (T)|"  At 
<  ^\h^2(t,a(r))\pAry  Qf*  |A«V(t)|"  At) 


Therefore 


\B(t)\«<(J*\K-2(t,a(TWATy  (J   |A{J-V(T)rAr),  (42.23) 

V  t  G  [a,  6]  n  T. 
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Next  by  integrating  (42.23)  we  are  proving  the  claim.  ■ 

It  follows  a  related  Sobolev  inequality. 

Theorem  42.10.  Here  all  as  in  Theorem  42.9.  Let  r  >  1  and  denote 

n/iiP  =  (Ti/(t)rAt 


Then 


l|B||r<  (j^£\h^2(t,a(rWAry  At  J      ||A£r7||,.  (42.24) 


Proof.  As  in  the  proof  of  Theorem  42.9  we  have 

rb 


\B(t)\  <  fjjh^(t,a(rWAryn    \A^  f  (r)\q  Ar^j 


Thus 

ft  \  5    /    rb 


and 
rb 


\B(t)\r<  ^\h^2(t,a(rWArY  [j    |  A^1/  (*)|*  At)' 


|^(t)|'At-    |/     (/    \h„   ■1(t.a(r)WAr)     At)  (I    \AZ-lf(t)\qAt^ 

(42.25) 


Next  raise  (42.25)  to  power  -.  Hence  proving  the  claim. 
Next  we  give  an  Opial  type  related  inequality. 

Theorem  42.11.   Here  all  as  in  Theorem  42.9.  Additionally  suppose  that 
\Aa7  f\  is  increasing  on  [a,b]  (IT.  Then 

B(t)||A^7(t)|At< 


(42.26) 
Proof.  As  in  the  proof  of  Theorem  42.9  we  obtain 

\B(t)\<  y\h^2(t,a(r))\pAry  QT  |  A*"1/  (r)|*  At)' 
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<       /     \h^2(t,a(rWAr)       A£"7  (*)(*-*)« 


Therefore 


\B(t)\\K.f(t)\<  [   I     \h^2(t,a(rWAr)      (A£TV  (i))  *  (t  -  a)  «, 

for  all  i  e  [a,  6]  n  T. 

Consequently  we  obtain 


|B(t)||AS.-7(i)|Ai< 
I^m-2  (t,  a  (r))|p  Ar  )  "  (A£"7  (*))'  (*  -  a) « 


At 


/"|ft/1-a(t,<T(T))|',AT>)Aty  f/6(A^7(*))a*(*-o)At 


a       \t/  a 


(A^"7(*))  'At 


<{b-a)<([    ff    \h^2(t,a(T))\pAr)At 

proving  the  claim. 

It  follows  related  Ostrowski  type  inequalities. 


Theorem  42.12.  Let  (i  >  2,  m  -  1<  )j  <  m  6  N,  5  =  m  -  fi;  /  £  Cr™  (T), 
a,b  £  T,  a  <  b,  Tk   —  T.  Assume  7iM_2  ($,  a  (£)) ,  h^(s,a(t))  to  be  continu- 


ous on  ([a,fc]  n  T)2,  and  /A    (a)  =  0,  fc  =  1, 

E(fAm,fi-l,v  +  l,T,t),  te  [a,b]f]T. 

Then 

1 


1.  Denote  B  (t)  =  f  (i)  + 


b  —  a 


B  (t)  At-f  (a) 


&-. 


^  (/'  (/Vm-2(^W)I  Ar)  At)  ||A^7|L,[o>6]nT.  (42.27) 

Proof.  By  (42.20)  we  obtain 

B(t)-f  (a)  =    (   h^2  (t,  a  (T))  A^7  (t)  Ar,       V  t  G  [a,  &]  n  T. 

•/  a 


Then 


IB  (t)  -  /  (a)|  <  (£  \hp-2  (t,  o  (r))|  Ar)  ||AS.-7|| 


,fc]nT  : 
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V  t  e  [a,  b]  n  T. 

Therefore  we  obtain 


1 


b  —  a 


B(t)At-f(a) 


1 


b  —  a 


(B  (t)  -  f  (a))  At 


< 


<J—  /     \B(t)-f(a)\At 

0         a  J  a 

~a  (f  (ljK-2(t,a(r))\  At)  At)  \\K^f\Lj[ajb]r 


b- 
proving  the  claim 


Theorem  42.13.  All  as  in  Theorem  42.12.  Let  p,q  >  1  :  -  +  -  =  1.  Then 


1 


b  —  a 


B(t)At-f(a) 


1 


6  —  a 
Proof.  By  (42.20)  we  find 


h^2(t,a(rWAr        At     ||AET7||„[o,6]nT  ■  (42.28) 


|B(t)-/(a)|<  /VM-2(t,a(r))||A^1/W|AT 


<       /     |V2(U(r))rAr  /      AfT/WrAr 


<  (    /     JV2(U(r))rAr)'    IIA^VH 


<j,[a,b]nT  ' 


That  is  we  have 


"     !"'„MnT.     ViG[a,6]nT. 


\B(t)-f(a)\<U    \h^2(t,a(TWAr)     ||A£r7| 
Therefore  we  derive 

—  fbB(t)At-f(a)    <J—f"\B(t)-f(a)\At 

-aJa  0  -  a  J  a 


M(^W)lPAr       At     IIA-VII^,^, 
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proving  the  claim.  ■ 

We  finish  general  fractional  delta  time  scales  inequalities  with  a  related 
Hilbert-Pachpatte  type  inequality. 

Theorem  42.14.  Let  e>0,  (i>2,  ra-1  <  (i  <  m  E  N,  ?  =  m-(i; 
fi  e  C™d{Tt),  ai,bi  e  Th  at  <  hi,  T?  =  Tt  time  scale,  i  =  1,2.  Assume 
hjl-2  {si,cn  (U))  ,  ft-    ($i,<Ti  (ti))  to  be  continuous  on  ([o»,  bi]  H  Ti)2 ,  and  /,A    (a»)  = 

0,  k  =  0,l,...,m-l;i=l,2.ReKBi(ti)  =  fi(ti)+Ei{f^m,ij,-l,u  +  l,Ti,U), 
U  e  [at,  bi]  n  Ti;  i  =  1, 2,  and  p,  q  >  1  :  ±  +  i  =  1. 


Set 


(k«2(t1,cx1(T1))|)PAr1, 

-1 

for  all  £1  €  [01,61],  and 

G(t2)=   f2  (\h^_2(t2,a2(r2))\YAr2, 

for  all  t2  6  [02,  fe]  (where  /C_2,  cr»  are  the  corresponding  /iM-2,  tr  to  Tj,  i  =  1,  2). 
Then 

""  "     l*('OII&(fe)l_AtlAfa< 


/       ,     F(ti)     .     G(t2) 
V  P  8 

(6i  -  oi)  (62  -  02)  (V^  I  A^-.Vi  (ti)|9  An)  '  (V"*  lA^/2  (i2)|P  At, 

(42.29) 
(above  double  time  scales  Riemann  delta  integration  is  considered  in  the  natural 
iterative  way). 
Proof.  We  notice  that 

is  a  Riemann  A-integrable  function  on  [01,  61]  l~l  Ti. 

Because  /,      (o»)  =  0,  k  —  0, 1, ...,  m  —  1;  i  =  1,  2,  by  Corollary  42.8  we  get 
that 

B»  (ti)  =  /  *  fc£!a  (ti,  <Ti  (n))  A^1/,  fa)  Ar,, 

V  U  e  [di, bi]  C\Ti,  where  cn,bi  e  Ti. 
Consequently 


\Bi  (ti)|  <  (7'1  (|/£22  (ti.cri  (n))|)P  An)  "  (7*1  (A^/i  (n)| 


9  An 
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=F(ii)KiT'A"r*1/i(ri)'*Ari 

and 


|Ba(fe)|  <  [£  (\h%(t2,a2(r2))\)9Ar2y  {^£  \  A^1  f2  (r2)\P  Ar2)  ' 


=  G(t2)«(y      |A£-72(t2)|pAt2 

Young's  inequality  for  a,  6  >  0  says  that 

l  ,1   ^  a       b 

avbi  <  — | — . 

p     g 

Therefore  we  have 

|Bl(tl)||B2(t2)|< 

{F{ti))p  (G{t2))\  (  f1  (A^-1/!  (n)r  An)  '  (  f*  \A^f2  (r2)\p  Ar2 


<{W  +  W)  (  /      lA^f^r^A^Y  (  /      |A-72(T-2)f  Ar2 


p  q 

The  last  gives  (e  >  0) 


,     F(ti)     ,     G(t2) 
"""        P        ^         9 


for  all  ii  G  [a,,  6,]  n  T;,  i  =  1,  2. 
Next  we  see  that 


V  P  9 


H  (r\K}  l/i(n)|"An)     At, 

t>2    /    /1t2 


|A^-72(T2)rAr2]     Ai2]  < 

2        \Jo2 

(by  Holder's  inequality) 

''lASr.VifaJl'ATilAti)     (ftj-«j)- 
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'2  (  [t2  |  AS"1/.,  (t2)\P  Ar2)  At2j  *  (fc,  -  a2)i 

-    (    /      (   /      |  A^-1  h  (n)\q  An)  Ati)"  (6i  -  oi)  - 

lA^/2  (t2)\pAt2)  At2)  '  (62  -  a2)< 


1       \^  ai 
t>2     /     /*&2 


ax)  (62  -  02)  fT*  |ASr.Vi  (ti)|'  An)  "  fT*  I  A^/2  (r2)|P  Ar2)  "  , 


proving  the  claim. 


42.3     Applications 

Here  is  T  —  R  case. 

Let  /1  >  2  such  that  tn-K/iOneN,  v  —  m-  ix,  /  G  Cm  ([a,  6]),  a,  6  G  R. 
The  delta  fractional  derivative  on  R  of  order  /j  —  1  is  defined  as  follows: 

A^-V  (t)  =  (^+V(m))  (t)  =  fT^Vl)  /J  (i  "  T)5  /(m)  (r)  dr'         (42-30) 

V  i  G  [a,  6]  . 

Notice  that  A^"1/  G  C  ([a,  b}),  and  B  (t)  =  /  (t),  V  t  G  [a,  6]  . 
We  give  a  Poincare  type  inequality. 

Theorem  42.15.  Let  fj,  >  2,  m  -  1  <  fj,  <  m  G  N,  /  G  Cm  (R),  a,  b  G  R, 
a  <  6.  Suppose  /(fc)  (0)  =  0,  k  =  0, 1, ...,  m  -  1.  Let  p,  g  >  1  :  ±  +  \  =  1.  Then 

|fMI*dt< (b  ~  a)  " ! f  /" '  |AM_1f  ml9  dt 

-  {r{Pi-i)Y^-i)q{(p,-2)p  +  iy-1  \Ja  '  a*  M;|     . 

(42.31) 
Proof.  By  Theorem  42.9.  ■ 

We  present  a  Sobolev  type  inequality. 

Theorem  42.16.  All  as  in  Theorem  42.15.  Let  r  >  1.  Then 

.1-1.1 


(ft -") 


^-2+; 


11/11,  <  ^^ rK-7||g.       (42.32) 

r  (M  -  1)  ((n  -  2)  p  +  1)  F  ((M  -  2)  r  +  f  +  l)  r 
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Proof.  By  Theorem  42.10.  ■ 

We  continue  with  an  Opial  type  inequality. 

Theorem  42.17.  All  as  in  Theorem  42.15.  Suppose  lAa^1/!  is  increasing  on 
[o,6].  Then 

/6|/«lK-7«|d*< 

■J  a 

^^ rfflC'/W)"*)1.     (42.33) 

r(M-l)t((A*-2)p+l)((/i-2)p  +  2)]p   \Ja  J 

Proof.  By  Theorem  42.11.  ■ 

Some  Ostrowski  type  inequalities  follow. 

Theorem  42.18.  Let  fj,  >  2,  m  -  1  <  fj,  <  m  G  N,  /  G  Cm  (R),  a,  b  G  R, 
a  <  6.  Suppose  /(fc)  (a)  =  0,  k  =  1, ...,  m  -  1.  Then 

— —  I   f(t)dt-f(a)    <  ^"°^.    IK'1/!!      ,    M.  (42.34) 

b-a  Ja    J  y  '  J  y    '    ~     r  (/X  +  1)    "  Hoo,[a,6]  ^  ' 

Proof.  By  Theorem  42.12.  ■ 

Theorem  42.19.  Here  all  as  in  Theorem  42.18.  Let  p,  o  >  1  :  -  +  -  =  1.  Then 

A  r(M-i)(M-i)((M-2)p  +  i)^"         "9'[a'6] 

(42.35) 
Proof.  By  Theorem  42.13.  ■ 

We  finish  this  section  and  chapter  with  a  Hilbert-Pachpatte  inequality  on  R. 


b  —  a 


Theorem  42.20.  Let  e  >  0,  fj,  >  2,  m-  1  <  M  <  m  G  N,  i  =  1,  2;  /<  G  Cm  (R), 

0  K)  = 

F(ti) 


t(W(„A  _n   1.^0, 1,  ...,m-  l;p,  "^  1  ■  U1 
(ti  -  ai)("-2)p+1 


Oi,  h  6K,a,<  6;,  /f >  (a,)  =  0,  fc  =  0, 1, ...,  m-l;p,g>l:±  +  ±  =  l 
Set 


(r(M-i)n(M-2)p  +  i)' 

t\  G  [ai,6i], 
and 


(r(M-l)H(M-2)g+l)' 
ti  G  [02,62]. 
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Then 

r  r  iM«oii*(fe)i  dtldu  < 

Jai  Ja2  (e  +  £m  +  £iM) 

(6i  -  ai)  (62  -  02)  (T1  I A^-1/!  (*i)|**i)  '  (J*  \K:*h  (t2)\Pdt2^j  "  . 

(42.36) 
Proof.  By  Theorem  42.14.  ■ 


43 

Principles  of  Nabla  Fractional  Calculus 
on  Time  Scales  with  Inequalities 


Here  we  present  the  Nabla  Fractional  Calculus  on  Time  Scales.  Then  we  prove 
related  integral  inequalities  of  types:  Poincare,  Sobolev,  Opial,  Ostrowski  and 
Hilbert-Pachpatte.  At  the  end  we  give  inequalities  applications  on  the  time  scales 
R,  Z.  This  chapter  relies  on  [53]. 


43.1     Background  and  Foundation  Results 

For  the  basics  on  time  scales  we  use  [59],  [93],  [94],  [103],  [119],  [187],  [223],  [113], 

[114],  [181]. 

By  [282],  p.  256,  for  (j,OOwe  have  that 

r(M)        i»  r  (/,  +  »/)  v     ' 

where  F  is  the  gamma  function. 

Here  we  consider  time  scales  T  such  that  Th  =  T. 

Consider  the  coordinatewise  Id-continuous  functions  ha  '■  T  x  T  — »  R,  a  >  0, 
such  that  ho  (t,  s)  —  1, 

ha+1(t,s)  =    /    ha(r,s)\7r,  (43.2) 

J 8 

Vs,ter. 
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Here  p  is  the  backward  jump  operator  and  v  (t)  —  t  —  p(t) . 
Furthermore  for  a,  (3  >  1  we  suppose  that 

f      fta-i(t,p(r))Vi(^P(«))Vr  =  ha+f)-i(t,p(u)),  (43.3) 

Jp(u) 

valid  for  all  u,  t  G  T  :  u  <  t. 

In  the  case  of  T  =  R;  then  p  (t)  =  t,  and  hfc  (i,  s)  =  (t~f  -  ,  k  £  No  =  N  U  {0}, 
and  define 

Notice  that 

^7 ^-rrfT  =  ^— =  ha+l  It,  s) , 

r(a  +  i)         r(a  +  2)         +u'  J' 

fulfilling  (43.2). 

Furthermore  we  see  that  (a,/3  >  1) 


/' 


T          /        \T          /         \    .            /"     (i  —  r)a        (r  ~  u)  7 

ha-l{t,T)hp-i{T,U)dT=  — — — — -rr — dr 

Ju       r  (a)  r  (p) 

(by  (43.1))    (i-M)^-1  t 

-  ha+0-i  (t,u) , 


r  (a  +  /?) 

fulfilling  (43.3). 

By  Theorem  2.2  of  [251],  we  have  for  k,  m  G  No  that 


hk  (t,  p  (t))  ftm  (r,  to)  Vr  =  hk+m+i  (t,  to)  .  (43.4) 

to 

Let  T  =  Z,  then  p(t)  =  t  -  1,  t  €  Z.  Define  £°  —  1,  ifc  :=  t(v»+  1) ...  (t  +  k-  1), 

fc  G  N,  and  by  (43.2)  we  have  hk  (t,  s)  =  -^f^-,  s,  t  G  Z,  k  G  No. 
Here  f    Vr  =  V,    ,,  . 
Therefore  by  (43.4)  we  obtain 


y,      (t-r  +  l)k(r-t„r  _  (t-toY 


k\  m\  (k  +  m  +  1) 


which  results  into 


^    (t-T  +  y-'JT-tg  +  ir-1        (t-t0  +  i)k+m- 1 

^        (ft-1)!  (ra-1)!  (fe  +  m-1)!      '  l        J 
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confirming  (43.3). 

Next  we  follow  [105]. 

Let  a,a  €  R,  define  t~  =  r(I!(+") ,  t  G  R  -{...,  -2,  -1,  0},  Na  =  {a,a±l,a± 

2,  ...},  notice  No  =  Z,  0~  =  0,  £°  =  1,  and  /  :  Na  ->  R.  Here  p  (s)  =  s  -  1, 
cr  (s)  =  s  +  1,  f  (i)  =  1.  Also  define 


(t-p(s)) 

va      J    W  =  £_^ 

and  in  general 


V/(t)  =  E(     („_!),       /(')»     "eN> 


vr/w  =  E(*"rSrl/W' 


s=a 


where  i/£l-  {...,  -2,  -1,  0}. 
Here  we  put 


L(M)  =  r>TI)'    a"a 


We  need 


Lemma  43.1.  Let  a  >  — 1,  a;  >  a  +  1.  Then 

r  (x)  i      /  r  (x  +  i)  r  (&) 


r(x-a)        (a+1)  \r(i-a)        r(^-a-l) 
Proof.  Obvious. 

Proposition  43.2.  Let  a  >  — 1.  It  holds 


Js  r(a+i) 


\a  +  l 


Vt=^ — - — r,      t>s. 

T  a  +  2    ' 


That  is  /ia,  a  >  0,  on  7V0  confirm  (43.2). 
Proof.  Let  t  >  s.  We  have  that 

(r-sf  1  ^     ,  ^  I  ^     r(r-s  +  a) 


_1 y    (    __    \"  —  1  V^     r(r- 

*  +  i)  ^  [T    s>       r(a  +  i)  *-      t(t- 


T(a  +  1)  r(a+l)    ^    v  '  T(a  +  ^, 

_  1  y  T  (T  -  S  +  a)  _  1  '  y  "  T(x) 

~r(a+l)    ^     Wr-s  +  a-a)  ~  T(a+ 1)     ^     r  (a;  -  a) 
(notice  here  r  —  s  >  1  and  a:  >  a  +  1  >  0) 

1  ru,^   ,      ^         r  W       I  -  i    ,  *  V^         r  W 


oil)    r<«  +  U+E   ri^H+rT^I)   E 


r(a  +  l)l  ^+2r(x-a)j  r(a  +  l)x^+2T(x-a) 
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(by  Lemma  43.1)  1  ^-^       (  ^  {X  +  1)  V  (x)  \ 

+  r(a  +  2)  J^+2  \T(x-a)  ~  T(x-a-l)J 

=  i  +  r^{(r(a  +  3)-r(Q  +  2))+(I^-r(a  +  3))  + 

/r(g  +  5)  _  r(a  +  4)\        /r(a  +  6)  _  T  (a  +  5)  \ 

I    r(4)  r(3)    J  +  lv    r(5)  r(4)    )  +  "+ 

r  (t  -  s  +  q)     r(t-s  +  a-i)\     /r(t-3  +  a  +  i)     r  ft  -  s  +  a) 
r(i-s-  i)  ~  r[t-s  +  a-2)J  +  \      r (t - s)  r(t-s-i) 

(telescoping  sum) 

"1+r(a  +  2)\  T(t-S)  Utt  +  2J 

_    T  (t  -  g  +  a  +  1)    _  (t  -  s)"^ 
~~  T  (a  +  2)  T  (t  -  s)  ~   r  (a  +  2)  ' 
That  is  proving  the  claim.  ■ 

Next  for  /j,,  v  >  1,  r  <  t,  from  the  proof  of  Theorem  2.1  ([105])  we  obtain  that 

^{t-p  (s))~  (s  -  p  (r))^1  _{t-p  (r))77^ 

j?T      r(iz)  i»  r(p  +  u)     ' 

where  r  G  {a, ...,  t}. 

So  for  £,  to  £  iVa  with  to  <  t  we  get 


(i  -  r  +  1 


)"~1  (r  -  t0  +  If'1  _  (t  -  tg  +  l)"-1-"-1 


^   (t-r  +  L)         (t  -  to  +  1£        ^  jt  -  to  +  ij 


T  =  t0 


I»  T(jj,)  T{n  +  v) 

that  is  confirming  (43.3)  fractionally  on  the  time  scale  T  =  Na. 
Notice  also  here  that 

[bf(t)X7t=    J2    /(*)■ 

•'«  t=o+l 

So  fractional  conditions  (43.2)  and  (43.3)  are  very  natural  and  common  on  time 
scales. 

For  a  >  1  we  define  the  time  scale  V-Riemann-Liouville  type  fractional  integral 
(a,  b  €  T) 

Jal  (t)  =  [  ha-i  (i,  P  (t))  /  (r)  Vr,  (43.7) 

(by  [116]  the  last  integral  is  on  (a,  t]  0  T) 

4f  (t)   =/(*), 
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where  /  6  Li  ([a,  fc]  l~l  T)  (Lebesgue  V-integrable  lunctions  on  [a,  b]  PiT,  see  [113], 
[114],  [181]),  te[a,b]r\T. 

Notice  Jaf  (t)  =  J  f  (r)  Vr  is  absolutely  continuous  in  t  £  [a,  b]PiT,  see  [116]. 

Lemma  43.3.  Let  a  >  1,  /  £  Li  ([o, 6]  H  T).  Suppose  that  /ia_i  (s,p(t))  is 
Lebesgue  V-measurable  on  ([a,  6]  n  T)2;  a,  b  €  T.  Then  J°/  G  Li  ([a,  fc]  n  T)  . 
Proof.  Define  K  :  fi  :=  ([a,  6]  n  T)2  ->  R,  by 

K(i  t\-i    ha-1{s,p{t)),    if  a  <  i  <  s  <  b, 
WJ"|    0,        ifa<s<t<fe. 

Clearly  .K"  (s,  i)  is  Lebesgue  V-measurable  on  ([a,  6]  n  T)    . 
Then 

^fe  r-  r-b 

K(s,t)X7s=   /       _ftT(s,i)Vs+   /    K(s,t)\7s 

J[a,t)  Jt 

/b  rb 

K(s,t)Vs=   /    ha-i(s,p(t))X7s 

b     ^  nt     ^ 

ha-i  {$, p{t))  Vs-   /      fta-i(s,/)(t))Vs 

=  ha  (b,  P  (t))  -  v  (t)  ha-!  (t,  p(t))e  R. 

Next  we  consider  the  repeated  double  Lebesgue  V-integral 

J    (J  K(s,t)\f(t)\Vs)Vt  =  J   \f(t)\U    K(s,t)X7s)\7t- 

J    \f(t)\{ha(b,p(t))-v(t)ha-i(t,p(t))} 

/b  rb 

\f(t)\ha(b,p(t))X7t-  /    \f{t)\v(t)ha-i(t,p(t))Vt, 
■J  a 

which  exists  and  is  finite.  Thus  the  function  (s,  t)  — >  K  (s,  t)  f  (t)  is  Lebesgue 
V-integrable  over  Q  by  Tonelli's  theorem. 
Let  now  the  characteristic  function 


Vi 


X(a,s]nT  (t)  =  < 


1 ,  if  t  €  (a,s]  r\T 
0,  else, 


where  s  €  [a,  b]  n  T. 

Then  the  function  (s,t)  — >  X(a,s]nT  (t)  K  (s,t)  f  (t)  is  Lebesgue  V-integrable 
on  Q.  Hence  by  Fubini's  theorem  we  obtain  that 


X(a,s]nT  (t)  K  (S,  t)  f  (t)  Vt  =     f  ha-l  (S,  p  (*))  /  (t)  Vi  =  J:.f  (S) 

J  a 
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is  Lebesgue  V-integrable  in  s  on  [a,  b]  n  T,  proving  the  claim.  ■ 

For  u  <  t;  u,t  £  T,  we  define 

s(t,u)—    /       ha-!  (t,p(r))  hp-!  (r,  p  («))  Vr 

Jp(u) 

=  ;/  (u)  ha-!  (t,  p  (u))  hfi-x  (u,  p  (u)) ,  (43.8) 

where  a,  j3  >  1. 

Next  we  notice  for  a,  /3  >  1;  a,b  £  T ,  f  £  Li  ([a,  b]  fl  T),  and  ha-i  (s,  p  (t))  is 
continuous  on  ([a,  6]  n  T)    for  any  a  >  1,  that 

JZ4f(t)=    f    Aa-l(t,p(T))VT    r%-l(T,P(u))f(U)Vu 

■J  a  J  a 

(by  Fubini's  theorem) 

t  /•«  /•< 

f(u)X7u         ha-l(t,p(T))hfi-l(T,p(u))VT=  /(u)Vu- 


h„-i  (t,  p  (t))  A^_i  (t,  /j  («))  Vt  -  /       Aa-i  (t,  P  (t))  ft^-i  (t, p  (u))  Vt 

Jp(u) 

3y  =  '       /    f{u)Vu(ha+fi-i{t,p{u))-e{t,u)J 
—  /    ha+/3-i  (t,p(u))  f(u)  Vu-  /    f  (u)e(t,u)Vu 

■J  a  J  a 

=  J:+Pf(t)-  f  f(u)e(t,u)Vu. 

J  a 


Hence 


•C^/  (t)  +  /  /  («)  e  (t,  u)  Vu  =  j:+l3f  (t),    Vie  [a,  b]  n  T. 

So  we  have  established  the  semigroup  property 
Ja4f{t)+f   f(u)v(u)ha-1(t,p(u))hP-1(u,p(u))X7u  =  j:+l3f(t),     (43.9) 

J  a 

V  i  G  [a,  b]  n  T,  with  a,beT. 
We  call  the  Lebesgue  V-integral 

D(f,a,/3,T,t)=  f   /(u)i/(u)ha_i(t,/o(tt))A/j-i(u,/o(u))Vti,         (43.10) 
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t  G    [a,  b]  n  T;  a,b  G   T,  the  backward  graininess  deviation  functional  of  /  G 
Li([a,6]nT). 

If  T  =  R,  then  £>  (/,  a,  /3,  R,  £)  =  0. 

Putting  things  together  we  have 

Theorem   43.4.    Let  Tk    =   T,  a,b   €   T,  f   €    Li([o,6]nT);  a,/3    >    1; 
fta-i  (s,  p  (£))  is  continuous  on  ([a,  b]  n  T)    for  any  q  >  1.  Then 


ftJ£f(t)  +  D(f,a,l3,T,t)  =  JZ+t'f(t),  (43.11) 


V  t  G  [a,  6]  n  T. 
We  make 


Remark  43.5.  Let  p  >  2  such  that  m— l<p<mGN,  i.e.  m  =  \p]  (ceiling 
of  the  number),  D  =  m  —  p  (Q  <D  <  1). 

Let  /  G  C(™  ([a,&]  n  T).  Clearly  here  ([181])  /v?"  is  a  Lebesgue  V-integrable 
function. 

We  define  the  nabla  fractional  derivative  on  time  scale  T  of  order  p  —  1  as 
follows: 

V^1/  (t)  =  ( Jl+1fvm)  (t)  =  j\  (t,  p  (t))  /V™  (t)  Vr,  (43.12) 

Vte[a,t]n  r. 

Notice  here  that  Vat    /  G  C  ([a,  6]  n  T)  by  a  simple  argument  using  dominated 
convergence  theorem  in  Lebesgue  V-sense. 
If  p  =  m,  then  v  —  0  and  by  (43.12)  we  find 

V™" 7  (t)  =  JafVm  (t)  =  /V™"  (t)  ■  (43.13) 

More  generally,  by  [116],  given  that  /v  is  everywhere  finite  and  absolutely 
continuous  on  [a,  b]  n  T,  then  /v  exists  V-a.e.  and  is  Lebesgue  V-integrable  on 
(a,  t]  n  T,  V  t  G  [a,  6]  n  T,  and  one  can  plug  it  into  (43.12). 

We  observe  that 

jr'v^vw  =  (jr14+7vm)  (*) 

(by(43.11))    ^+"fmyt)_  J     fVm{u)u(u)h^2(t,p(u))h~v(u,P(u))X7u  = 

(jTfvm)  (t)  -  J   fvm  («)  1/  («)  ftM-2  (£, P  («))  ftp  («, P  («))  VU. 
Hence 

Jr1VZZ1f(t)+  [   fvm  (u)u(u)h^2(t,p(u))h(u,p(u))X7u  = 
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(j™fVm)(t)=jym-l(t,p(T))fVm(T)X7T. 

We  have  proved 

Theorem  43.6.  Let  p,  >  2,  m  —  1  <  p,  <  m  £  N,  v  —  m  —  /x;/e 
Cl2([a,b]nT),  a,b  eT,Tk  =  T.  Assume  ftM-2  (s,p(t)),  te(s,p(t))  to  be  con- 
tinuous on  ([a,  ft]  n  T)  . 

Then 


^m-i(t,pM)/vra(r)Vr=  (43.14) 


■J  a 


fV      (u)v{u)K-i{t,P(u))h~„(u,p{u))Vu+         h^2{t,P{r))V^\f(r)VT. 


V  t  g  [a,  ft]  n  T. 

We  need  the  nabla  time  scales  Taylor  formula 

Theorem  43.7.  ([93])  Let  /  G  C%  (T),  m  £  N,  Tk  =  T;  a,  ft  G  T.  Then 

/  (t)  =  £  hk  (t,  a)  /v    (a)  +  /    Km_i  (t,  p  (t))  /V™  (r)  Vr,  (43.15) 

V  t  e  [a,  ft]  n  T. 

Next  we  present  the  fractional  time  scales  nabla  Taylor  formula 

Theorem  43.8.  Let  p  >  2,  m-1  <  p  <  m  eN,  v  =  m-p;  f  e  CJ2  (T)  ,  a,  ft  G 
T,  Tfc  =  T.  Assume  /iM_2  (s,p(t)),  hj,  (s,p(t))  to  be  continuous  on  ([a,  ft]  flT)  . 
Then 

m—  1 

/(i)  =  ^ftfc(t,a)/vfc(a)+  (43.16) 

fc=0 

I*  fvm  (u)v(u)h^2(t,p(u))h~„(u,p(u))X7u+  f    fc^tt-pWlVL'/MVr, 

«/  a  «/  a 

V  i  G  [a,  ft]  n  T. 

Corollary  43.9.  All  as  in  Theorem  43.8.  Additionally  suppose  /v  (a)  —  0, 
k  =  0, 1,  ...,m-  1.  Then 

A  (i)  :=  /  (t)  -  D  (/V™ ,  M  -  1, 5  +  1,  T,  t)  (43.17) 

=  /(*)-/    /V     («)v(ti)ftM-a(t,p(ti))fti;(«,p(u))Vu 
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=   /tV2(i,p(r))V^1/MVr, 

■J  a 

Vte[a,t]n  T. 

Notice  here  that  D  (/v"\m-  l,u  +  l,T,t\  G  Cid([a,b]  nT).  Also  the  R.H.S 
(43.17)  is  a  continuous  function  in  t  G  [a,  b]  n  T. 

43.2     Fractional  Nabla  Inequalities  on  Time  Scales 

We  present  a  Poincare  type  related  inequality. 

Theorem  43.10.  Let  p  >  2,  m  -  1  <  p  <  m  G  N,  v  =  m  -  p;  f  G  CJ2  (T), 
a,b  £  T,  a  <  b,  Tk  —  T.  Suppose  7iM_2  (s,  p  (£)) ,  h„(s,p(t))  to  be  continu- 
ous on  ([a,  b]  n  T)2,  and  /^  (a)  =  0,  fc  =  0, 1, ...,  m  -  1.  Here  A  (t)  =  /  (i)  - 
-C  f /V™ ,  A*  ~  1> ^  +  1> T,  t),  t  €  [a,  6]  n  T;  and  let  p,  q  >  1  :  -  +  -  =  1. 


v       q 
then 

(43.18) 
Proof.  By  Corollary  43.9  we  obtain  that 

A(t)=  /"ftM-2(*,P(r))V{J.-1/(T)VT. 


Hence 


|A(t)|<   /    k-2(i,PW)||V^1/W|Vr 
(by  Holder's  inequality) 

<  f  ft\hll-2(t,p(T))\pvrY  f /V-Vwrvr 


<  ^|V2(*,p(r))|PVry  (IjV-VWrVr 
Therefore 

|A(t)|*  <  ^t|V2(t,p(r))|PVr)P  (/V-VWrVr)  ,  (43.19) 

V  t  G  [a,  b]  n  T. 

Next  by  integrating  (43.19)  we  are  proving  the  claim.  ■ 


720         43.  Principles  of  Nabla  Fractional  Calculus  on  Time  Scales 

Next  we  give  a  related  Sobolev  inequality. 

Theorem  43.11.  Here  all  as  in  Theorem  43.10.  Let  r  >  1  and  denote 

i 

rb 


Then 


/  "<*H: 


^6(Y|ftM-2(i,p(T))|PVrYv*J     ||V^V||,-  (43.20) 


\\A\\r< 
Proof.  As  in  the  proof  of  Theorem  43.10  we  have 


Therefore 

\Mt)\r<(£\h-*(t,p(T))\*VTY  (J'lv^fWl'vtY , 

and 

jT"  |A(t)|rVt  <  j"  (J*  \h,-2  (t,p(r))\P  Vr)  '  Vt  (T  IV^-VWl"  Vi)  q  • 

(43.21) 
Next  raise  (43.21)  to  power  -.  Hence  proving  the  claim.  ■ 

Next  we  give  an  Opial  type  related  inequality. 

Theorem  43.12.  Here  all  as  in  Theorem  43.10.  Additionally  suppose  that 
I  V„r  f\  is  increasing  on  [a,  b]  n  T.  Then 


/"V(i)||V£T1/(t)|Vt< 

J  a 


(6  -  O)  «  (  jf  "  (£  |h„-2  (t,  P  (t))|"  Vr)  Vt)  P  Qf  "  (VS."1/  (t))2"  Vt)  '  . 

(43.22) 
Proof.  As  in  the  proof  of  Theorem  43.10  we  obtain 


\A(t)\<      K-2(t,p(T))  vr      /  ivs.-VwrvT 
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K-2{t,P{r))\    Vr        |V£t7(*)|  (*-«)* 


Therefore 


A^WViZ1  f  {t)\  <  (J*\h^2(t,p(r))\PVry  (Vfr1  f  (t))\t -  a)$ 


for  all  t  G  [a,  b]  n  T. 

Consequently  we  derive 


fb\A(t)\\V£1f{t)\Vt< 

■J  a 

1 

\h^2(t,p(r))\P\7r)P  (Vj.-'/Wj'tt-fl). 


Vt 


a       \t/  a 


/iM-2(t,p(T))     Vr     Vi 


(vs^/(*))2*(*-«)v* 


7M-1  f  (t\\2q^ 


K-2  (t,  P  (t))    Vt   vt         /    (v^-V(*))    vt 


<  (6-a)« 

proving  the  claim.  ■ 

It  follows  related  Ostrowski  type  inequalities. 

Theorem  43.13.  Let  p,  >  2,  m  -  1  <  p  <  m  G  N,  v  =  m  -  p;  f  G  C/2  (T), 
a,b  G  T,  a  <  b,  T^  —  T.  Suppose  h^-2  {s, p (i)) ,  h„  (s,p(t))  to  be  continu- 
ous on  ([a,  6]  n  T)2,  and  fv>°  (a)  =  0,  k  =  1, ...,  m  -  1.  Denote  A  (i)  =  /  (i)  - 
£>  (/V™ ,  P  -  1>  #  +  1,  T,  t) ,  t  €  [a,  b]  n  T. 

Then 


1 


b  —  a 


A(t)Vt-f(a) 


bh  {[  (/J  \%»-*  {t'p{T))\  W)  Vt)  HV- ^IL,[a,6]nT  •  (43-23) 

Proof.  By  (43.16)  we  obtain 

A(t)-/(o)=   /"  V,(t,p(T))V|;(-1/WVT,       ViG[a,b]nT. 
Then 

1^4  (t)  -  /  (a)|  <  (  /'  |AM_a  (t,  P  (r))  | Vr)  || V-V|L,MnT  , 
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V  t  e  [a,  b]  n  T. 

Therefore  we  get  that 


1 


b  —  a 


A(t)Vt-f(a) 


1 


1 


b  —  a 


(A(t)-f(a))Vt 


b  —  a 


L4(t)-/(a)|Vt 


~a  {[  ([  I*""2  (*'"(T))I  VT)  Vt)  llV-*"VL,[a,6]nT  = 


proving  the  claim. 


Theorem  43.14.  All  as  in  Theorem  43.13.  Let  p,q  >  1  :  l  +  -  =  1.  Then 


1 


b  —  a 


A(t)Vt-f(a) 


b  —  a 


a      \J  a 


\K-2{t,p(r))\    Vr        Vt     HVj;-1/! 


j,[o,6]nT  ' 


(43.24) 


Proof.  By  (43.16)  we  derive 

|A(t)-/(o)|<   /tk-2(i,PW)||V^1/M|Vr 


<  (    /     fc-2(t,pM)rVr 


V^/M^r 
£\h-2(t,P(r))\PVry  HV^VII,,,,,, 


,,6]nT  ' 


That  is  we  have 


\A(t)-f(a)\<U     |h„_2(t,p(T))|    Vrj      ||V^V||,i[0i6]nT,    ViG[a,b]nT. 

Therefore  we  obtain 

1        A6 ._  1        '* 


b  —  a 


b  —  a 


\A(t)-f(a)\m 


b  —  a 


A(t)Vt-f(a) 


K-At,p{r))\    Vr        Vt      ||VS71/||„[o,6]n 


a       \J  a 
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proving  the  claim.  ■ 

We  finish  general  fractional  nabla  time  scales  inequalities  with  a  related 
Hilbert-Pachpatte  type  inequality. 

Theorem  43.15.  Lete>0,  )i>2,  m-l</i<m£N,  ?  =  m- 
H;  fi  G  C^{Ti),  a%M  e  Ti:  a,  <  h,  Tik  =  T  time  scale,  %  =  1,2.  Sup- 
pose h^_2(si,pi(ti))  ,  h~'  (si,pi(U))  to  be  continuous  on   ([en,  bi]  H  Ti)2 ,  and 

fj"  (a,)  =  0,  k  =  0, 1, ...,  m  -  1;  %  =  1,  2.  Here  A,  (ti)  =  fi  (U)  -  A(/f  "\  A*  -  1, 
i5  +  l,Ti,ti),  t»  G  [ai,6i]nTi;  i=  1,2,  andp,g>  1  :  ±  +  ±  =  1. 
Set 

F(ti)=  /'1(|^122(ti,pi(r1))|)PVr1, 
for  all  ii  €  [di,6i],  and 

G(t2)=   r2(fc(t2,P2(T2))|)9Vr2, 

for  all  t2  €  [02,62]  (where  h*_2,  pi  are  the  corresponding  7iM_2,  p  to  Ti,  i  =  1,  2). 
Then 

'      "        l^(*i)ll^(fa)l.vtlVfe< 


,  ,       F(ti)       .      G(tn) 

«i   •'"2      eH L-LZ  H L^z 


(6i  -  ai)  (62  -  a2)  (7  *  IV^-1/!  (ti)|*  Vti)  '  (^  '  (V^  (t2)|P  Vt2)  "  . 

(43.25) 
(above  double  time  scales  Riemann  nabla  integration  is  considered  in  the  natural 
interative  way). 
Proof.  We  notice  that 

V  P  '  9 

is  a  Riemann  V-integrable  function  on  [01,  61]  l~l  T\. 

Since  /,v    (a)  =  0,  k  —  0, 1, ...,  m  —  1;  i  =  1,  2,  by  Corollary  43.9  we  get  that 

Ai  (U)  =  /"  '  ftW  2  (*i,  ^  (ri))  V^-1/.  (n)  Vn, 

V  U  e  [at,  bi]  n  T,  where  ai,  bi  G  T. 
Therefore 

|Ai  (tr)|  <  (£  (|ft£>a  (t1;Pl  (n))|)PVn)  P  (Y1  (V^-1/!  (n)|' Vti)  " 
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=  F(ti)$(£\V£.1f1{n)\9Vn 

and 

\A2(t2)\  <  (£  (\h%(t2,p2(r2))\)\r2^  "  ^  |V^-1/2(r2)|PVr2) 


=  G(t2)«U      |V£-72(t2)|"Vt2 

Young's  inequality  for  a,  b  >  0  says  that 

l  ,1   _  a       b 
avbi  <  — | — . 

p     g 

Hence  we  have 

|Ai(ti)||A2(i2)|< 

{F{ti))p  (G(fa))J  (7''  |VST.Vi  (n)\q  Vn)  '  (^  K^/s  (r2)f  Vr2 

<^^)a>^<")rw,)i(/>SM..rv. 

The  last  gives  (e  >  0) 


"""        P         "T"         9 


for  all  ii  6  [a,,  6,]  n  Tit  %  =  1,  2. 
Next  we  observe  that 


61  r  1^(^)11^(^)1     < 

\  P  9 


61  (rV-,  l/i(n)|"Vrj)     V7, 

t>2    /    /1t2 


|V£-72(T2)rVr2]     Vt2)  < 
(by  Holder's  inequality) 

1|Var*1/i(n)|9Vri)Vti)     (ftj-«j)- 
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{la     {l«     'V"2*1/2  (T2)|P  VT2)  Vt2)  "  {b2  _  ^ 
<(  I"1  (  [bl  (V^/i  M'VtO  Vti)  '  (61  -  ai)p 


^2     /     /*&2 


V£", ' /2  (t2)\p  Vt2     Vt2        (62  -  02) 5 


ax)  (62  -  02)  (7  *  |VSr.Vi  (Tl)|'  Vn)  "  (7  2  |V^/2  (r2)|P  Vr2)  "  , 


proving  the  claim. 


43.3     Applications 

I)  Here  T  =  R  case. 

Let  /1  >  2  such  that  m- 1  <  fi  <  m  £  N,  v  —  m-  IX,  /  €  Cm  ([a,  6]),  a,  6  G  R. 
The  nabla  fractional  derivative  on  R  of  order  /1  —  1  is  defined  as  follows: 

vs.-1/  (t)  =  ( jf +1/(m))  (t)  =  f^Vry  /' {t  ~ T)" /(m)  (r)  dT>     (43-26) 

V  t  €  [a,  b] . 

Notice  that  V&T1/  €  C"  ([a,  &]),  and  A  (£)  =  /  (t),  V  t  €  [a,  b]  . 
We  give  a  Poincare  type  inequality. 

Theorem  43.16.  Let  fj,  >  2,  m  -  1  <  n  <  m  G  N,  /  G  Cm  (R),  a,  &  G  R, 
a  <  b.  Suppose  f(k)  (0)  =  0,  k  =  0, 1, ...,  m  -  1.  Let  p,  g  >  1  :  ±  +  \  =  1.  Then 

|fMI*dt< (b  ~  a)  M ! f  /"  IV-1/'  ml'^ 

"  (r(M-i))9(M-i)g((M-2)p  +  i)9-1  U  '   a      W|     7 

(43.27) 
Proof.  By  Theorem  43.10.  ■ 

We  present  a  Sobolev  type  inequality. 

Theorem  43.17.  All  as  in  Theorem  43.16.  Let  r  >  1.  Then 

11/11,  <  (b-af    2+^ r||VL-7||g.       (43.28) 

r  (|t»  -  1)  (&u  -  2)p  +  1)?  ((m  -  2)  r  +  f  +  l)  r 
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Proof.  By  Theorem  43.11.  ■ 

We  continue  with  an  Opial  type  inequality. 

Theorem  43.18.   All  as  in  Theorem  43.16.  Assume  \Va*    f\   is  increasing 
on  [a,  b]. 


f  |/(t)||vs.-1/(*)|*< 

J  a 


(b-af-^ 


\2ci 


r  (m  -  1)  [((/U  -  2)p  +  1)  ((/*  -  2)p  +  2)] ?   Va 
Proof.  By  Theorem  43.12. 

Some  Ostrowski  type  inequalities  follow. 


(V£-7(t)r«tt       .      (43.29) 


Theorem  43.19.  Let  /u  >  2,  m  -  1  <  /j,  <  m  G  N,  /  G  Cm  (R),  a,  b  G  R, 
a  <  b.  Suppose  /(fe)  (a)  =  0,  k  =  1, ...,  m  -  1.  Then 

—  /   f(t)dt-f(a)    <  (^7a)A\    IIV^VH      .    .,.  (43.30) 

-a  Ja    J   y  '  J   v    y    ~     T  (/J  +  1)     '  J  Hoo,[o,6]  *•  > 

Proof.  By  Theorem  43.13.  ■ 

Theorem  43.20.  Here  all  as  in  Theorem  43.19.  Let  p,  a  >  1  :  -  +  -  =  1.  Then 


b  —  a 


f(t)dt-f(a) 


(6-o) 


M-i-i 


r(M-l)    M-i    ((A»-2)p  +  l)p 


-  IIVM     fll 

1    II  V  a*      J  \\q,[a,b]  ' 


(43.31) 


Proof.  By  Theorem  43.14. 

We  finish  this  subsection  with  a  Hilbert-Pachpatte  inequality  on 


Theorem  43.21.  Let  e  >  0,  fj.  >  2,  m-  1  <  fj,  <  m  G  N,  i  =  1,  2;  /<  G  Cm  (I 
Oi,  6,  6l,a,<  &i,  /f >  (a,)  =  0,  fc  =  0, 1, ...,  m  -  1;  p,  q  >  1  :  ±  +  ±  =  1. 


Put 
fa  G  [ai,  6i],  and 
<2  G  [02,62]. 


G(fa-) 


(fa  -  ai)(M-2)p+1 
(r(M-l))p((M-2)p  +  l)' 

(t2-a2)(M'2)g+1 

(r(/*-i))«((Ai-2)«  +  i)' 
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Then 

'    '       'M'OIIMfe)!    dMt2< 


\  V  1 

(b!  -  oi)  (62  -  02)  (T1  ivsr.Vi  (ti)|**i) '  (T2  iv^/2  (i2)|pdt2j p . 

(43.32) 
Proof.  By  Theorem  43.15.  ■ 

II)  Here  T  =  Z  case. 
Let  /j,  >  2  such  that  m  —  1  <  /1  <  m  G  N,  55  =  m  —  fi,  a,  b  G  Z,  a  <  &.  Here 

/  :  Z  -  R,  and  /v?"  (t)  =  Vm/  (t)  =  £™  0  (-1)"  (   ™  )  /  (*  "  *0  ■ 

The  nabla  fractional  derivative  on  Z  of  order  /1  —  1  is  defined  as  follows: 

VS.-1/(t)=(4+1(Vro/))(t)  =  f?^nT    £     (i-T  +  lf(V"7)(r), 

(43.33) 

V  i  G  [a,  00)  HZ. 

Notice  here  that  !/  (t)  =  1,  V  <  £  Z,  and 

^(t)  =  /(t)-D(Vm/,M-l^+l,Z,t) 

=  /(*)-  E  (vm/W)^T7^IT~'  (43-34) 

u=a+l  *■"  ' 

V  i  G  [o,oo)nZ. 

We  give  a  discrete  fractional  Poincare  type  inequality. 

Theorem  43.22.  Let  fj,  >  2,  m  -  1  <  fx  <  m  G  N,  a,  6  G  Z,  a  <  b,  f  :  Z  -»  R. 
Assume  Vfc/  (a)  =  0,  fe  =  0, 1, ...,  m  -  1.  Let  p,  g  >  1  :  ±  +  |  =  1.  Then 

E  i^wi9^ 
(f(^(E  (E  (*-r  +  D^))(E  |v-vwr 

v      VA^  '■'       \t=a+l    \r=a+l  /  /      \t=a+l 

(43.35) 
Proof.  By  Theorem  43.10.  ■ 

We  continue  with  a  discrete  fractional  Sobolev  type  inequality. 

Theorem  43.23.  Here  all  as  in  Theorem  43.22.  Let  r  >  1  and  denote 


l/llr=(    E      l/(*)l 
\t=o+l 
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Then 


WIp<^(E_(E  (*-  +  !)<*-* 


£=a-|-l    \t  — a  +  1 


V£T7|L-    (43.36) 


Proof.  By  Theorem  43.11.  ■ 

Next  we  give  a  discrete  fractional  Opial  type  inequality. 

Theorem  43.24.   Here  all  as  in  Theorem  43.22.   Suppose  that   (V^T1/)   is 
increasing  on  [a,  6]  n  Z.  Then 


E  |A(t)||vs.-1/(*)|< 

!  =  a  +  l 

r(M-T)(.i:.(  E,(^-  +  D(~)p))P(.^,(V-1/(i)) 


a)  i 


t  — a+l    \T  — a  +  1 


■2q 


Proof.  By  Theorem  43.12. 

It  follows  related  discrete  fractional  Ostrowski  type  inequalities. 


(43.37) 


Theorem  43.25.  Let  /j,  >  2,  m  -  1  <  \x  <  m  £  N,  a,  b  £  Z,  a  <  b,  f  :  Z 

Assume  Vkf  (a)  =  0,  k  =  1, ...,  m  —  1. 
Then 


^-  E  ^  (*)-/(«) 


b  —  a 


< 


iy   E    E  (*-^+ir2    l|v^ViL,[0,6]nz.  (43.38) 


(6-o)r(u-i)  \  ^  \  ^ 

Proof.  By  Theorem  43.13 


Theorem  43.26.  All  as  in  Theorem  43.25.  Let  p,q  >  1  :  -  +  -  -  1.  Then 


—   £   A(t)-/(a) 

—   n       L — ' 


b  —  a 


ir-TT     £(£  <—  +  »<->' 


(b-a)r(u-l)   I     ^     I     ^ 

v  J       \l"  J     \  t=o+l    \r=a+l 

Proof.  By  Theorem  43.14. 


VM~1fl 

Va*    J  lla,[o,i,]nz  ■ 

(43.39) 
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We  finish  chapter  with  a  discrete  fractional  Hilbert-Pachpatte  type  inequality. 

Theorem  43.27.  Let  e  >  0,  n  >  2,  m  -  1  <  M  <  m  £  N;  i  =  1,  2;  /;  :  Z  -»  M, 
a;,6j  6  Z,  a;  <  6j.  Suppose  Vfe/i  (oj)  =  0,  fc  =  0, 1,  ...,m—  1.  Here  Ai  (ti)  — 

fi  (*i)-E!i=«<+i  (V"7M)  ^"r^-Vr^.Vti  G  [ai,oo)nZ;p,g  >  1  :  ±  +  ±  =  1. 
Set  


Ti=ai+1  V       ^  '' 


V  ti  €  [ai,  co)  n  Z,  and 


r2=a2  +  l 


fa  -  r2  +  :      

(r(M-i))9      ' 


vt2e  [02,00)  n: 

Then 


E     E 


i^i(ti)iiA2(f2)i 


tl=a1  +  lt2=a2+l   [£+^LL  +  -if1 


< 


(fti-ai)(fc-aa)(    J2     IVST.ViCtOrV  f    E     IV^M^fV- 

\tl=ai+l  /         \t2=02+l  / 

(43.40) 
Proof.  By  Theorem  43.15.  ■ 


44 

Optimal  Error  Estimate  for  the 
Numerical  Solution  of 
Multidimensional  Dirichlet  Problem 


For  the  multivariate  Dirichlet  problem  of  the  Poisson  equation  on  an  arbitrary 
compact  domain,  this  chapter  examines  convergence  properties  with  rates  of  ap- 
proximate solutions,  obtained  by  a  standard  difference  scheme  over  inscribed  uni- 
form grids.  Sharp  quantitative  estimates  are  proved  by  the  use  of  second  moduli 
of  continuity  of  the  second  single  partial  derivatives  of  the  exact  solution.  This 
is  achieved  by  engaging  the  probabilistic  method  of  simple  random  walk.  This 
chapter  is  based  on  [63]. 


44.1     Introduction 

Consider  SlcR1,  I  >  1,  an  open  subset  with  compact  closure  Q  and  a  regular 
boundary  dQ,  and  the  Laplacian 

l 

;=i 
The  Dirichlet  problem  in  Q  has  a  solution  u  on  Q  so  that 

Au(x)  =  -f(x),     (V)l£fl, 
lim  u(x)  =  cp(y),    (V)  y  €  dfi, 


G.  A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  731H747J 
springcrlink.com  ©  Springer- Verlag  Berlin  Heidelberg  2011 


732 


44.  Numerical  Solution  of  Multidimensional  Dirichlet  Problem 


where     /,  <p     arc     appropriate     real     valued     functions     denned     on     O,     (90, 
respectively. 

Let  Oft  be  the  inscribed  in  O  uniform  grid  of  mesh  h  =  — ,  n  €  N,  with 
boundary  dOft.  Also,  we  consider  the  discrete  Dirichlet  problem  of  finding  Uh 
such  that 

AhUh(x)  = -/(»),    (V)x-eOft, 


where 


Ahuh(x)  :=  h 


uh(x)  =  ifi(x),    (V)  x  €  90h, 


^  Mh(a;  ±  ftefe)  -  2luh(x) 


(V)  a;  G  Oh, 


is  the  discrete  Laplacian.  Here  e^  is  the  natural  basis  in  Pj.  Using  the  probabilistic 
method  of  simple  random  walk  we  are  able  to  establish  that 

1     l 
(i)    \\uh  -  u\\ah  <  j  J2  w2,i(h,  dl.u)  +  Dh, 

i=l 

where  ||  •  ||q     is  the  supremum  norm  in  Oft. 

Here  W2,i  is  the  second  modulus  of  continuity  of  the  second  single  partial  of  u 
with  respect  to  x%,  i  —  1, .  -  - ,  I;  and  Dh  —  Distance(0,  Oft)  — »  0  as  h  — +  0.  See 
Theorems  44.3  (case  of  Dh  -  0)  and  44.7. 

When  O  =  {x  :  0  <  Xi  <  1},  case  of  Dh  =  0,  inequality  (i)  is  proved  to  be 
sharp  using  a  similar  method  as  in  [124].  See  Theorem  44.6,  along  with  Remark 
44.4. 

This  chapter  has  been  greatly  motivated  by  the  pioneering  very  important 
work  of  Buttgenbach,  Esser,  Liittgens  and  Nessel  (1992),  see  [124].  There  the 
above  authors  worked  on  a  square  and  produced  basic  results  for  the  two- 
dimensional  Dirichlet  problem,  whose  generalizations  in  Rl  are  found  in  this 
chapter.  Their  method  was  purely  analytical  and  totally  different  than  the  prob- 
abilistic approach  here. 


44.2     Background 


44-2-1     Dirichlet  Problem:  Continuous  Case 


Let   O 
d'L  +  . 


C     R' 


be    an    open    subset    with    compact    closure    O    and    A     = 
be   the   Laplacian.    The   Dirichlet   problem   in   O   consists   in 
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finding  a  function  on  Q  such  that  for  given  functions  /,  defined  in  Q,  and  ip, 
defined  on  dfl,  we  have 

r  At*(s)  = -/(*),   (V)iefi, 

^    limx^,u(a:)  =  ¥>(*),    (V)  j/  e  an.  (44.1) 

It  is  well-known  fact  [147,  pp.  8,  49,  85]  that  if  O  has  regular  boundary  (for 
example  an  is  a  smooth  surface)  and  /  is  a  bounded  locally  Holder  function  and 
ip  is  a  continuous  function  then  the  problem  (44.1)  has  a  unique  solution  u(x), 
which  can  be  represented  in  the  form 

u{x)  =  Gnf{x)  +  Hn<f{x),  (44.2) 

where 

Gaf{x)=  j  gn(x,y)f(y)dy  (44.3) 

■Jn 

Hnip{x)=  [    ip(y)Un{x,dy)  (44.4) 

Jan 

are  the  Green  potential  of  the  function  /  and  the  harmonic  in  n  function  with 

boundary  values  ip,  respectively.  In  (44.3)  gn{x,y)  is  the  so-called  Green  function 

of  n  which  is  determined  uniquely  by  the  following  properties 

(i)  Agci(x,y)  =  —  S(x  —  y),  x,y  £  fl,  where  5  is  the  Dirac  delta  function, 

(ii)  gn(x,y)  —  0,  x  G  dQ  or  y  £  dQ. 

The  Kernel  Iln(x,dy)  is  the  so-called  measure  of  domain  Q,  or  Poisson  kernel 
of  f2  and  if  dfl  is  a  smooth  surface  then  IIn(a;;  dy)  =  Iin{x,  y)da,  where  da  is  a 
surface  measure  an.  The  function  Tln(x,y),  x  £  n,  y  £  an  can  be  defined  by 
the  following  relation 

a 

Iiti(x,y)  =  g^gn(x,y),  x£fl,  y  £  an,  (44.5) 

where  -^  is  the  normal  derivative  at  the  boundary  an. 

Following  the  main  idea  of  this  chapter  we  briefly  give  here  the  important 
probabilistic  counterpart  of  the  analytical  facts  mentioned  above.  We  refer  to 
reader  to  [151],  [152],  and  [147]. 

Let  (xt,Px),  x  £  Kl  be  the  Wiener  process  in  R!  starting  at  the  point  x. 

Denote  by  rn  the  first  exit  time  of  n 

m  ■-  inf{i  >  0  :  xt  £  R;\n}. 

As  usual  we  denote  by  ExF(u>)  the  mathematical  expectation  corresponding 
to  the  measure  Px.  We  have 
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Gnf(x)  =Ex(fa  f(xs)dsj  ,  (44.6) 

Haip(x)  =  Ex  [<p{xTa),Tti  <  oo] .  (44.7) 

In  particular,  if  Q  —  {x  :  \x\  <  R}  is  a  ball  of  radius  R  then  it  is  easy  to 
see  that  the  function  u(x)  =  ^{R2  —  x2)  is  a  solution  of  the  following  Dirichlet 
problem 


Thus 


and  we  finally  get  that 


Au(x)  =  -1,  x  G  n, 
u(x)  =  0,  x  €  90. 


GnlM  =  ^(i?2 


2\   ,-     1    r>2 


Bx[rn]  =  -(^-^)<-^.  (44.8) 

As  an  easy  but  important  consequence  of  this  fact,  we  find  that  for  each 
bounded  domain  Q  the  corresponding  first  exit  time  rn  is  finite  almost  surely 
and 

1     2 
Exm  <  gjdn, 

where  dn  is  the  diameter  of  ft.  Indeed,  let  Q'  be  a  ball  of  the  radius  |dn  such 
that  Q  C  O'.  Then  rn  <  tqi  and  we  obtain 

1    2 
-Eoj-rn  <  S^Tn/  <  —  dn. 
ol 

Another  useful  fact  we  would  like  to  mention  here  is  the  following  property.  Let 

fln  C  fi  be  an  increasing  sequence  of  subdomains  of  Q  such  that  U„>if2n  =  fl.  Let 

for  each  h  >  1,  rn  be  the  first  exit  time  of  Qn.  It  is  clear  that  n  <  r2  <  . . .  <  m. 

Using  the  continuity  of  the  sample  path  t  — >  xt  we  easily  find  that 

lim  t„  =  rn. 

n — >od 

Now  assume  that  the  function  ip(x)  is  well  defined  in  some  neighborhood  of 
dfl  and  is  Lipschitz  continuous  there.  Denote  by  un  the  solution  of  the  Dirichlet 

problem  in  Qn  with  functions  /„  =  /         and  ipn  :—  ip\        .  We  estimate  the 

ln„  '  lann 

difference  u  —  un  on  the  fixed  compact  K  C  ft.  By  (44.6)-  (44.7)  we  derive 
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\u(x)  -  u„(x)\  <  Ex  [    I       f(xt)dt)  +  Ex\ip(xTn)  -  (fi(xTn)\ 


<  \\f\\c(n)Ex(Tn  —  t„)  +  Ln  ■  Ex\xTn  —  xT„\ 


<  \\f\\c(ciEx(Tn  —  r„)  +  Ln  ■  \J Ex(xTa  —  xTn)2 


where 


=  Wf\\c(nEx(Tn  -  t„)  +  Ln  ■  V Ex(rn  —  r„), 

r    .    „_„n  W(x)-v(y)\ 

La  ■=  sup 


\x-y\ 

is  Lipschitz  constant  of  ip.  Thus,  if  we  denote  by 


8n(k)  :=  sup  \/Ex(m  -  t„), 
xen 

then  we  derive  the  following  estimate 

sup  \u{x)  -  u„(x)\  <  f\\c<n5l{k)  +  Ln  ■  5n(k).  (44.9) 

xeK 

Thus,  using  the  fact  that  5n(k)  J.  0  as  n  —*  oo  we  find 

sup  ||M(a;)  -  un(x)\  ~  Ln  ■  5„(K).  (44.10) 

xeK 

We  denote  that  (44.10)  gives  us  the  estimation  of  the  speed  of  the  convergence 
u„  — *  u  in  the  geometrical  terms  {^(.ft')}. 


44-^-2    Dirichlet  Problem:  Discrete  Case 

Let  Zl  be  an  Z-  dimensional  integer-valued  lattice.  This  lattice  consists  of  points 
(vectors)  of  the  type  x  =  xiei  +  . .  .+xiei,  where  ei, . . . ,  e;  comprises  the  orthonor- 
mal  basis  of  Rl ,  and  the  coordinates  xi, . . . ,  x\  are  arbitrary  integers.  Increasing 
or  decreasing  one  of  the  coordinates  by  one  unit  and  leaving  the  other  coordinates 
unchanged,  we  obtain  the  2/  neighboring  lattice  points  to  x.  Let  B  a  subset  of 
points  of  a  lattice  Zl.  We  call  a  point  x  ^  B  a  boundary  point  for  the  set  B  if 
at  least  one  point  of  the  type  x  ±  eu  belongs  to  B.  The  collection  of  boundary 
points  of  the  set  B  is  called  the  boundary  of  B,  denoting  it  dB. 
Let  /  be  a  function  defined  at  the  points  of  a  lattice  Zl .  We  put 
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1      ' 
Pf(x):=-'£f(x±ek) 


21 
k=i 

It  is  logical  to  call  P  the  averaging  operator.  It  is  well  known  that  the  linear 

operator  P  —  E,  where  E  is  the  unit  operator,  is  the  discrete  analog  of  the 

Laplacian  A.  Indeed,  for  a  sufficiently  smooth  function  f(x)  specified  over  the 

space  R  , 

Af(x)  =  &0 P 

so  that  the  Laplacian  is  obtained  by  passing  to  the  limit  from  the  operator  P  —  E 
as  the  lattice  is  infinitely  partitioned. 

Let  f2  C  7}  be  a  finite  subset  (i.e.,  cardinality  |fi|  <  00).  The  Dirichlet  problem 
in  Q  consists  in  finding  a  function  u(x),  x  G  flu  dfl  such  that  for  given  functions 
/  defined  in  fl  and  (p  defined  in  <9fl  we  have 

(  (p~  e)u(x)  =  -f{x),  x  e  a, 

<    u(x)  =  <p(x),  x  e  <9fl.  (44.11) 

First  of  all  we  note  that  if  mi  and  M2  are  two  solutions  of  the  problem  (44.11) 
then  Mi  =  U2-  This  fact  follows  immediately  from  the  well-known  minimum  prin- 
ciple [152,  Ch.  1,  Problems  18,  19]:  if  fl  is  connected,  i.e.,  each  two  points  x,  y  G  fi 
can  be  connected  by  a  chain  of  points  Xi  —  X,  X2,  ■  ■  ■ ,  xn  —  V  from  £1,  such  that 
each  of  the  differences  Xi  —  Xi-i  —  ie^  for  some  k  <  I,  u  is  a  function  on  Q  such 
that  Pu  <  u,  and  u  reaches  its  minimum  value  on  Q.  U  d£l  at  a  point  x  £  fl,  then 
u  is  constant  onllU  dQ. 

Next  our  remark  concerns  the  decomposition  u  =  Mi  +  U2  of  the  solution  u  of 
the  problem  (44.11),  where 

C    {P-E)uiix)  =  -f(x),x€Sl, 

I    mix)  =  0,  xe  dQ,  (44.12) 

C    (P-E)u2(x)  =  0,  xe  o, 

I    U2(x)  =  (p(x),  x  G  dQ.  (44.13) 

This  decomposition  is  a  discrete  analog  of  the  decomposition  (44.2).  Following 
the  same  reasoning  as  in  Part  44.2.1  of  this  chapter  we  give  the  probabilistic 
representation  of  the  "discrete"  Green  potential  mi  :=  Gnf  and  the  "discrete" 
harmonic  function  M2  :=  Hcup.  In  this  part  of  our  exposition  we  follow  the  mono- 
graphs [152]  and  [270]. 

A  simple  random  walk  on  the  lattice  Zl  is  a  random  process  (a;(n),P)  with 
values  x(m)  G  Zl  such  that  the  increments  x(n  +  1)  —  #(n),  n  —  0, 1, . . .,  are 
independent  identically  distributed  random  variables  and 
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P(x(l)  —  x(0)  —  x)  —  Yi  when  x  =  ±ek, 
=  0  when  x  /  ±efc. 

It  is  easy  to  find  that  for  each  bounded  function  fix) 

E(f(x(l)),x(0)  =  x)  =  Pf(x), 


and  more  generally 


E(f(x{n)),x(0)  =  x)  =  Pnf(x). 


Fix  the  finite  subset  fl  C  Zl  and  let  rn  be  the  time  of  first  visit  of  the  "particle" 
x(-)  to  the  set  Z!\fi  (first  exit  time  of  ft).  Following  [270,  p. 107]  we  introduce  the 
next  functions, 


Qn(n;  x,  y)  —  P(x(n)  —  y,n<m;  x(0)  —  x),  x,  y  e  O, 
=  0,  otherwise, 


(44.14) 


(x,y)      =     ^Qn(n,x,y)  (44.15) 


!)'-> 


Hn(x,y)  =  P{x(m)  —  y,rn  <  oo,x(0)  —  x);  x  e  Q,  y  e  dQ, 
=  S(x,  y),  otherwise. 


(44.16) 


Define  also  the  following  operators 

Gn/(aO:=X)/(v)9n(s,v)  (44.17) 

yen 

Hn<p(x):=  J2  <P(y)Hn(x,y).  (44.18) 

yean 

The  proofs  of  the  following  basic  facts  can  be  found  in  [151,  Ch.  1,  Problem 
21]  and  [270,  p.  108]. 

(A)  The  function  Gnf(x)  gives  the  unique  solution  of  the  problem  (44.12)  and 
the  following  representation  of  Gnf  holds  true 
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Gaf(x)  =  Ei    J2  /(*(*));  *(0)  =  xl. 

I    fc=0  J 


(44.19) 
I    fc=0  J 

In  particular 

Gnl(x)  =  E{m;x(0)=x}.  (44.20) 

(B)  The  function  Hn<p(x)  gives  the  unique  solution  of  the  problem  (44.13). 
An  auxiliary  result  that  it  needed  for  later  follows. 

Theorem  44.1.  For  every  function  u  on  fiUdfi,  the  following  inequality  holds 
true: 

||«||n  <  cci\\{P  -  E)u\\n  +  \\u\\an,  (44.21) 

where 

\\u\\n  :=  max{|u(x)|,  x  G  fi  U  <9f2} 
and 

en  :=  maxGfil(i). 

if!! 

Proof.  Define  the  following  functions 

f(x)  =  -(P-  E)u(x),  x  G  fl, 
ip{x)  —  u(x),  x  G  dfl. 

Then  we  have 

(i)  (P-E)u{x)  =  -f(x),  xen 

(ii)  u(x)  =  ip(x),  x  G  dCl. 
By  (A)  and  (B)  we  get  that 

u(x)  =  Gnf(x)  +  Hn(fi(x). 
From  this  identity  we  immediately  find  that 

N|n<||Gnl||n  ||/||n  +  \\Hn<p\\a 
<  cn\\(P  -  E)u\\n  +  \\<fi\\an 
=  cn\\(P-E)u\\ci  +  \\u\\an. 
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The  following  result  turns  out  to  be  useful  in  the  following  considerations. 

Theorem  44.2.  Let  be  a  finite  subset  of  Zl .  Denote 

Nn  ■—  sup{|a;;|,  i  =  l,...,l,   (xi, . . .  ,xi)  G  fi}. 
Then 

cn  :=  sup{GS2l(a;),  x  e  ft}  <  l(Nn  +  l)2. 
If  n=  {(xi,...,xi)  €  Zl  :  1  <  Xi  <  Nn,  i  =  1, ...,/}  then  also 

CS2>   -^(iVS2  +  l)2. 

Proof.  Let  Cl  —  {x  €  Z    :  \xi\  <  Nn}  be  a  minimal  slab  that  contains  O.  Then 
clearly  rn  <  r^  and  consequently 

Gnl{x)  =  E{Txi,x{0)  =  v} 

<E{r{l,x(0)  =  x}  =  GCll(x). 
Now  note  that  for  each  2  <  k  <  I  and  a;  £  17  we  have 

Gnl(x±efc)  =  Gfil(a;), 

thus  Gq1(x)  =  Gq1(xi,0,  . . .  ,0).  Let  Pi  be  the  average  operator  for  the  one- 
dimensional  random  walk  on  Z\  :—  {nei,  n  —  0,  ±1, . . .}.  Then  it  is  clear  that 

P-E=jJ2(P.-E). 
1  i=i 
Using  these  remarks  we  find  that  the  function  m(x\)  :—  G^l(x)  is  a  solution 
of  the  following  one-dimensional  Dirichlet  problem 

C    (Pi  -  E)m(x)  =  -I,  -Nn  <  x  <  Nn, 

Now  consider  the  function  n(x)  :=  I  ■  [(Nn  +  l)2  —  x2],  \x\  <  Nn  and  n(x)=0, 
and  \x\  =  ±(JVf2  +  1).  It  is  easy  to  see  that  the  function  n(x)  is  a  solution  to  the 
Dirichlet  problem  (*).  Thus  by  uniqueness  m(x)  =  n(x)  and  we  finally  find 

Cn  =  ||GS2l||S2<||Gs~2l||s~2</(iVn  +  l)2. 
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To  prove  the  lower  bound  en  >   |/(iVn  +  l)2  for  the  grid  Q,  =  {x  :  \xt\  < 
Nn,  i  —  1,2,...,/}  we  use  the  same  method.  Namely,  we  consider  the  function 


u(s)  :—  sin 


(JVn  +  1) 


and  denote  by 


U(x)  :=\\u(xl),  x£  Zl. 


Then  we  get 


(P  -  E)U(x)  =  j  J2(Pi  -  E)u(Xl)  ■  I  f]  u(xk) 


Now  we  compute  (Pi  —  E)u(xi)  for  \xi\  <  Nn, 


(Pi  -  E)u(xi)  =  - 


.    n(xi  +  1)         .    tt(xi  -  1) 

SUItt^ — 7T  +  Sill' 


(JVn  +  1)  (Nn  +  1) 


(Nn  +  1) 


irxi                   ty  .         nXi 

=  Sin-7-r; ttCOSttt —, —  sin- 


(Nn  +  1)        (JVn  +  1)  (JVh  +  1) 

„    .     2  I"  •  TTKi 

=  —  zsin  — — — -sin- 


2(Nn  +  1)       (Nn  +  1) ' 


Thus  we  find  that 


(P  -  E)U(x)  =  -2     sin 


2(ivS2  + 1; 


U(x) 


and  moreover 


U(x)  =  0,  x  e  dQ. 
Now  we  apply  the  inequality  (44.21) 


1 
0  <  \\U\\n  <  en  •  2  •  sin2— r^— -II U II n  <  en  •  2  •  —  •  —— — - \\U\\n, 


2(Nn  +  1) 


4      Afo  +  1) 


and  finally  we  derive 


en  >  (No  +  l)2  •  \- 

TV1 


The  proof  is  completed. 
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44-3.1     Approximation  on  the  Uniform  Grid 

We  consider  the  Dirichlet  problem  in  the  open  unit  square  Q,  :=  {x  £  Rl;   0  < 
Xi  <  1,  i  =  l,2,...,l} 


Au(x)  =  -f{x),    x  ett, 
u(x)  =  f{x),    x  €  <9ft, 


(44.22) 


with  ip  continuous  and  /  a  bounded  locally  Holder  function.  In  what  follows  we 
restrict  our  treatment  to  problem  (44.22)  for  which  u  G  C    \(l). 

Let  h  —  —  with  n  £  N,  the  set  of  natural  numbers.  An  approximate  solution 
Uh,  defined  on  the  uniform  grid 


ft  :=  {x  :  Xi  =  -,  0  <  k  <  n,  l<i<l}, 

n 


and 


nh  ■-  nh  n  ft,  do.h  ■-  nh  n  9ft, 

is  obtained  as  the  solution  of  the  discrete  counterpart  to  (44.22): 
AhUh(x)  —  -f(x),    xeQ,h, 
Uh{x)  =  ifi(x),    x  €  dQ,h, 


(44.23) 


where  the  "discrete"  Laplacian  A^  is  given  by 


Ahuh(x)  ~  h 


y]  uh(x  ±  /iefc)  -  2luh{x) 


The  case  of  the  dimension  I  =  1,2  was  investigated  in  [125]  and  [124].  Here  the 
main  goal  is  the  investigation  of  this  problem  for  arbitrary  I  >  1.  The  main  results 
resemble  those  of  the  above  pioneering  papers.  However,  the  proving  method  is 
the  one  of  random  walk  which  seems  very  natural,  and  it  is  a  totally  different 
approach  than  the  one  used  in  the  above  references. 

We  denote  hZl  —  {x  —  hz,  z  £  Z1}  and  consider  {xh(n),  P}  the  simple  random 
walk  on  the  ft-lattice  hZl 

xh(n)  :=  hx{n), 

where  x(n)  is  the  simple  random  walk  on  the  lattice  Z  .  Corresponding  to 
{xh(n),  P}  values  and  operators  we  attach  the  index  h.  Thus,  for  example,  the 
average  operator  Ph  has  the  following  form 
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1     ' 
Phu(x)  =  E{u(xh(l)),  x(0)  =i}  =  -^  u(x  ±  hek). 

fc=i 

It  is  easy  to  see  that  with  these  notations  the  discrete  Laplacian  Ah  has  the 

following  form 

Ah  =  2lh-2(Ph-E). 

Now  applying  the  results  (A)  and  (B)  of  Section  44.2.2  we  see  that  the  problem 
(44.23)  has  the  unique  solution  Uh  which  can  be  represented  by  the  form 

uh(x)  =  1  •  h2Gnh,hf(x)  +  Hnh,hy{x).  (44.24) 

In  what  follows,  we  will  use  the  notation  Gu,Hh  and  etc.,  instead  of 
Gnh,h,  Hnh,h  and  etc.  According  to  this  argument  the  important  inequality  (44.21) 
takes  the  following  form 

\\u\\nh<\\\Ahu\\nh  +  \\u\\dnh.  (44.25) 

Indeed,  by  application  of  (44.21)  and  Theorem  44.2  we  obtain 

||«||nh  <cn||(^-B)u||nh  +  N|8nh 

-  ln2 '  2ih2^AhU^nh  +  ^d"h 

=  -\\Ahu\\nh  +  \\u\\anh- 

Next  we  apply  inequality  (44.25)  to  uh  —  U,  where  Uh  and  u  are  the  solutions 
of  (44.23)  and  (44.22),  respectively,  and  we  obtain  the  following  error  estimate 

IK  -  "IK  <  -||Ah.(-uh.  -  u)||nh  +  \\uh  -  u\\dnh 

=  |l|-/-Afct«||oh  =  ^\\Au~Ahu\\ilh, 
that  is,  we  have 

\\uh-u\\(lh  =  |K-u||nh  <  -||AM-Ahu||nh.  (44.26) 

Now  the  rate  of  convergence  of  Uh  ~ *  U  as  h  — +  0  can  be  measured  via  the 
second  partial  moduli  of  continuity  t«2,»,  i  —  1, ...,/,  where  W2,i(S,v)  is  defined 
for  v  G  C(Q)  by 
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W2,i(6, v)  :=  sup{|«(;r  +  Ae*)  —  2v(x)  +  v(x  —  Ae;)|  :    x, x  +  2Ae;  G  fl,   |A|  <  <5}. 

Theorem  44.3.  Assume  that  the  solution  u  of  the  problem  (44.22)  satisfies 
G  C2(Q).Th( 
ity  holds  true 


u  G  C2(f2).Then  for  the  solution  tij,  of  the  problem  (44.23)  the  following  inequal- 


1 
^-u\\hh<-^2w2Ah,dlu).  (44.27) 


8  =  1 


Proof.  We  follow  [124,  Th.2].  For  u  G  C2(Q)  and  1  <  i  <  I  one  has 

fh  2 

u(x  ±  /iei)  =  u(x)  ±  hdXiu(x)  +  I    (h  —  s)dx.u(x  ±  sei)ds, 

Jo 
which  implies 

(i\»  —  E)u(x)  —  -        (h  —  s)[dx.u(x  +  se*)  +  d2.u(x  —  sei)]ds. 
2  Jo 

Hence 

i     < 
Ahu(x)  =  2lh-2{Ph  -  E)u(x)  =  2lh-2-J2(ph,t  -  E)u(x) 


I 

i=l 


r-h  ' 

h~     I    (h  —  s)y    [dx.u(x  +  set)  +  dx.u(x  —  sej)]ds, 
Jo  ,— 1 


and  finally  we  find 


,-h  i 

\Au(x)-Ahu(x)\<h"2  /    {h-s)^\dl.u{x  + 

Jo  i=l 


sei)  —  2dx.u(x)  +  dx.u(x  —  se»)  \ds 


,-h  l  -,        I 

<h~2  \    (h  —  sjtfeV  W2,i(h,  d2.u)  =  —  'y^W2,i{h,d2.u), 


2 

i=l  i=l 


which  with  (44.26)  imply  (44.27).  ■ 

Remark  44.4.  The  estimate  (44.27)  is  sharp,  i.e.,  there  exists  a  function  u 
such  that 

Uminf||uh-u||jjh  /  ^  W2,i(h,d2.u)  >  0.  (44.28) 
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Indeed,  choose  u(x)  :—  x\  and  compute  the  left  and  right  hand  sides  of  the 
inequality  (44.27).  We  have 

Au(x)  =  Ylx\  (44.29) 

Ahu(x)  =  h'2[(x!  +  hf  +  (xi  -  h)A  -  2x\]  =  h~2{\2x\h2  +  2ft4) 

=  l2x2  +  2h2,  (44.30) 

and 

Au{x)  -  Ahu(x)  =  ~2h2 .  (44.31) 

Now  we  apply  (44.24)  and  (44.31)  to  the  function  u  —  Uh  which  equals  zero  on 
dQ  and  we  find 

1     2 
u(x)  -  uh(x)  —  -TTjh  Gh{Ahu  -  Ahuh)(x) 

=  -jlh2Gh{Ahu-Au){x)  = 

1  h4 

=  --{h2  ■  2h2Ghl(x)  =  -—Ghl(x).  (44.32) 

Thus  by  (44.32)  and  Theorem  44.2,  we  have 

II'"  -  uh\\nh  =  —\\Ghl\\nh  >  jn~2  ■  h2  ■  -^n    =  j^h2.  (44.33) 

On  the  other  hand 

l 
^2w2,i{Kdliu)  =W2,i(/i,9x1«)  =  24/i2,  (44.34) 

»=i 
thus,  (44.33)  and  (44.34)  imply  (44.28). 


44-3-2     Sharpness  of  the  Error  Estimates  for  a  Dirichlet 
Problem 

As  it  was  mentioned  in  Remark  44.4  the  error  estimate  (44.27)  is  sharp,  i.e.,  there 
exist  a  function  u  such  that 

i 
\\Uh  ~  uWiih  ~  y^,W2,i(h, d2.u)  as  h  I  0.  (44.35) 
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The  fact  that  (44.27)  is  sharp  with  regard  to  the  rate  of  convergence  is  now 
established  in  connection  to  general  Lipschitz  classes,  determined  by  an  abstract 
modulus  of  continuity,  i.e.,  by  a  function  w,  continuous  on  [0,  co)  such  that 

0  =  w(0)  <  w(s)  <  w(s  +  t)  <  w(s)  +  w(t),  s,  t  >  0. 

Here  we  follow  the  same  technique  applied  in  the  papers  [125]  and  [124],  which 
were  devoted  to  the  cases  of  the  dimension  I  —  1,2  and  we  establish  the  corre- 
sponding fact  for  arbitrary  dimension  I  >  1.  Our  reasoning  is  based  on  the  follow- 
ing variant  of  uniform  boundedness  principle  [144].  For  a  Banach  space  (X,  ||  ■  ||) 
let  X*  be  the  set  of  sublinear  bounded  functionals  in  X. 

Theorem  44.5.  Assume  that  for  given  {Tn}„gN  C  X*  and  {Ss,  8  >  0}  C  X* 
there  are  given  {gn}neN  C  X  such  that 

||Sn||<Ci,    n=l,2,...,  (44.36) 

lim  inf||T„S„||  >  0,  (44.37) 

and 

\Ssgn\  <C2mhJ  1,^H,  n  =  l,2,...,  (44.38) 

[  Vn    J 

where  a(8)  is  a  strictly  positive  function  on  (0,oo),  and  {ip„}neN  is  a  strictly 
decreasing  real  sequence  with 

lim  (fin  —  0. 

n — >oo 

Then  for  each  modulus  of  continuity  w  as  above,  satisfying 

lim  =  ^  =  co,  (44.39) 

there  exists  an  element  fw  £  X  such  that 

\SsU\  <Cw-w(a(S)),  0<5<1,  (44.40) 

lim  inf  \T„fw\/w(<p„)  >  0.  (44.41) 

n — >oc 

Next  comes  the  optimal  result. 

Theorem  44.6.  For  every  modulus  of  continuity  w  there  exists  a  function 
uw  G  C2(Q.)  such  that 

i 
Y^W2,i{h,92Xiuw)  <c-w(S2),  0  <  5  <  1,  (44.42) 


and 
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liminf  \\uw  -  uw,h\\nh/w(h2)  >  0.  (44.43) 

h— >0 

Proof.  To  apply  Theorem  44.5  we  denote  by 

X  :=C2(Q), 

Tnu  :—  \\u  —  Uh\\n1/n,   lh=—j, 

i 
Sgu  :=  Y^  W2,i{h,d1iu),  0  <  8  <  1, 

i=l 

gn{x)  :—  n~    \^  sin  irnxi,    x  =  (xi, . . . ,  £;)  €  O,  n  £  N. 

Then  (44.36)  is  fulfilled  with  ci  =  I.  Since  gn(a:)  =  gn,h(x)  for  a;  £  90/!,  h  —  —, 
and 

Agn(a;)  =  2n2l,  Ahgn(x)  =  0,  for  x  e  0.h 
one  has  (cf.  (44.24)) 

Tngn  =  7^—-    GnhAh(gn  —  gn,h)\\ 

Unz   I  II  nh 

=  o7^2     Gnh  {^hgn  -  Ahgn,h) 

ZilTi      II  II  £2^ 


S||Gnhl||oh  =  n2h2\\Gnhl\\nh  >  §  >  0. 


The  last  inequality  comes  from  Theorem  44.2  and  hence  condition  (44.37)  is 
satisfied.  To  verify  the  condition  (44.38)  we  see  that 

Ssgn  <  8n2l,  (44.44) 

furthermore, 

l 
Ssgn  <  2S2  J2  llCs«ll«  <  S2n216n4l,  (44.45) 

i=l 

which  yield  (44.38)  with 
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<j(8)  :=  2-7T  S    and  ipn  :=  n 
Thus  we  are  able  to  apply  Theorem  4.5  and  (44.42),  (44.43)  are  established. 


44-3-3     Remarks  Concerning  the  Case  of  a  General  Domain 

flcR1. 

Let  n  be  a  domain  in  Rl  with  a  compact  closure  f2  and  with  a  smooth  boundary 
dfl.  Without  loss  of  generality  we  can  suppose  that  Q  C  {x  :  0  <  sup  Xi  < 
1,  i  =  l, ...,/}.  For  h  =  i  let  fih  :=fin/iZ!. 

For  given  functions  /  and  93  which  are  assumed  to  be  Holder  ones  in  some 
neighborhood  of  fi  we  consider  the  Dirichlet  problem 

Au(x)  -  -f(x),    x  G  O, 

\imx-,y  u(x)  =  ip(y) ,     y  G  dfl, 

and  its  discrete  counterpart 

Ahv,h(x)  =  -f(x),    x£Qh, 

1  \         1  \         c  ^0  (44-47) 

A  related  result  follows: 

Theorem  44.7.  Assume  that  the  solution  u  of  the  problem  (44.46)  satis- 
fies u  G  C2(fi).  Then  for  the  solution  Uh  of  the  problem  (44.47)  the  following 
inequality  holds  true 


1 

! 
where 


1 
Uh  -  «||fih  <  T  X!  W2'^'  9'.U)  +  jDh'  (44-48) 


Dh  ~   sup  J Ex(m  —  mh),  as  h  — >  0. 


Proof.  We  just  apply  the  estimate  (44.10)  and  the  result  of  Sections  44.2.2  and 
44.3.1,  which  are  valid  to  the  case  of  Qh  of  general  configuration.  ■ 


45 

Optimal  Estimate  for  the  Numerical 
Solution  of  Multidimensional  Dirichlet 
Problem  for  the  Heat  Equation 


For  the  multidimensional  Dirichlet  problem  of  the  heat  equation  on  a  cylinder, 
this  chapter  examines  convergence  properties  with  rates  of  approximate  solutions, 
obtained  by  a  naturally  arising  difference  scheme  over  inscribed  uniform  grids. 
Sharp  quantitative  estimates  are  presented  by  the  use  of  first  and  second  moduli  of 
continuity  of  some  first  and  second  order  partial  derivatives  of  the  exact  solution. 
This  is  achieved  by  using  the  probabilistic  method  of  an  appropriate  random 
walk.  This  chapter  is  based  on  [64]. 


45.1     Description 


Let  17  be  the  open  unit  cube  in  R ,  £  >  1  and  tl  :—  SI  x  /  be  an  "interval"  in 
space-time  R*  :=  R*  x  R,  where  /  :=  (0,  T),  T  >  0.  Let  us  denote  by  A  =  \  A  -  6t 
the  heat  operator,  where  A  stands  for  the  Laplacian  operator  in  Rf .  The  Dirichlet 
problem  in  Q  has  a  unique  solution  u  on  Q  so  that 

A«(sr)     =     -/(£),     Vi  e  fi, 

lim«(s£)     =     <p(y),     \/yedQ.-{x  =  (x,t):t  =  T}, 
*— *v 

where  /,  ip  are  appropriate  real  valued  functions  defined  on  fi  and  d£l— {x  =  (x,  t): 
t  —  T},  respectively.  Let  ilh.T  be  the  inscribed  in  fl  grid,  which  is  uniform  in  space 
variables  with  mesh  h  :=  —,  n  £  N  and  in  time  variable  with  mesh  k(h)  :=  K-, 
and  has  a  boundary  dtih,T- 
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We  also  consider  the  discrete  Dirichlet  problem  of  obtaining  Uh  such  that 

Ahuh(x)      =     -/(*),      Vi  G  !i/,,r, 

uh(x)      =      ifi(x),      Vi  G  £lh,T  -  {x  =  (x,t):  t  —  T}, 


where 


Ahuh(x)  :—  -h         ^  uh(x±  hek,t  -  k(h))  -  2£uh(x,t)  J  , 

\fc=i 

Vi  —  (x,t)  G  nhiT, 


is  the  discrete  heat  operator.  Here  e^  is  the  natural  basis  in  R  .  Using  the  prob- 
abilistic method  of  a  suitable  random  walk  we  are  able  to  show  that 
(0 

II'"  —  uh\\jihT      <     min^T,  -  \  ■  I  j^2uJ2,i(h,d^.u;Qh:T) 

1    l  -^  -^ 

+  -  ^2  Wi(&,  dl.u;  (Ih,t)  +  wi(fc,  dtu;  Q,h,t, 


i=i 


where  ||  •  \\rr  is  the  supremum  norm  in  Qh,T-  Here  u>2,i  is  the  second  modulus 
of  continuity  of  the  second  partial  of  u  with  respect  to  Xi,  i  —  1, . . . ,  I;  while  u)\ 
stands  for  the  first  modulus  of  continuity  of  the  indicated  function  with  respect  to 
the  variable  t.  See  Theorem  45.4.  Inequality  (i)  is  proved  to  be  sharp,  see  Remark 
45.5  and  Theorem  45.7.  Sharpness  is  proved  in  a  similar  way  as  it  is  established  in 
the  related  papers  [125],  [124]  and  [157].  This  chapter  has  been  greatly  motivated 
by  the  very  important  and  interesting  article  of  Esser,  Goebbels,  Liittgens  and 
Nessel  (1995),  see  [157].  They  consider  the  same  problem  however  in  the  univari- 
ate case  of  space  and  time,  and  they  investigate  different  types  of  discretization 
than  us.  Their  method  is  purely  analytical  however  this  one  is  probabilistic. 


45.2     Basics 

Dirichlet  problem  for  the  "heat  operator."  Let  R  be  the  Euclidean 
space,  and  A  =  d\x  +  ■  ■  ■  +  9iL  be  the  Laplacian.  We  denote  R  —  {x  — 
(x,t):  x  £  Re,  t  G  R1}  and  let  A  =  |A  -  dt  be  the  "heat  operator"  (i.e., 
the  parabolic  Laplacian).  Let  tl  C  R  be  an  open  subset  with  non-empty 
boundary  dQ.  The  Dirichlet  problem  in  fl  consists  in  finding  a  function  u 
on  f2  such  that  for  given  functions  /,  defined  in  17,   and  ip,  defined  on  dQ, 
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we  have 

Au(x)     =     -f{x),     XGCI,  (45.1) 

lim-u(i)      =      ip(y),      Vy  €  dCl.  (45.2) 

It  is  a  well-known  fact  [147,  1,  XVII]  that  if  Q  has  compact  closure  and  reg- 
ular boundary  (for  example,  if  every  point  of  Cl  in  some  neighborhood  of  each 
boundary  point  y  is  either  above  the  horizontal  hyperplane  through  y  or  on  one 
side  of  some  other  hyperplane  through  y)  and  /  is  a  Holder  function  and  ip  is 
a  continuous  function  then  the  problem  (45.1)-(45.2)  has  unique  solution  u(x). 
This  solution  can  be  represented  in  the  form 

u{x)  =  GiJ{x)  +  HhV(x),  (45.3) 

where 


Gnfii)     =      /  9a{x,y)f{y)dy,  (45.4) 

Jii 

H^(x)      =      /     V(y)tl^x,dy),  (45.5) 

Jen 

are  the  "parabolic"  Green  potential  of  the  function  /  and  the  "parabolic"  har- 
monic function  (i.e.,  a  parabolic  function)  in  Cl  with  boundary  values  <p,  respec- 
tively. In  (45.4)  (JQ{x,y)  is  the  so-called  Green  function  of  Cl  which  is  determined 
uniquely  by  the  following  properties, 

(i)  K±gh{x,y)  =  -5(x-  y),     x,yeCl, 

where  S  is  the  Dirac  delta-function, 

(ii)    <7n(x,  y)  =0,      x  €  dCl  or  y  £  dCl. 

The  kernel  IIjj(a;,djr)  is  the  so-called  "parabolic"  harmonic  measure  (i.e.,  the 
parabolic  measure)  of  domain  Q. 

Define  the  function  £(x),  x  —  (x,t)  £  Re  by 

£(*)-!    (2^)^/2exp^,        if  t  >  0 
M  j       I   0,  "  if  t<  0 

and  set 

g(x,y)  ~£{x-y),      x,y£Rl. 

The  function  g(x,  y)  satisfies  the  equation  (i)  and  condition  (ii)  at  the  infinity. 
This  function  is  called  the  "parabolic"  Green  function  of  the  whole  space  Cl  —  R  . 
A  connection  between  g  and  g^  can  be  expressed  by  the  following  relation 

Ssi(*.y)  =  9{x,y)  -  (Hhg{-,y)){x).  (45.6) 
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We  note  here  the  remarkable  property  of  the  parabolic  objects  g^  and  11^  which 
makes  "parabolic"  theory  different  from  the  "elliptic"  one.  For  x  =  (x,  t)  and 
y  —  (y,t)  we  write  x  <  y  iff  t  <  s.  The  property  mentioned  above  can  be 
formulated  now  as  follows:  for  a  connected  Cl  and  for  any  x,y  G  Cl  we  have 


(0   9n(x,  y)  >  0,  and  =  0  iff  x  <  y, 
(ii)   supp  t[h(x,  dy)  =  {y  G  dQ:  y  <  x}. 


Any  ball  and  any  convex  polyhedron  which  is  situated  above  of  its  horizontal 
face  are  regular  sets  [147,  125,  XVIII. 6].  To  the  contrary  of  these  examples,  such  a 
simple  set  as  a  unit  square  fl  =  {x  =  (x,t):  0  <  Xi  <  1,  0  <  t  <  1,  i  =  1,2, .  . .  ,£} 
is  not  regular.  To  see  this  it  is  enough  to  note  that  there  is  no  parabolic  function 
with  boundary  values  1  on  the  upper  side  of  dCl  and  0  otherwise. 

According  to  [147,  125,  XVIII]  the  Dirichlet  problem  can  be  well  defined  for  an 
arbitrary  open  set  fl,  but  in  contrary  to  the  "regular  case"  in  this  more  general 
setting  the  very  restrictive  condition  (45.2)  should  be  replaced  by  the  following 
condition 

lim u(x)  =  <p(y),     Vyedtlr,  (45.2)' 


'ii 


where  dflr  C  dfl  is  a  set  of  regular  points.  Conditions  for  a  given  point  y  G  d£l 
to  be  regular  can  be  found  in  [147,  125,  XVIII. 3,  194].  We  note  here  that  if  fl  is 
the  unit  square  then  the  set  of  all  irregular  points  of  dCl  coincides  with  its  upper 
side  {x  =  (x,t):  t  —  1,  0  <  Xi  <  1,  i  =  1, . . .  ,£}.  Thus  the  Dirichlet  problem  for 
this  special  set  has  the  following  form 

Au(x)  =  -f(x),     ViGfi,  (45.7) 

lim«(i)  =  vj(y),      \/yedQ\{y  =  (y,s):s  =  l}.  (45.8) 

x— >y 

Coming  back  to  the  general  case  we  note  that,  as  in  the  "regular  case",  the 
formula  (45.3)-(45.5)  giving  the  representation  of  the  solution  of  the  Dirichlet 
problem  as  well  as  the  relation  (45.6)  for  the  Green  function  hold  true;  property 
(ii)  of  the  Green  function  has  now  a  more  general  form 

(ii)'   lini£^j g^{x,y)  —  0,  Vi  G  dtlr. 

We  present  here  briefly  the  important  probabilistic  counterpart  of  the  analyt- 
ical facts  mentioned  above.  We  refer  the  reader  to  [147,  124,  VII]  and  [194].  Let 
Xo  =  (xo,to)  be  a  point  of  Re,  and  let  (xt,Px°)  be  a  Brownian  motion  in  Re 
starting  from  xo-  The  process 

{xt,te  R+}  :={(xt,to-t),t<E  R+} 
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with  state  space  R  is  called  a  space-time  Brownian  motion  starting  from  xo-  In 
this  definition  space-time  Brownian  motion  moves  downward  in  R  ,  that  is,  in 
the  direction  of  decreasing  ordinate  values.  Denote  by  t^  the  first  exit  time  of 

n  c  Re 

To  :=  inf{i  >  0:  xt  €  Re\fl}. 

We  notice  the  special  cases: 

I.  If  O  =  fi  x  R1  is  a  cylinder  with  the  base  Q,  C  R  then  Tq  —  m,  where  rn 
is  the  first  exit  time  of  Brownian  motion  xt  of  Q,  C  Re. 

II.  It  Cl  —  il  x  I,  I  —  (a,b),  is  an  "interval"  with  the  base  Q  C  R  ,  then 
Th  =  T(i  /\  ti,  where  ti  <  b  —  a  is  the  first  exit  time  of  the  uniform  motion 
t  — » to  —  t  of  /.  Thus,  in  particular,  rsl  <  6  —  a. 

Property  II  implies  that  for  any  bounded  domain  O  C  R  we  have  r^  <  d^, 
where  dfj  is  a  diameter  of  f2. 

As  usual  we  denote  by  E±F(w)  (resp.,  ExF(w))  the  math  expectation  corre- 
sponding to  this  process  {xt,  xo  =  x}  (resp.,  {xt,  xo  =  x}).  We  have 

Gfifix)     =     E±  (j  "  f(xs)ds^j  ,  (45.9) 

Hh<p{x)     =     B4[v>(«rrt),TA<oo].  (45.10) 

In  particular,  if  fi  =  fi  x  (0,  T)  is  an  "interval" ,  then  according  to  II  we  will  have 

Ghf{x)  =  Ex(r       f(xs,t-s)dsj,  (45.11) 

Hhip(x)  =  Ex[ip(xt,0),t<  Tn]+E!C[<p(xTn,t--ni),m  <  t]  (45.12) 

where  x  =  (x,  t)  G  O. 

From  the  probabilistic  point  of  view  a  point  y  £  dCl  is  regular  if  and  only  if 
Py(Tn  =  0)  =  1.  Kolmogorov's  law  of  iterated  logarithm 

p(y  M  ,\  * 

P     hm  sup  ■ 


no     ./2tiogmi 


(2)  I  / 

gives  us  a  criterion  for  the  regularity  of  a  boundary  point  of  Cl  [147,  125,  XVIII. 6] 
[194,  7.14].  Namely,  let  17  be  situated  below  the  abscissa  hyperplane  defined  by 
the  inequalities 


M2<2|t| 


-Ki<0, 

then  the  origin  is  a  regular  boundary  point  of  Q. 


lOg  lOg   7^7 
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45.3     Dirichlet  Problem:  Discrete  Case 

Let  Z  be  an  (£  +  1) -dimensional  integer-valued  lattice.  This  lattice  consists  of 
points  (vectors)  of  the  type  x  —  xiei  +  -  •  -+xeee+te,  where  ei, . . . ,  ee,  e  comprises 
the  orthonormal  basis  of  R  +1,  and  the  coordinates  xi, . . . ,  xi ,  t  are  arbitrary  in- 
tegers. Decreasing  i-coordinate  by  one  unit  and  increasing  or  decreasing  each  one 
of  the  ^-coordinates  by  one  unit  and  leaving  the  other  ^-coordinates  unchanged, 
we  obtain  the  21  neighboring  lattice  points  to  x.  Let  B  be  a  subset  of  points 
of  a  lattice  Z  .  We  call  a  point  x  $  B  a  boundary  point  for  the  set  B  if  x  is  a 
neighboring  point  for  at  least  one  point  of  B.  The  collection  of  boundary  points 
of  the  set  B  is  called  the  boundary  of  B,  denoting  it  dB. 

Let  /  be  a  function  defined  at  the  points  of  a  lattice  l} .  We  put 

1      l 

It  is  logical  to  call  P  the  averaging  operator.  The  linear  operator  P  —  E,  where 
E  is  the  unit  operator,  is  the  discrete  analog  of  the  "parabolic"  Laplacian  A. 
Indeed,  for  sufficiently  smooth  function  f(x)  specified  over  all  space  R  , 

Af(x)  =  lim  \h-2  \Y,j{i±  hek  -  ye)  -  2£f(x) 

so  that  the  "parabolic"  Laplacian  is  obtained  by  passing  to  the  limit  from  the 
operator  P  —  E  as  the  lattice  is  infinitely  partitioned. 

Let  SlcZ  be  a  finite  subset.  The  Dirichlet  problem  in  17  consists  in  finding 
a  function  u(x),  ieflU  dCl  such  that  for  given  functions  /  defined  in  fi  and  ip 
defined  in  dCl  we  have 

(P-E)u(x)      =     -/(*),      i6li,  (45.13) 

u(x)     =     ip(x),     xedtl.  (45.14) 

First  of  all  we  note  that  if  Mi  and  u-z  are  two  solutions  of  the  problem  (45.13), 
(45.14)  then  u\  =  U2-  This  fact  follows  immediately  from  the  following  minimum 
principle. 

Theorem  45.1.  Let  u  be  a  function  on  Q.  U  dfl  such  that  Pu{x)  <  u(x)  for  any 
x  G  Cl.  Then  u  reaches  its  minimum  value  on  fl  U  dCl  at  some  point  y  G  dCl. 
Proof.  Let  u(xo)  '■—  min{u(x):  x  £  Cl  U  dCl}.  If  xo  G  dCl  then  there  is  nothing  to 
prove.  If  not,  we  write  the  inequality 


1 
(±o)  >  —p  ^2  M(*o  ±  efe  -  e)  >  u(x0), 


21 
fe=i 
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from  which  we  obtain  that  u(xo)  =  u(xo  ±  e^  —  e)  for  all  k  —  1,  ...,£.  If  one  of 
the  points  xo  ±  ej,  —  e  belongs  to  the  boundary  dQ  then  the  proof  is  finished,  if 
not  we  will  repeat  the  previous  reasoning  at  the  point  xi  :=  Xo  +  ei  —  e.  It  is  clear 
that  after  a  finite  number  of  steps  we  will  meet  the  boundary  dti.  The  proof  is 
completed.  ■ 

Next  our  remark  concerns  the  decomposition  u  =  u\  +  u2  of  the  solution  u  of 
the  problem  (45.13),  (45.14),  where 


(P-E)ui(x)     -- 

=    -f(±),    iefl, 

(45.15) 

u\{x)      = 

=     0,      x£  dtl, 

(45.16) 

(P-E)u2(x)      -- 

=    o,    x  e  Q, 

(45.17) 

u2{x)      = 

=     <fi(x),     x  £  90. 

(45.18) 

This  decomposition  is  the  discrete  analog  of  the  decomposition  (45.3),  (45.4), 
(45.5).  Following  the  same  reasoning  as  in  Part  45.2  of  this  chapter,  we  give  the 
probabilistic  representation  of  the  "discrete"  Green  potential  Mi  :=  G^f  and  of 
the  "discrete"  parabolic  function  u2  :—  H^ip  in  (45.15)-(45.18).  In  this  part  of 
our  exposition,  we  follow  the  monograph  [270]. 

Let  {x(n),P}  be  a  simple  random  walk  on  the  lattice  1  ,  i.e.,  a  random  process 
with  independent  identically  distributed  increments  x(n+  1)  —  x(n),  n  =  0, 1, . . ., 
and  such  that 

=  0,  otherwise. 

The  process 

{x(n),  n  —  0,1, . . .}  :—  {(x(n),n0  —  n),n  —  0, 1, . . .} 

with  state  space  Z  is  called  a  space-time  random  walk  starting  from  i(0)  = 
(x(0),rio).  In  this  definition  space-time  random  walk  moves  downward  in  H , 
that  is,  in  the  direction  of  decreasing  ordinate  values.  It  is  easy  to  see  that  for 
each  bounded  function  / 

E(f(x(l));x(0)  =  x)  =  Pf(x), 

and  more  generally 

E(f(x(n));x(0)=x)  =  Pnf(x). 

For  a  finite  set  Q.  C  Z    we  denote  by  Tq  the  first  exit  time  of  Q, 

t(i  ■-  inf{n  >  1 :  x(n)  6Z'\  SI}. 

Following  [270,  p.  107]  we  introduce  the  next  functions 

„    ,      .    .,    —  P(x(n)  —  v,n  <  Tn\x(0)  —  x),        ii£fl,  /,_  ,„n 

Qn(n;x,y)   =Q  -  ^    .  (45.19) 


nV    'y;   =«(x,»), 

=  ji,  x(0)  =  i),        i£fl, 

otherwise. 

Define  also  the  following  operators 

<W(±)  := 

J2  f(y)9ii(x,y), 

veil 

#rM*)  := 

Yl  ¥>(40rin(*,ji). 

j)6df2 
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9n(x,y)^^2Qn(n;x,y),  (45.20) 

(45.21) 

(45.22) 
(45.23) 

The  proofs  of  the  following  basic  facts  can  be  found  in  [270,  p.  108]. 

(A)  The  function  G^f(x)  gives  the  unique  solution  of  the  problem  (45.15), 
(45.16)  and  the  following  representation  of  G^f(x)  holds  true 

G^{x)  =  e\   J2  /(*(*));*(0)=*L  (45.24) 

In  particular, 

Gill(x)  =  E{Til;x(0)=*}-  (45.25) 

(B)  The  function  H^ip{x)  gives  the  unique  solution  of  the  problem  (45.17), 
(45.18).  For  a  function  u  defined  on  Q  we  set 

IMIn  ~  max{|u(i)|:  i£  Q}. 

An  auxiliary  result  that  is  needed  for  later  follows. 

Theorem  45.2.  For  every  function  u  on  fi  U  dCl  the  following  inequality  holds 
true 

NlA^CftlKP-BMlA  +  Maft,  (45.26) 

where  ch  :=  ||Gnl||n. 


Proof.  Define  the  following  functions 


f(x)      :=     -(P-E)u(x),      ief!, 
ip(x)      :=     u(x),      x  £  dCl. 


Then  we  have 

(i)   (P  -  E)u(x)  =  -f(x),  i£fl, 
(ii)   u(x)  —  ifi(x),  x  £  dCl. 
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By  (A)  and  (B)  we  obtain  that 

u(x)  =  Ghf{x)  +  Hh<p{x). 
From  this  identity  we  immediately  find  that 
IMlA      <      \\Gnnn\\f\\n  +  \\Hn<fi\\n 

=     ^\\(P-E)u\\^  +  \\u\\ah.  ■ 

The  following  result  turns  out  to  be  useful  in  our  further  considerations. 
Theorem  45.3.  Let  fl  —  Q  x  I  be  an  interval,  where 

O     =     {(xi,...,xe)  6Z':  1  <  Xi  <  N,i  =  1,...,£}, 

i    =    {i,2,..., T},    Ten. 

Then 

\  min  |r,  1{N  +  l)2 }  <  Ch  <  min  {r,  |(JV  +  l)al 

Proof.  We  put  en  :=  sup^gQ  E{m  '■  x(0)  —  x}  and  prove  the  following  inequality 


-  min{T,  cn}  <  ch  <  min{T,  cn}  (45.27) 


holds  true.  Indeed  we  notice  for  a  process  x(s)  with  x(0)  —  x,  where  x  =  (x,t) 
that  we  have  Tq  =  min{rn,t}.  So  (45.25)  implies  the  inequality 

GS2l(i)  =  E{t^,x(0)  =  x}  <  mhi{t,E(Ta,x(0)  =  x)}, 

from  which  the  right-hand  side  of  (45.27)  follows.  To  prove  the  left-hand  side 
of  inequality  (45.27)  we  consider  the  functions  u(x)  :=  E{m,  x(0)  =  x}  and 
u{x)  :—  tu(x).  It  is  clear  that  u(x)  =  0  for  any  x  £  dfl.  Applying  to  this  function 
(45.26)  we  obtain 

NlA<Cn||(P-£)ti||a.  (45.28) 

Now  we  note  that  ||u||q  —  T ■  \\u\\n  =  T -cn-  To  calculate  (P  —  E)u  we  observe 
that  tq  coincides  with  the  first  exit  time  of  the  cylinder  Clc  :—  Q  x  (— oo,+oo). 
Thus  the  function 

uc(x)  :=  u(x)  =  E{m,x(0)  —  x}  —  E{t^c,x(0)  —  x} 

satisfies  the  equation 

(P-E)uc(x)  =  -1,      xetic 


758         45.  Numerical  Solution  of  Multidimensional  Dirichlet  Problem 

Using  the  facts  mentioned  above  we  derive 

(P-E)u(x)     =     Pu(x)  -u(x)  =  {t  -  \)Puc{x)  -  tuc(x) 

=      (t-  l)(uc(x  -  1)  -  tuc(x)  =  -{Uc{x)  +  (t  -  1)). 

Thus  we  finally  find 

\\(P  -  £)fi||a  <  (||«||n  +T)  =  (cn  +  T).  (45.29) 

Estimates  (45.28)  and  (45.29)  imply  that 

Ten  <cs-2(T  +  cf2), 

and  consequently 

T  •  en        1      .    ,  , 

cn  >  ^r— -     >  xmm{T,cn}. 
1  +  en       2 

Thus  the  left-hand  side  of  (45.27)  follows.  Now  it  remains  to  find  upper  and 
lower  bounds  of  the  constant  cn  =  maxl6n  E{rn,  x(0)  =  x}.  Let  Cli  —  {x  £  Z^: 
1  <  Xi  <  iV}  be  a  slab.  Since  fi  C  f!i  we  have  to  <  Tnx  and  consequently 

E{m,  x(0)  =x}<  E{rni ,  x(0)  =  x}. 

Now  we  note  that  the  function 

Mi  (i)  —  -B{tqi  ,  a;(0)  =  x} 

satisfies  the  equation  (P  —  E)ui  =  — f  in  a  space-time  slab  Oi  =fii  x  (—00,  oo) 
and  has  zero  boundary  values.  Consider  the  function  n(x)  :=  £xi((N  +  1 )  —  Xi). 
ft  is  easy  to  see  that  this  function  satisfies  the  equation  (P  —  E)n  —  —  1  in  Cli 
and  has  zero  boundary  values.  Thus  by  unicity  ili(x)  —  n(x)  for  all  x  G  Cli  and 
consequently 

(N+l\2 
cn  <  iaa,x{ui(x),x  €  Qi}  =  max{n(i),i  G  Oi}  <  £  I  — - —  I    .  (45.30) 

To  find  the  lower  bound  of  cn  we  use  the  same  method.  Namely,  we  consider 
the  function  u(s)  :=  sin  r^+Ti  an<^  denote 

i 

u{x)~Y\u{xi),    xen. 

i  =  l 

It  is  clear  that  U(x)  —  0  for  every  x  £  dQc. 

Let  Pi,  i  —  1, . . . , I  be  the  one-dimensional  average  operator 

«/(*):=  !{/(*  +  *)+/(* -ft)}. 
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It  is  clear  that 

(P-E)U(x)     =     ±j^(Pl-E)U(x) 

-I     i 

Now  we  compute  (Pi  —  E)u(xi)  for  1  <  Xi  <  N,  (Pi  —  E)u(xi)  =  —2  sin2  2(n+d  ' 
u(xi).  Thus  we  find  that  for  x  £  Qc 

(P  -  E)U(x)  =  -2 sin2      J+       ■  U(x). 

To  get  the  lower  bound  of  cq  —  c^    it  remains  now  to  apply  the  inequality  (45.26) 

0<||tf||ne      <     ca-20na2{IJr+1)\\U\\tte 

TV2 

~     Cn'2(N  +  Wm^ 
Thus  we  finally  find 

cn>\(N  +  l)2.  (45.31) 

TV1 

Inequalities  (45.27),  (45.30)  and  (45.31)  together  give  us  the  desired  result.       ■ 
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We  consider  the  following  Dirichlet  problem  on  the  interval  tl  :=  {x  £  Re:  0  < 
Xi  <  1,  0  <  t  <  oo,  i  =  1,  ...,1} 

Au(x)  =  -/(*),      x  e  (l  ,4g  32. 

w(a;)  =  (p(x),  x  £  <9f2, 

with  ip  a  continuous  function  and  /  a  bounded  locally  Holder  function.  In  what 
follows  we  restrict  our  treatment  to  problem  (45.32)  for  which  u  £  C(-2'(f2). 

Let  h  :—  1/n  with  n  £  N,  the  set  of  natural  numbers,  and  k  —  h2 /(..  An 
approximate  solution  Uh,  defined  on  the  grid  Clh  =  Oh  U  dflh,  where 

Oh  :=     {x  —     (xi,...,xe,t)  €R  :  Xi  —  kih, 

t       =       jk,0<  ki  <n,i  =  1,...J,  j  =0,1,...}, 


760         45.  Numerical  Solution  of  Multidimensional  Dirichlet  Problem 
and 

Cih  :=  Cih  n  Ci, 

is  obtained  as  the  solution  of  the  discrete  counterpart  to  (45.32) 

Ahuh(x)  =  -/(£),      ieiik 

Mh(i)  =  ip(x),  x  e  dQh- 


(45.33) 


\h~2  (  E  /(*  ±  ^  -  fc(/l)e)  -  2^(*) )  ' 


Here  the  "discrete"  parabolic  Laplacian  A^  is  given  by 

Ahuh(x)  ■— 

where  fe(ft)  :=  ft2/l 

We  denote  by  z£  =  {i  £  R^:  x  =  /i2,  £  =  k(h)n,  z  e  Ze ,  n  e  Z1}  and  we 
consider  the  space-time  random  walk  on  Zeh 

{x{n),n  =  0, 1,2, . . .}  =  {(x{n),t0  -  nk),n  =  0, 1,  2, . . .}, 

where  {a;(n),  n  =  0, 1, . . .}  is  a  simple  random  walk  on  the  fo-lattice  KL  .  Associ- 
ated to  {x(n),  n  —  0, 1, . . .}  values,  functions  and  operators  are  attached  to  the 
index  h.  Thus,  for  example,  the  average  operator  7\  takes  the  following  form 


Phu(x)      =     E{u(x(l)),x(0)=x} 

1     e 


2£- 

k  —  l 

It  is  easy  to  see  that  with  these  notations  the  discrete  parabolic  Laplacian  A/, 
takes  the  following  form,  A^  =  £h~2(Ph  —  E).  Now  applying  the  results  (A)  and 
(B)  of  Section  45.3  we  see  that  the  problem  (45.33)  has  a  unique  solution  Uh 
which  can  be  represented  by  the  form 

uh  (x)  =  y  •  GAfc  f(x)  +  Hilh  V(x).  (45.34) 

The  important  inequality  (45.26)  now  takes  the  following  form 

||u||AhiT  <minJT,iJ||AHIoh,T  +  Nla^,T;  (45.35) 

where  Clh,T  '■—  {x  £  Qh  '■  t  <  T}.  Indeed,  by  application  of  (45.26)  and  Theorem 
45.3  we  obtain 

ll«lk,T      <     ^hJ(P^E)uWT  +  \H\aaKT 

.     (T£    £    2)  h2  ,,  :       ..  ..    .. 

^     min^T,  -I  ||Ah«||Ah_T  H-NlaA,, 
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Next  we  apply  inequality  (45.35)  to  Uh  —  u,  where  Uh  and  u  are  the  solutions 
of  the  problems  (45.33)  and  (45.32),  respectively,  and  we  get  the  following  error 
estimate 

\\(uh  -  u)\\^hT      <     mmlT,-\\\Ah(uh-u)\\ilhT  +  \\(uh-u)\\gilhT 
=      min{r,I}||-/-A^||S2hr 
=     min|T,i|||A«-Ahti||AhiT, 
i.e.,  we  have  derived 

WUh~ukhT  =  l|Uh-«llnh,T  <min{r,Ul|Au-Ahu||^_r.  (45.36) 

Now  the  rate  of  convergence  of  Uh  —*  U  as  h  [  0  can  be  measured  via  the 
partial  moduli  of  continuity  wi,  u>2,i,  i  =  1,. . .  ,£,  where 

Lo-i(S,f;Q)     ■-     sap{\f(x  +  Xe)-f(x)\:x,x  +  Xeeil,\X\<S}, 
w2,i(5,/;^)     :=     sup{\f(x  +  \ei)-2f(x)  +  f(x-\ei)\:x,x±\ei£~ti,\\\<5}. 

Theorem  45.4.  Assume  that  the  solution  u  of  the  problem  (45.32)  satisfies  u  £ 

C'2' '  (f2).  Then  for  the  solution  mj,  of  the  problem  (45.33)  the  following  inequality 
holds  true: 


\'"'-uhhtT   ^  miniT'i 


e 


1  - 

-J2^2,i{h,dliu;Qh,T)  (45.37) 


4 

i=l 


+  -^2u;i(k,dl.u;(lh,T)  +  LUi{k,dtu;(lh>T) 
Proof.  For  u  £  C{2)(Q)  and  k  =  h2/£  we  have 

1      -2      e 

Ahu(x,t)     =     —  ft     2_,[u{x  +  fte»,t  —  /c)  +u(x  —  hei,t  —  k)  —  2u(x,t)] 

1      -2    f     *  1 

=     —ft      <  >^[w(a;  +  fte;, £  —  fe)  +  u(ce  —  ftei,£  —  k)  —  2u(x,t  —  k)]  > 

2      U=i  J 

1  e 

\u(x,  t)  —  u(x,  t  —  k)]  :—  y^  Ah  iu(x,  t  —  k)  —  dk  tu(x,  i). 

i=l 

By  appropriate  Taylor  expansions,  we  get 

\Ah>iu(x,t-k)  -  -di.u(x,t-  k)\  <  -oj2,i(h,d2.u;tlh:T), 
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and  

\dk,tu(x, t)  —  dtu(x,t)\  <  uj1(k,dtu;Qh,T)- 

Thus  we  obtain  the  following  estimate 

l 

I 

l 

2 


1  2         ^ 

AhM(x,i)  —  Au(x,t)\  <  j  ^  U2,i(h,d2.u;  Clh,r) 

1    "  -  - 

+  -^wi(fe,  9^M;f2T)  +cJi(fc,  dtu;tlh}T). 


Finally  we  apply  this  estimate  to  (45.36)  to  derive  the  desired  result.  ■ 

Remark  45.5.  The  estimate  (45.37)  is  sharp,  i.e.,  there  exists  a  function  u  such 
that 

\\m\af\\u-Uh\\hhT/R{h,u)  >0,  (45.38) 

where  R(h,u)  is  a  right-hand  side  of  the  inequality  (45.37). 

Indeed,  choose  u(x)  :—  x\  and  compute  the  both  sides  of  the  inequality  (45.37). 
We  will  have 

Auix)     —     6xi, 
Ahu(x)     —     6x i  +  h  , 


that  is, 


Au(x)  —  Ahu(x)  —  —h  . 


Now  we  apply  (45.34)  to  the  function  u~Uh,  which  equals  zero  on  the  boundary 
dQh,  and  obtain 


u(x)-Uh(x)     =     — TGfi.(AhU-AhUh)(x)  =  — t-Ga  (Ahu-  Au)(x) 


h2  ■  h2 

—  G(lh(AhU-  AhUh){x)  = 7f~S!fc> 

=     -yG^l(x).  (45.39) 

Thus,  by  (45.39)  and  Theorem  45.3  we  have 

ll  ll  h\\r<      in  •*  1    -W     1      ■     iTe     2     2 

=      ^min{T'^}ft2-  (45-40) 

On  the  other  hand, 

R(h,u)      -     min  -^  T,  -  I  ■  -  ^  U2,i{h,  d2.u;  (Ih,t) 


mm 


{r,iJ.i.«2,i(h,s21u;fth,T) 


min<|T,  i  [-6ft2.  (45.41) 
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Therefore  (45.40)  and  (45.41)  imply  (45.38).  ■ 

45.5     Sharpness  for  the  Error  Estimates  of  the 
Dirichlet  Problem  for  the  Heat  Equation 

As  it  was  mentioned  in  Remark  45.5  the  error  estimate  (45.37)  is  sharp,  that  is, 
there  exists  a  function  u  such  that 

\\u~  Mh|l7s       x  R(h,u)     ash  J.  0, 


Si 


h .  T 


where  R(h,u)  is  the  right-hand  side  of  the  inequality  (45.37). 

The  fact  that  (45.37)  is  sharp  with  regard  to  the  rate  of  convergence  is  now 
established  in  connection  to  general  Lipschitz  classes,  determined  by  an  abstract 
modulus  of  continuity,  i.e.,  by  a  function  u>,  continuous  on  [0,  +oo)  such  that 

0  =  cj(0)  <  w(a)  <  u(s  +  t)  <  lu(s)  +w(t),     $,t  >  0. 

Here  we  follow  the  same  technique  that  was  applied  in  [125],  [124]  and  [157]. 
These  were  articles  devoted  to  the  elliptic  and  parabolic  Dirichlet  problem  in  di- 
mensions £=1,2  and  £  —  1,  respectively.  Our  reasoning  is  based  on  the  following 
variant  of  the  uniform  boundedness  principle  [144].  For  a  Banach  space  (X,  ||  ■  ||) 
let  X*  be  the  set  of  sublinear  bounded  functionals  on  X.  We  have 

Theorem  45.6.  Assume  that  for  given  {Tn}n6N  C  X*  and  {Ss}s>o  C  X*  there 
are  {g„}„£N  C  X  such  that 

||ff„||<ci,      n=l,2,...,  (45.42) 

liminf|Tn5n|  >0,  (45.43) 

n — >oo 

\Ssgn\  <c2min  \l,  ^1,      n  =  l,2,...,  (45.44) 

I        Vn    J 

where  cr(6)  is  a  strictly  positive  function  on  (0,  oo),  and  {y>n}neN  is  a  strictly  de- 
creasing real  sequence  with  limn^oo  tp„  —  0.  Then  for  each  modulus  of  continuity 
u)  as  above,  satisfying 

lim  i^l  =  oo,  (45.45) 

t->o     t  y  ' 

there  exists  an  element  uu  G  X  such  that 

\Ssu^\<c^uj(o-(8)),     0  <  <5  <  1,  (45.46) 

liminf  |T„Ua,|/w(¥>„)  >  0.  (45.47) 
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Next  comes  our  optimal  result. 
Theorem  45.7.  For  every  modulus  of  continuity  w  there  exists  a  function  u^  £ 
C2{tl)  such  that 

R{8,u^)<c^u(82),     0  <  8  <  1,  (45.48) 

liminf  llw^-w^  Jl-r      /uj{h2)  >  0.  (45.49) 

Proof.  To  apply  Theorem  45.6  we  denote  by 

X  :=C2(?2), 
Tnu  :—  \\u  —  «h||x      ,     h——, 

ilh,T  n 

Ssu~R(8,u),     0  <  8  <  1, 

and 

i 

g-n(x)  :=  n~    2,  sm   nnxi,  x  =  (a;,  £),  x  —  {xi, . . .  ,  x^)  £  fi. 

i=i 

Then  (45.42)  is  satisfied  with  c\  —  tt2£.  We  see  that  gn(x)  —  gn,h{x)  for  x  € 
dflh,T,  h  —  — ,  and  Agn(x)  =  7r2^  and  Ahgn(i)  =  0  for  all  A  G  f^T-  Then  we 
have  (cf.  (45.34)) 

h2     • 
^n5n     =     —  \\G(-lh&h{gn-gn,h)\\-lhT 

h2     ■ 
=      —\\Gnh(Ahgn  -  Ahgn,h)\\Tlh  t 

h2     ■ 
=      —  llGnh(A"5«-AS™)llnh,T 

-      f^ll^Hl^r>min{l,^ 

The  last  inequality  comes  from  Theorem  45.3,  and  hence  condition  (45.43)  is 
satisfied.  To  verify  the  condition  (45.44)  we  observe  that 

1    2 
Ssgn  <  -it  I, 


and 

16 


&*<££ii^ik.T<^- 


1=1 


These  upper  bounds  to  Ssgn  yield  (45.44)  with  a(8)  :—  n282  and  ipn  :=  n 
Thus  we  are  able  to  apply  Theorem  45.6  and  (45.48),  (45.49)  are  established. 


46 

Uniqueness  of  Solution  in  Evolution  in 
Multivariate  Time 


46.1     Introduction 

The  classical  time  dependent  partial  differential  equations  of  mathematical 
physics  involve  evolution  in  one  dimensional  time.  Space  can  be  multidimen- 
sional, but  time  stays  one  dimensional.  There  are  various  mathematical  situations 
(such  as  multiparameter  Brownian  motion)  which  suggest  that  there  should  be 
a  mathematical  theory  of  evolution  in  multidimensional  time.  We  formulate  a 
rather  general  class  of  equations  that  involve  two  "time  dimensions"  and  we 
prove  a  related  uniqueness  theorem. 

In  Section  46.2  we  discuss  the  formulation  of  a  two  dimensional  time  model. 
The  uniqueness  theorem  is  formulated  in  Section  46.3  and  proved  in  Section  46.4. 
Some  examples  are  given  in  Section  46.6.  This  chapter  is  based  on  [76]. 


46.2     Bivariate  Time 

Let  s,  t  be  real  variables.  Then  the  Partial  Differential  Equation  (PDE) 

dsdt 
becomes 


/  (46.1) 


d^-d^  =  9  (46-2) 


G.  A.  Anastassiou:  Intelligent  Mathematics:  Computational  Analysis,  ISRL  5,  pp.  765— [772] 
springcrlink.com  ©  Springer- Verlag  Berlin  Heidelberg  2011 


766         46.  Uniqueness  of  Solution  in  Evolution  in  Multivariate  Time 

under  the  change  of  variables  t  =  s  +  t,  x  =  a  —  t;  here  v(t,x)  =  u(s,t),  that 
is,  v  is  u  but  thought  of  as  a  function  of  r  and  x.  Also,  g(r,  x,  v,  Vv, . . .)  = 
f(s,  t,  U,  Vu, . . .),  i.e.,  g  is  f  but  viewed  as  a  function  of  r,  x,  v  and  derivatives 
of  v.  Thus  (46.1)  is  often  viewed  as  a  hyperbolic  PDE,  although  the  nature  of 
(46.1)  [or  (46.2)]  depends  upon  the  form  of  /,  which  itself  can  involve  partial 
derivatives  of  u  (or  v).  In  studying  (46.2)  one  can  view  either  r  or  x  as  a  time 
variable. 

The  equation 

d2v       d2v 

is  formally  symmetric  in  r  and  x,  and  in  the  absence  of  other  considerations  it  is 
not  clear  that  r  (respectively  x)  should  be  called  "the"  time.  Both  r  and  x  have 
equivalent  status.  For 

d2v     d2v 
d^~d^  =  aAyvy 

where  t/eflc  Rn  is  a  spatial  variable,  this  equation  is,  for  a  =  1,  hyperbolic  if 
we  view  r  as  the  time  but  not  hyperbolic  if  we  view  x  as  the  time.  It  is  not  of 
any  standard  type  if  a  —  i. 

The  perspective  here  is  to  treat  both  r  and  x  (or  s  and  t)  as  time  variables. 
Thus  we  think  of  (46.1)  as  a  PDE  involving  two  dimensional  time,  whenever  / 
depends  on  u  and  its  derivatives  with  respect  to  other  variables. 

The  main  goal  of  this  chapter  is  to  formulate  and  prove  a  uniqueness  theorem 
for  a  large  class  of  problems  of  the  form  (46.1).  The  context  will  be  quite  general 
and  will  include  both  well-posed  and  ill-posed  initial  value  problems.  We  confine 
this  study  to  two  dimensional  time;  extension  to  the  higher  dimensional  case  can 
also  be  done.  The  main  result  is  stated  at  the  end  of  Section  46.3. 

A  main  point  is  that  in  the  uniqueness  theorem,  the  hypotheses  (including 
the  initial  conditions)  are  symmetric  in  both  s  and  t  (or  r  and  x).  Thus  s  and  t 
should  have  equivalent  status;  it  would  be  inappropriate  to  view  one  as  a  space 
variable  and  the  other  as  a  time  variable.  We  specify  initial  conditions  in  each 
variable.  This  lends  strong  support  to  their  interpretation  as  two  time  variables. 


46.3     The  Uniqueness  Theorem 

Let  u  be  a  function  of  (s,t)  £  D  C  R2;  u  is  supposed  to  take  values  in  some 
Banach  space  X  and  to  be  sufficiently  smooth.  We  define  the  (k,j)-jet  of  u  to  be 


-  f    d" 
~  \dsP 

here  the  dummy  indices  p,  a  are  integers 


Dk'3u  =  {  K-   n      :0<p<fc,  0<a<j 
1  dsPdt" 
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Recall  that  if  v.  Y  — »  X,  where  Y,  X  are  Banach  spaces,  then  the  derivative 
v'  (x)  of  v  at  x  G  Y  is  defined  by 

v(x  +  h)  =  v(x)  +  v'(x)(h)  +  o(\\h\\) 

as  h  — »  0;  here  v'(x)  G  jC(Y,X),  i.e.,  v'(x)  is  a  bounded  linear  operator  from  Y 
to  X.  Similarly, 

v'(x  +  h)=  v'(x)  +  v"(x)(h)  +  o(\\h\\) 

as  h  — >  0;  thus  v" (x)  G  £(y,  £(F,  X)).  It  is  now  clear  how  the  partial  derivatives 
dp+au/dspdt"  are  defined.  It  follows  that  Dk'^u(s,  t)  is  a  point  in  a  Banach  space 
Z  =  Z(X,k,j)  which  can  be  explicitly  constructed  from  X,  k  and  j.  Note  that 
when  X  =  R,  Z  becomes  RL  where  L  =  M(k,j)  is  some  computable  function  of 
k  and  j. 

The  Partial  Differential  Equation  (PDE)  that  we  consider  has  the  form 

^F(s,t,Dn-1'm-1u)  (46.3) 


dsndtm 


and  involves  a  finite  family  {j4fej}  of  commuting  selfadjoint  or  normal  operators 
on  a  complex  Hilbert  space  H.  Take  X  =  H  and  consider  the  following  version  of 
(46.3): 

Cjn  +  m  n-lm-1 

J^T  -  E  E  Fkj(s,t,Dk-u)Akju,  (46.4) 

fc=0  j=0 

where  each  Ffej  is  a  complex  valued  function,  and  n,  m  are  positive  integers.  Now 
we  take  D  —  [0,  a)  x  [0,  b)  where  0  <  a,  b  <  oo. 

Hypothesis  46.1.  Let  {A^j  :  0  <  k  <  n  —  1,  0  <  j  <  m  —  1}  fee  a  commuting 

family  of  normal  operators  on  H,  and  tei,  /or  0  <  fc  <  n  —  I,  0  <  j  <  m  —  1, 

Ffcj  :  D  x  Z(H,  fc,  j)  -*■  C 

fulfill  the  following  Caratheodory-Lipschitz  condition:  Fkj  is  jointly  measurable 
(relative  to  the  Borel  sets)  and 

\Fkj(x,y)  -  Fkj(x,z)\  <  K(x)\\y  -  z\\Z(a,k,j) 
where  K  is  locally  Lebesgue  integrable  on  D. 

Note  that  the  definition  of  the  Caratheodory-Lipschitz  condition  has  the  ob- 
vious extension  to  /:  D\  x  D2  — ►  Y,  where  D\  C  R  ,  -D2  C  X,  and  X,  Y  are 
Banach  spaces. 

By  a  solution  of  (46.4)  we  mean  a  function  u:  D  —>  H  which  is  n  —  I 
times  (resp.  m  —  1  times)  weakly  continuously  differentiable  in  s  G  (0,  a] 
[resp.   in  t   G    [0,6)],    „  „_,       ',  (s,t)   is  absolutely  continuous  in  each  of  s,  t 
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PfJi  +  m 

and  so  is  its  gradient,  and  the  resulting  distributional  derivative,  asn9tm  ,  which 
exists,  is  equal  to  the  right  hand  side  of  (46.4)  (and  so  the  equality  holds  pointwise 
a.e.). 

The  main  result  follows 

Theorem  46.2.  Let  Hypothesis  46.1  hold.  Let 

fk:  [0,a)-C,     gj:  [0,6)-C 

be  given  continuous  functions  for  0  <  k  <  n  —  1,  0  <  j  <  m—  1.  Then  there  is  at 
most  one  solution  of  (46.4)  satisfying  the  initial  conditions 

Bkii 

^(0,0     =     fk{t),     ts[0,a),  0<fc<n-l, 

f/    11 

^-(s,0)     =     ft-(«),     «6[0,6),0<j<m-l. 

Note  that  (s,t)  lies  in  the  first  quadrant  of  the  (s,t)  plane,  and  the  initial 
conditions  are  specified  on  (a  portion  of)  the  boundary  of  this  quarter  plane. 


46.4     Proof  of  Theorem  46.2 

By  a  version  of  the  spectral  theorem  (see  e.g.  [173],  [203],  [254]),  there  is  a  unitary 
operator  U  from  H  to  a  concrete  L2  space,  L2(A,  S,/i),  such  that 

Akj  =  U-1MakiU  (46.5) 

for  all  (k,j),  where  a^j  is  a  E-measurable  complex  valued  function  on  A,  and 
Mak .  is  the  corresponding  maximal  multiplication  operator: 

{Makjf)(x)  =  akj(x)f(x),      x£A, 

f  e  Dom(Mafc3)  if  and  only  if  /,  ak]f  G  L2(A,  E,  fi).  This  holds  for  all  k,j. 
Let 

u(s,t,x)  =  (Uu(s,t,  •))(«),     x  G  A.  (46.6) 

Then,  using  (46.5)  and  (46.6),  we  see  that  (46.4)  is  equivalent  to 

£r^T  =  E  E  Fkj(s,t,Dk>iu)akju,  (46.7) 

fe=0    j=0 

where 

Fkj(s,t,u~!)  =  Fk](s,t,U~1w). 

Now,  (46.7)  is  a  scalar  PDE  which  can  be  rewritten  as 

an  +  m  ~ 

(s,t)  =  G(s,t,Dn-1'm-1u(s,t)). 


dsndtm 
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If  n  =  m  =  1,  this  reduces  to 


dsdt 


(s,t)  =  G(s,t,u(s,t)). 


Integration  produces 


|H(a,i)_!%,0)=  /    G(s,tuu(s,ti))dti, 


ds 


ds 


u(s,t)-u(0,t)-  (u(s,0)  -«(0,0))  =  /     /    G(si,ti,u(si,ti))dtidsi. 

Jo    Jo 

Because  G(s,t,  u(s,t))  is  locally  integrable  in  both  s,t  (for  continuous  u),  this 
shows  that  {u(0,t):  0  <  t  <  b},  {u(s,0):  0  <  s  <  a}  uniquely  determine  u. 
If  n  =  2,  m  =  1,  the  equation  is 


d  u   ,      .        _  /         _,      .    du  ,      . 


Integration  implies 


dsdt 


(*>*) 


dsdi 


Tl  II  (JIL 

(0,i)+    /      G      S,t,M(si,t),-(si,f)](iSi. 


9s 


Since  |f(0,t)  =  fi(t),  it  follows  that 


o>2u 
dsdt 

Now  we  integrate  to  obtain 


(0,£)  =  fi(t),     0<t<b. 


du.      .  du 

g-s(s,t)       =       -(3,0) 


+ 


7r(o,t)-^(o,o) 

OS  OS 

<9ii , 


Q(s,t)  + 


G  [  si,ti,u(si,ti),  -^-(si,ti)  )  dsidti 


G  (  si,£i,w(si,£i),  —  (si,ti)  )  dsidti, 


10    Jo 

where  Q  is  a  known  function  (since  §7(0,  £),  f^f(s,  0)  are  given).  We  rewrite  this 
last  equation  as  an  equation  in  w  —  §7: 

w(s,t)  —  Q(s,t)+  /     /    Glsi,ti,l     w(s2,ti)ds2+w(si,ti),w(si,ti))dsidti. 

(46.8) 
Letting  (<Sw)(s,t)  be  the  right  hand  side  of  (46.8),  the  (global)  Lipschitz 
condition    assumption    on    G    implies    that    5    has    a    unique    fixed    point    in 
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C([0,  ai]  x  [0,  6i])  for  all  0  <  oi  <  a,  0  <  bi  <  b.  This  fixed  point  is  du/ds,  and  this 
can  be  integrated  to  obtain  a  unique  solution  u  on  D  (since  the  initial  conditions 
on  u  have  been  properly  specified) .  This  proof  is  basically  the  standard  Ordinary 
Differential  Equation  (ODE)  proof  of  existence  and  uniqueness,  suitably  modified 
(see,  e.g.  [183]). 

Now  fix  m  =  1  and  do  mathematical  induction  on  n.  We  checked  the  result 
for  n  =  1,  2.  If  it  holds  for  n  <  N  —  1,  then,  from 

„JV+1-  N-l 

aNfH  =  Z^  Fko(s,t,D     u)ak0u, 


dsNdt 

fc=0 


integration  implies 


dsN~1dt 

Now 


TgliS't)  =  q  n-iqA0'^  +  ^2   /     Fko{si,t,Dk'0u(s1,t))akou(s1,t)ds1. 


is  known  for  t  €  [0,  b),  since 

Mt)  =  ^Tri(0,t)  =  (UfN){t) 

is  determined  by  the  initial  data.  It  follows  from  the  induction  hypothesis  that 
{u(s,t):  (s,t)  £  D}  is  uniquely  determined  by  its  initial  values,  according  to  the 
induction  hypothesis. 

Now  we  have  the  result  for  (n,  1)  for  all  n  >  1.  The  result  for  all  (n,  m)  now 
follows  by  a  similar  induction  argument  on  m.  We  omit  the  details. 

The  spectral  theorem  enabled  us  to  replace  (46.4)  by  a  family  of  scalar  valued 
problems  (indexed  by  A).  The  definition  of  solution  shows  that  uniqueness  for  the 
transformed  problem  (46.7)  is  equivalent  to  uniqueness  for  (46.4).  This  completes 
the  proof.  ■ 


46.5     History,  Motivation  and  Related  Results 

We  use  the  notation  of  the  previous  section  except  for  the  modifications  noted 
below.  Let  D  —  [0,  a]  x  [0,  6]  be  a  compact  rectangle  in  R2.  The  pioneering  result 
in  this  area  is  due  to  Agarwal  and  Pang  [5]. 

Theorem  46.3.    [5,  p.  360].  Consider  the  scalar  PDE 


%—JL{s,t)  =  F(s,t,D«-1'm-\{s,t))  (46.9) 


with  initial  conditions 
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a  u 
dsk 
<9Ju 

w 


Assume  F:  D  x 


(0,t)      =     fk(t),      t€  [0,6],  0<fc<n-l, 
(s,0)     =     gj(s),     se  [0,o),  0<j<ro-l. 

— >  R  is  continuous  and  satisfies 


(46.10) 
(46.11) 


\F(s,t,Dn-hm-1wi(s,t))  -  F(s,t,Dn-hm-1W2(s,t))\ 


n  — 1   m— 1 

<  Y^  X)  9kj(s,t) 

k=o  i=o 


Qk+j 


dskdP 


(wi  -  ui2)(s,i) 


(46.12) 


where  0  <  gfej  £  C(D,  R)  /or  all  0  <  k  <  n  —  1,  0  <  j  <  m  —  1.  T/ien  the  problem 
(46.9)-(46.11)  has  at  most  one  classical  solution. 

The  authors  of  Theorem  46.3  used  different  notation,  but  we  chose  to  use 
notation  which  illustrates  its  close  relationship  with  the  Theorem  46.2.  Their 
proof  was  based  on  a  two  dimensional  version  of  Opial's  inequality  that  they 
obtained  [5,  p.  212].  We  describe  this  next. 

Proposition  46.4.  [5,  p.  212].  Letp,q:  D  — »  [0,  oo)  be  Lebesgue  measurable.  Let 
u  £  C7"_1'm_1(.D)  be  such  that  |^m(0,  s)  =  0  for  0  <  k  <  n  -  1,  s  €  [0,  o),  and 


(P 


a"+" 


gtj-u(t,0)  =  0  for  0  <  j  <  m  -  1,  t  €  [0,6);  and  dangtm^1u  and  j-^ 


gn  +  r, 


-let'-' 


are 


absolutely  continuous  on  D.  For  0  <  k  <  n,  0  <  m  <  j,  let  r^j  G  [0,  oo)  be  such 

n— 1  m— 1 

i/iai  cri=I]     I]   rfci  >  0,  rnm  >  0,  r  >  max{l,r„m}.  T/ien 
fc=0   j=o 


G(q,w)dsdt<  C(ai) 


H(p,w,r)dsdt 


'l+'-.r 


(46.13) 


where 


and 


G(q,w) 


rt—1   m—  1 

nn 

fe=o  i=o 


Qk+jx 


H(p,w,r)  =  p 


dsndP 


d^ 


dsndtm 


dsndtm 
and  C(o~i)  is  a  constant  depending  on  the  parameters  but  not  on  w. 

It  is  of  course  assumed  that  the  integral  on  the  right  hand  side  of  (46.13)  is 
finite;  otherwise  the  result  is  trivial.  If  u  and  v  are  solutions  of  (46.9)-(46.11), 
then  Theorem  46.3  is  proved  by  applying  Proposition  46.4  to«i  =  u-ti. 
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Proposition  46.5.  [5,  p.  361].  In  Theorem  46.3,  condition  (46.12)  can  be  replaced 
by 


\F(s,t,Dn-1'm-1w1(s,t))-F(s,t,Dn-1'm-1w2(s,t))\ 

i-l  m—l         ofe+j  rk,j 


<  «(*,*)  n  n 

fc=0    j=0 


dskdki 


where  0  <  q  G  C(D,  R)  and  the  r^j  are  nonnegative  constants  such  that 


■-,3 

n —  1   m— 1 


E  E  »-w  >  i. 

fc=0    j=0 

TTien  uniqueness  holds  for  the  problem  (46.9)-(46.11). 


46.6     Examples 


Endow  the  Laplacian  with  Robin  boundary  conditions  on  a  domain  fi  in  Eu- 
clidean space:  fi  C  iT,  au+(3^  =  0  on  90,  where  a,  (3  G  C(90),  a(:r)2+,S(:r)2  > 
0  for  all  x  on  the  boundary.  Consider 

ft2 

—  ao(s, t, u)  +  ai(s,t,u)Au  +  02(5, i, u,  Au)A  u,  (46.14) 


or  more  generally 
92m 


=  ao(s,t,u)  +  y^  a.j(s,t,u, . . . ,  A3     u)AJ 


dsdt 

Equation  (46.14)  is  related  to  a  beam  equation  when  a2  7^  0.  The  special  case  of 
01  7^  0,  02  =  0  is  related  to  the  backward  heat  equation  as  well  as  the  (forward) 
heat  equation. 

Next  let  x  G  Rn,  y  G  Rm ,  and  consider 

92u 

— — -  =  a(u)Axu  -  b(u)Ayu 

with  a  and  6  positive.  This  can  be  solved  by  Fourier  transforms  when  a  and  b  are 
constants.  This  is  related  to  heat,  backward  heat,  and  wave  equations. 
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/3-spherical  coordinates,  194 
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backward  jump  operator,  627 
Baire  signed  measure,  280 
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Banach  space,  70 
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Bernstein  operator,  261 
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bidimensional  time,  766 
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Borel  a-algebra,  353 
bounded  linear  operator,  78 
Brownian  motion,  752 
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Delta  derivative,  627 
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Delta  Taylor's  formula,  701 

A-Riemann-Liouville  type  fractional  integral,  697 

Dirac  delta  function,  733 
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Dirichlet  problem,  731 
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discrete  fractional  Ostrowski  type  inequality,  575,  580 

discrete  fractional  Poincare  inequality,  575,  582 
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discrete  Holder  inequality,  583 

discrete  measure,  58 
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discrete  Taylor  formula,  588 

distribution  function,  13 

Dominated  convergence  theorem,  172 
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endomorphism,  444 

evolution,  765 

expectation,  289 

exponential  distribution,  484 

extended-Pettis  integral,  445 

Feller  probabilistic  operator,  469 

forward  graininess  deviation  functional,  700 

forward  jump  operator,  627 

Fourier  transforms,  81 

fractional  Caputo  like  nabla  difference,  588 

fractional  delta  Opial  inequality,  703 

fractional  delta  Ostrowski  inequality,  704 

fractional  delta  Poincare  inequality,  702 
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fractional  q-integral,  617 
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fractional  smooth  Picard  singular  operator,  169 
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fractional  time  scales  delta  Taylor  formula,  701 
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Fuzzy  Cardaliaguet-Euvrard  Neural  Network  operators,  542 
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generalized  time  scales  Opial  inequality,  639 
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geometric  distribution,  466 

geometric  moment  theory,  115 

global  smoothness  preservation,  98 

graininess  function,  627 

Green  function,  733 

Gruss  type  inequality,  415 

H-differences,  490 

H-differentiability,  490 

heat  equation,  749 

high  q-derivatives,  602 

Holder  function,  733 

Holder  inequality,  284,  418 

identity  operator,  81 

infinitesimal  generator,  445 

Information  theory,  399 

inscribed  uniform  grid,  731 

integral  means,  399 

isolated,  628 

Jackson  type  estimate,  69 

jointly  continuous  functions,  362 

Kolmogorov's  law  of  iterated  logarithm,  753 
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Laplacian,  731 

lattice  Z(,  735 

Id-continuous,  650 

Lebesgue  A-integrable  functions,  697 

Lebesgue  integral,  116 

Lebesgue  measurable  function,  221 

Lebesgue  measure,  275 

left  Caputo  fractional  derivative,  169 

left  Caputo  fractional  Taylor  formula,  170 
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Lipschitz  functions,  262 

locally  Lebesgue  integrable,  767 

Lp  modulus  of  smoothness,  151 

L-positive  approximation,  69 

maximum  operator,  261 

m-dimensional  Euclidean  space,  71 

m-dimensional  random  vector,  445 

^i-th  fractional  Caputo  like  difference,  576 

Montgomery  identity,  435 

m-parameter  operator  semigroup,  443 

m-th  order  forward  difference  operator,  576 

multivariate  distribution  function,  41 

multivariate  fuzzy  wavelet  type  operators,  523 

multivariate  time,  299 

nabla  Chain  Rule,  655 

nabla  derivative,  649 

nabla  fractional  derivative  on  time  scale,  717 

nabla  Taylor's  formula,  653 

nabla  time  scales  Hilbert-Pachpatte  type  inequality,  661 

nabla  time  scales  Opial  type  inequality,  658 

nabla  time  scales  Ostrowski  type  inequality,  659 

nabla  time  scales  Poincare  type  inequality,  656 

nabla  time  scales  Sobolev  type  inequality,  657 

V-Riemann-Liouville  type  fractional  integral,  714 

v-th  fractional  sum,  575 

nonisotropic  /3-distance,  191 

nonpositive  linear  functional,  93 

normal  derivative,  733 

Opial  type  inequality,  399 

Ostrowski  type  inequality,  399 

"parabolic"  Green  potential,  751 

"parabolic"  Laplacian,  754 

parametrized  representation,  491 

partial  differential  equation,  765 

partial  moduli  of  continuity,  761 

Poisson  distribution,  483 
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Poisson  kernel,  733 

polynomial  approximation,  81 

positive  linear  operator,  199 

probability  measures,  93 

projection,  204 

q-differentiable,  602 

q-lractional  Hilbert-Pachpatte  type  inequality,  621 

q-lractional  integration,  617 

q-fractional  Poincare  type  inequality,  615 

q-fractional  Sobolev  type  inequality,  615 

q-gamma  function,  169 

q- Gauss- Weierstrass  singular,  207 

q-Hilbert-Pachpatte  type  inequality,  601 

q-Holder's  inequality,  604 

q-integrable,  602 

q-mean  first  modulus  of  continuity,  281 

q-mean  multivariate  first  modulus  of  continuity,  300 

q-mean  uniform  continuous  multivariate  stochastic  process,  300 

q-Opial  type  inequality,  610 

q-Ostrowski  inequality,  601 

q-Pochhammer  symbol,  602 

q-Poincare  inequality,  601 

q-Sobolev  inequality,  601 

q- Taylor  formula,  603 

quadrature  formula,  95 

Radon-Nikodym  derivatives,  412 

random  variable,  282 

random  walk,  731 

rd-continuous,  628 

real  Bernstein-Durrmeyer  operators,  504 

reverse  q-H61der's  inequality,  605 

reverse  q-Sobolev  inequality,  608 

reverse  time  scales,  675 

Riemann  sum,  94 

Riemann-Liouville  fractional  derivative,  333 

Riemann-Liouville  integral  operator,  436 

Riesz  representation  theorem,  275 

right  Caputo  fractional  derivative,  170 

right  Caputo  fractional  Taylor  formula,  171 

right-dense,  628 

right-scattered,  628 

Robin  boundary  conditions,  772 

rth  modulus  of  smoothness,  116 

Schwarz's  inequality,  330 

second  Ditzian-Totik  modulus  of  smoothness,  503 

semigroup  property,  617 

Shisha-Mond  type  inequality,  273 

^-measurable  complex  valued  function,  768 

signed  Borel  measure,  275 
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simultaneous  approximation,  69 

slab,  739 

smooth  Picard  singular  integral  operator,  115 

Sobolev  space,  69 

space-time  random  walk,  755 

spectral  theorem,  768 

stochastic  positive  linear  operator,  281 

stochastic  process,  281 

strong  continuity,  446 

sublinear  bounded  functionals,  745 

supremum  norm,  217 

Szasz  operator,  483 

Taylor's  expansion  integral  formula,  446 

Taylor's  formula,  117 

"time  dimensions",  765 

time  scale,  627 

time  scales  Duality  principle,  690 

time  scales  Hilbert-Pachpatte  type  inequality,  636 

time  scales  Opial  type  inequality,  633 

time  scales  Ostrowski  type  inequality,  634 

time  scales  Poincare  type  inequality,  631 

time  scales  Sobolev  type  inequality,  632 

Tonelli-Fubini  theorem,  285 

trigonometric  Korovkin  theorem,  379 

trigonometric  polynomials,  94 

two  dimensional  Opial  inequality,  771 

uniform  boundedness  principle,  745 

uniformly  continuous,  198 

unit  sphere,  195 

Wavelet  type  operator,  13 

weak  convergence,  275 

weighted  fractional  Peano  kernel,  438 

weighted  Montgomery  identity  for  frational  integrals,  438 

weighted  uniform  approximation,  89 

Weyl  fractional  derivative,  333 

Wiener  process,  733 


